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In this lecture we show how to transform an arbitrary formula of first-order logic
to an equisatisfiable formula in Skolem form. This translation is in preparation for
our subsequent treatment of deduction using unification and resolution.

1 Equivalence and substitution

Two first-order formulas F and G over a signature o are logically equivalent,
denoted F = G, if for all o-assignments A we have A = F iff A = G.

It is easy to check that all the propositional equivalences carry over to the first-
order setting, e.g., we still have De Morgan’s law —=(FAG) = (-FV—-G), etc. Moreover
logical equivalence remains a congruence with respect to the Boolean connectives
A, V and —, that is, (Fi A G1) = (Fy A Gy) if Fy = G and F» = G, ete. In addition we
have that that if F = G then Ve F =Vz G and 3z F = 3z G.

The following equivalences will play an important role in transforming formulas
into Skolem form.

Proposition 1. Let F' and G be arbitrary formulas. Then
(A) —VaF = Jdz—F and JoF = Vo F
(B) If x does not occur free in G then:
(VzF AG) =Va(F AG) (VaF v G) =Vx(F Vv G)
(FzF AG)=3x(F AG) (JzFV G) =3z(F V Q)

(C) (VaF AV2G) =Vz(F AG) and (3zF VvV 32G) = Fz(F VvV G)
(D) VaVyF = VyVaF and JzdyF = JydxF

Proof. As an example, we prove the first equivalences in (A) and (B). For the former
we have

A= —VaF iff A f V2 F
iff Aj,yq) F I for some a € Uy
iff A4 = —F for some a € Uy
iff A = J2-F



For the first equivalence in (B) we have

AE (VzFAG)iff AEV2F and AEG
iffforalla € Ua, Ajprsq) = Fand A =G
iff for all a € Un, Ajpsq) = F and A, F G (by the Relevance Lemma)
iffforalla € Ua, Ajpsq) FFAG
iff AEVZ(FAG).

A particularly useful and readable normal form is the prenex normal form.

Definition 2. A formula is in prenex form if it can be written

Qlyl Q2y2 cee Qnyn F

where ); € {3,V}, n > 0, and F contains no quantifiers. In this case F is called the
matrix of the formula.

Example 3. We use Proposition [1| to transform the formula
—(Fz P(z,y) VVzQ(2)) A Jw Q(w) (1)
to prenex form by the following chain of equivalences:

=3z P(z,y) VVzQ(2)) A Jw Q(w)

(=3x P(z,y) A V2 Q(2)) A JwQ(w)

(Vz —P(z,y) A Jz—Q(2)) A JwQ(w)

Va Iz (- P(z,y) A —Q(z)) A Jw Q(w)

Var 32 Fw ((<P(a, y) A —Q(2)) A Q(w)).

Note that in the above equational reasoning we use the fact that logical equiva-

lence is a congruence with respect to the Boolean operators (i.e., the Substitution
Theorem).

Let F be a formula, z a variable, and ¢ a term. Then F[t/z] (read “F with ¢ for
z”) denotes the formula with ¢ substituted for every free occurrence of = in F'. This
is analogous to the substitution that we have already seen in propositional logic.
For example,

(Ve P, y) A Q())[t /2] = Va P(z,y) A Q(1).

Note that z is not replaced in P(z,y) as it is bound by the V quantifier.
Formally, we define F[t/z] by induction on terms and formulas as follows. On
terms we have:

c[t/x] = ¢ for ¢ a constant symbol
y[t/z] = y for y # x a variable
x[t/x] =t
fltr, .. te)t/z] = f(ta[t/z],. .., t[t/z]) for f a k-ary function symbol

We then extend the definition of [t/x] to formulas as follows:

P(ty,...,tp)[t/z] = P(ti[t/z],... tx[t/z])
(=F)[t/a] = =(F[t/x])
(FAG)[t/z) = Flt/x] AGlt/x]
(FVQ)t/z] = F[t/x} vV Glt/x]
(Qu F)[t/z] = Qy(F[t/x]) y+# x avariable, Q € {V,3}
(QeF)[t/z] = QeF Qe{v¥,3}.
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Warning! The notation we use for the substitution is the reverse of that
used in Schoning’s book. The latter uses [z/t] to denote the substitution
of t for . Our use is more standard.

A key fact about substitution is the following. The proof is in Appendix [Al

Lemma 4 (Translation Lemma). Ift is term and F is a formula such that no variable
int occurs bound in F, then A |= F[t/x] iff Ay aw)) E F-

To illustrate the necessity of the side-condition in the Translation Lemma, let
F be the formula VyP(z) and let A be the assignment with U4 = {1,2}, P4 = {1},
z4 =1, and y4 = 1. Then Fly/z] = Vy P(y) and so A [~ F[y/x]. But A(y) = 1 and so
Az () F F. The reason we cannot apply the Translation Lemma in this case is
that the variable y in the term to be substituted becomes bound by the quantifier
Yy in F. This phenomenon is called variable capture.

In first-order logic we can rename bound variables in a formula while preserving
logical equivalence. For example, we have Vx P(x) = Vy P(y). This is similar to the
fact that the definite integral [;° f(s)ds denotes the same value as [;° f(t)dt. We
make this idea formal as follows:

Proposition 5. Let FF = Qz G be a formula where Q € {V,3}. Let y be a variable
that does not occur in G. Then F = Qy (G[y/x]).

