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Linear Regression Setting

x ∈ ℋ(Hilbert space) and response 𝑦 ∈ ℝ

Assumptions: (x,y) mean-zero, well-specified 𝐸 ȁ𝑦 𝑥 = 𝑥𝑇𝜃∗

Define:

𝛴 ∶= 𝐸 𝑥𝑥𝑇 = 

𝑖

𝜆𝑖𝑣𝑖𝑣𝑖
𝑇

𝜃∗ : = argmin
𝜃

𝐸(𝑦 − 𝑥𝑇𝜃 )𝟐

𝜎2 ≔ 𝐸(𝑦 − 𝑥𝑇𝜃∗)𝟐



Minimum norm estimator

Data X ∈ ℋ𝑛 , 𝑦 ∈ ℝ𝑛

solves

Estimator መ𝜃

We consider overparameterized  regime



Excess Prediction Error

= መ𝜃 − 𝜃∗ 𝑇
𝛴 መ𝜃 − 𝜃∗

𝛴: = 𝐸 𝑥𝑥𝑇 = 

𝑖

𝜆𝑖𝑣𝑖𝑣𝑖
𝑇

𝜆1 ≥ 𝜆2 ≥  … ≥  𝜆𝑑 denote the eigenvalues of Σ in descending order



Prediction error has two components:

• መ𝜃 is the distorted version of 𝜃∗,
because we have acess to the samples 𝑥1, … 𝑥𝑛 and not to the covariance of 𝑥

 

𝛴 −  𝛴 , where 𝛴 ≔
1

𝑛
𝑋𝑇𝑋

• መ𝜃 is corrupted by the noise in 𝑦1, … 𝑦𝑛

Estimator: 

Excess Risk: 𝑅( መ𝜃) = መ𝜃 − 𝜃∗ 𝑇
𝛴 መ𝜃 − 𝜃∗

መ𝜃 = 𝑋𝑇𝑋 𝑇𝑋𝑇𝑦 = 𝑋𝑇𝑋 𝑇 𝑋𝑇(𝑋𝜃∗ + 𝜀)

≈ 𝜃∗ 𝑇 𝐼 − 𝛴 𝛴+ 𝛴 − 𝛴 𝐼 − 𝛴+ 𝛴  𝜃∗ +  𝜎2 tr൫ 𝑋𝑇𝑋 + 𝛴)





𝜆1 ≥ 𝜆2 ≥  … ≥  𝜆𝑑 denote the eigenvalues of Σ in descending order

Examples

1. Σ = 𝐼𝑑𝑥𝑑 ∶      
    𝑟0 𝐼𝑑𝑥𝑑  = 𝑅0 𝐼𝑑𝑥𝑑  =d

2. 𝜆1 ≥ 𝜆2= 0 ≥  … ≥  𝜆𝑑 = 0 : 
    𝑟0 Σ  = 𝑅0 Σ  =1
  

Definition: Effective Rank



3. rank(Σ) = d :
𝑟0 𝛴 =rank 𝛴 s 𝛴    𝑅0 𝛴 =rank 𝛴 s 𝛴

   s 𝛴  =  

1

𝑝
σ

𝑖=1
𝑝

𝜆𝑖

𝜆𝑘+1
    S 𝛴  =  

(
1

𝑝
σ

𝑖=1
𝑝

𝜆𝑖)2

1

𝑝
σ

𝑖=1
𝑝

𝜆𝑖
2

 Both s and S lie between 1/d (𝜆2 ≈ 0) and 1 (𝜆𝑖 all equal)



Intuition

• The eigenvalues of Σ determines how errors in መ𝜃 affect prediction 
accuracy

• To avoid harming prediction accuracy, the noise energy must be 
distributed across many unimportant directions

• Overparameterization is essential for benign overfitting

➔Number of small eigenvalues must be large compared to n

➔Small eigenvalues must be roughly equal



Proof: Upper Bound

መ𝜃 = 𝑋𝑇 𝑋𝑋𝑇 −1𝑦
 = 𝑋𝑇 𝑋𝑋𝑇 −1(𝑋𝜃∗ + 𝜀)

Excess Prediction Error:  𝑅 መ𝜃 = 𝐸 𝑥𝑇 𝜃∗ − መ𝜃
2



We showed that

,where



Bias Term

Proof: 



Variance Term Roadmap

Lemma 8 Lemma 11 Lemma 17

Lemma 19







Lemma 8

≤ 𝑐
1

𝑛

Lemma 10 Corollary 13 



Lemma 10 also shows that



Lemma 10

Lemma 12



Proof:



𝜆1 ≥ 𝜆2 ≥  … ≥  𝜆𝑑



Proof: Lower Bound

Excess Prediction Error:  𝑅 መ𝜃 = 𝐸 𝑥𝑇 𝜃∗ − መ𝜃
2



Variance Term Roadmap

Lemma 8 Lemma 14

Lemma 16.2

Lemma 17
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