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Quantitative Verification — Exercise sheet 7

Exercise 7.1

Compute the steady state distribution of the following Markov Chain by solving the cor-
responding linear equation system.
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Exercise 7.2

For each initial distribution 7, compute the average reward obtained in the following
Markov Chain.

Given an initial distribution 7 and step bound n, how can you compute the average (ac-
cumulated) n-step reward? What is the 2-step average reward for 7 = {s; — 1}?



Exercise 7.3
Compute the probability of reaching the set {sq, s4} in the following Markov Chain.

Exercise 7.4

For the following Markov Chain, determine the set of its strongly connected components
and identify which are “bottom”.




Solution 7.1
First, we need the transition matrix:

09 01 0
P=104 0 06
0 02 08

Now, we solve the equation m = 7P to obtain the steady state distribution. This equation
is equivalent to 7P — 7 = 0, i.e. (P — I3) = 0, where I3 is the 3-dimensional identity
matrix. We have that

-0.1 01 O
P—-I3=104 -1 06
0 02 —-02

and can solve the resulting equation system using, e.g., Gauss elimination:
—0.1zy + 0425, =0
0.1z — 29 +0.223 =0
0.6z — 0.223 =0

This gives, for example:
I = 4%2

T3 = 31’2

oolw

].

Since 7 has to be a distribution, we get the unique solution 7= = [%, %,

Solution 7.2
Eventually, any run ends up in s3, hence the average (expected) reward will be 3 in all
cases.

To compute the average (expected) n-step reward, we can compute the total expected
reward and divide by n. To obtain the total expected reward, we compute the distribution
for each step:

g = {81 — ]_}

m = {s1 = 0.3,s9 — 0.6,s3 — 0.1}
o = {s1 — 0.21, 52 — 0.66, s3 — 0.13}
Hence, the rewards obtained in each step are:
ro=1-2
rn=03-2+06-5+0.1-3=3.9
re =0.21-240.66-540.13-3 =4.11

In total, we have a 2-step expected reward of 24+3.9+4.11 = 10.01, and the average reward
equals 3.336.



Solution 7.3

We have the set with zero reachability probability, S—g = {s3} so we remove S_y from our
reachability equation x = Ax + b.

0 0 0 0.4
x= ({0 08 0Ofx+ {0.2
0 0.7 0 0.3
Reordering gives,
10 0 0.4
0 02 O0|x= {02
0 —07 1 0.3

which gives us xo = 0.4,29 = 1 and x5 = 1.

Solution 7.4
Connected components:

o {so}
o {51,5}
o {ss}
o {51,585}
o {ss}
o {s7,53}

Bottom connected components are {s3} and {s7, ss}.