Proof. We prove the proposition in the case of V; the case for 3 is similar. Let A be
an assignment. Then

AEVy (Gly/=]) iff Apq = Gly/z] foralla € Uy
iff Ay a)jes Ay a) ()] = G for all a € U4 (Translation Lemma)
iff  Apysajfesa) F G forall a € Uy
iff  Appa)yoa F G foralla € Uy
iff Apq) | G for all a € Uy (Relevance Lemma)
iff AEVzG.
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2 Skolem form

A formula is rectified if no variable occurs both bound and free, and if all quanti-
fiers in the formula refer to different variables. For example, the formula

Vo 3y Pz, f(y)) Ay (Q(x,y) V R(x))

is not rectified since y is bound on two separate occasions and z occurs both free
and bound. By renaming the bound variables we obtain the following equivalent
rectified formula:

Yu3v P(u, f(v)) AVy (Q(z,y) V R(x)) .

In general we can always obtain an equivalent rectified formula by renaming
bound variables using Proposition [5

Lemma 6. Every formula is equivalent to a rectified formula.

Given a rectified formula F' we can use the equivalences in Proposition (1] to
convert F' to an equivalent formula in rectified prenex form (RPF) by “pushing all
quantifiers to the front” in the manner of Example

Theorem 7. Every formula is equivalent to a rectified formula in prenex form.



We say that a formula in RPF is in Skolem form if it does not contain any
occurrences of the existential quantifier. We can transform a formula in RPF to
an equisatisfiable (though not necessarily logically equivalent) formula in Skolem
form by using extra function symbols. For example, the formulas Va3yP(z,y) and
VaP(z, f(x)) are equisatisfiable. An assignment that satisfies the left-hand formula
can be extended to an assignment satisfying the right-hand formula by interpreting
f as a “selection function” that maps each z to some y such that P(z,y) holds. More
generally we have the following proposition.

Proposition 8. Let F' = Vy;Vy,...Vy,32 G be a rectified formula. Given a function
symbol f of arity n that does not occur in F write

F' =Yy Vya .. Yy G[f(y1, -, yn) /2] -
Then F and F’ are equisatisfiable.

Proof. We prove that if F' is satisfiable then so is F’. The reverse direction is left as
an exercise.
Suppose that A |= F for some assignment .A. We define an assignment .4’ that
extends A with an interpretation of the function symbol f such that A’ = F’.
Given ay,...,a, € Uy, pick a € Uy such that A, 4,1 [y.isan][za) [ G and define
fa(ar,...,a,) = a. Since the function symbol f does not occur in G we have

!
[y an].[gnran]lzms far (a1,man)] = O

and so, by the Translation Lemma,

AfylHan].‘.[y,,“—)an] ): G[f(yh oo 7yn)/z] .

Since the above holds for all a4, ...,a, € U4, we conclude that

A" =V Yy . Yy GIf (Y1, - - yn)/ 2]

Example 9. We find an equisatifiable Skolem form of the formula
Va Iy Vz Jw (—P(a, w) v Q(f(2),y)).

We apply Proposition [8] eliminating Jy and introducing a new function symbol g,
yielding
VaVz Iw (-P(a,w) V Q(f(x), g(x))).

Then we eliminate Jw by introducing a new function symbol £, yielding

VaVz (=P(a, Mz, 2)) vV Q(f(x),g(x))).

Conversion to Skolem form: Summary

We convert an arbitrary first-order formula F to an equisatisfiable formula in
Skolem form as follows:

1. Rectify F' by systematically renaming its bound variables, yielding a logically
equivalent formula F3.

2. Using the equivalences in Proposition [1| move all the quantifiers in F; to the
outside, yielding an equivalent formula F; in prenex form.

3. Repeatedly eliminate the outermost existential quantifier in F» until an eq-
uisatisfiable formula F3 in Skolem form is obtained. (This process is called
Skolemisation.)

'In the case n = 0 we consider f as a constant symbol.
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A Proof of The Translation Lemma

In this section we give the proof of the Translation Lemma. The proof is quite
technical and can be regarded as optional.

Given an assignment .4 we first show by induction on terms s that A(s[t/z]) =
Az 4(1))(5). The base cases are as follows:

Al(cft/z]) = A(c) = Asaw)(c) ¢ a constant symbol
A(ylt/z]) = A(y) = Apsaw)(y)  y # z a variable
A(zt/z]) = At) = Ajps 4wy (7)

For the induction step we have

A(f(tr, .. t)lt/x]) = A(f(lt/2],... t[t/z]))
= fa(A(ti[t/2]),. .., Altc[t/2]))
= fa(Aposaw)(t), - Apsaw) (te])  (by induction hypothesis)
= Sapeai) A am) (1), Ao aq) (1))
= Apoaw)(ft, . t).

Next we use induction on formulas to show that for all formulas F, A | F[t/x]
iff Ajzsae) = F. The base case is that F is an atomic formula P(ty,...,t) for a
k-ary predicate symbol P. Then

AE P(t,... t0)lt/z] iff Ak P(t]t/al,... to]t/z])
it (At [t/2]), ..., A(ta[t/2]) € Pa
iff (A[rb—)A(t)] (t1),..-, -A[rm—>A(t)] (tx)) € Pa
I (Apeaw(ta), - Apsam)(tr) € Pag
iff -A[m—)A(t)] E P(ty,... tg).

The inductive cases for the propositional connectives are routine. The case for
the universal quantifier Vy, where y # z, is given below.

Al (WyP)ft/a] i A= Vy(Flt/a])
iff Ay q | Flt/x] foralld € Uy
Ay d)es Ay (8)] EFforallde Uy (induction hypothesis)
iff Apae—saw) F Fforalld e Uy (y does not occur in t)
iff A[J;HA(t)Hde] EFforallde Uy (y # x)
iff Al A1) = VyF.

The case for the existential quantifier is similar to the above. This concludes the
proof.
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