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Abstract

One of the most promising applications of quantum computers is to simulate physical systems
and deliver an advantage to classical computation by leveraging their inherent quantum
behavior. In this thesis, I present a new approach to achieve a noise-tolerant Hamiltonian
simulation algorithm for ground state energy estimation, which also surmounts stochastic
limitations most of its counterparts face. This algorithm is based on an adaptive set of
fuzzy bisection searches to estimate the ground state energy digit by digit that can reach
any arbitrary target precision. It builds upon the Quantum Eigenvalue Transformation of
the Unitary Matrices (QETU) algorithm, and it delivers good approximations in simulations
with quantum depolarizing probability up to 10−3, particularly for the Transverse-Field Ising
Model (TFIM). For benchmarking, I make simulations of its recently developed counterparts
with different system Hamiltonians, system sizes, and time evolution encoding methods
under various quantum noise levels on IBM qiskit.
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Kurzfassung

Eine der vielversprechendsten Anwendungen von Quantencomputern besteht darin, physikalis-
che Systeme zu simulieren und einen Vorteil gegenüber klassischen Computern durch
Nutzung ihres eigenen quantenmechanischen Verhaltens zu erzielen. In dieser Arbeit führe
ich Simulationen kürzlich entwickelter Quantenalgorithmen zur Schätzung der Grundzustand-
senergie unter verschiedenen Quantenrauschpegeln durch. Des Weiteren präsentiere ich einen
neuen Ansatz zur Verbesserung der Rauschtoleranz und zur Überwindung der stochastischen
Begrenzung für den rauschfreien Fall. Dieser Ansatz basiert auf einer adaptiven Gruppe von
"Fuzzy Bisection"-Suchen zur schrittweisen Schätzung der Grundzustandsenergie Ziffer für
Ziffer. Dieser Ansatz baut auf dem "Quantum Eigenvalue Transformation of Unitary Matrices
(QETU)" Algorithmus auf und erzielt deutlich bessere Ergebnisse sowohl im rauschfreien
Fall als auch bei Simulationen mit quantendepolarisierendem Rauschen, insbesondere für
das "Transverse-Field Ising Model (TFIM)". Die Simulationen wurden unter Verwendung
verschiedener Hamiltonoperatoren, Systemgrößen und Methoden zur Implementierung des
Zeitentwicklungsoperators mit IBM qiskit durchgeführt.
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1. Introduction

In 1982, Richard Feynman put forward the idea of simulating physics with a computer that
could exploit the inherently quantum properties of a quantum mechanical system [1]. Others
quickly followed this idea, which eventually gave rise to the field of quantum algorithms for
Hamiltonian simulation.
The number of energy eigenstates of most real-life Hamiltonians grows exponentially with the
system size, leaving classical computers mostly inefficient for large systems, as simulating such
systems requires exponential scaling time and memory complexity. This makes calculating
the lowest eigenvalue of the system, namely the ground state energy, one of the fundamental
challenges in condensed matter physics and quantum chemistry. Ground state energy and
the ground state configuration have many practical applications. For example, in quantum
chemistry, the ground state of a molecule or an atom provides essential information about the
reactivity and stability of the system. Moreover, this concept influences the work of various
other disciplines, such as nanotechnology, biology, and materials science, as the ground state
of a system is critical to understanding the behavior of matter and essential in developing
new materials and technologies.
In the cases of large systems with many interactions between particles, determining the exact
ground state energy and configuration is usually not possible in sensible time. Hence, many
approximation methods have been developed, such as Monte Carlo methods, variational
methods, and tensor networks [2]. Applying these concepts to the field of quantum computing
and making use of the quantum behavior of the initial system has been a popular area of
research. Although some of these algorithms deliver promising results, they all inevitably
face one major challenge in the current era of Noisy Intermediate-Scale Quantum (NISQ)
devices: lack of error correction methods and low tolerance of noisy hardware.
In this work, I investigated the robustness and noise-tolerance of some of the recently
developed quantum algorithms for ground state energy estimation through Hamiltonian
simulation and developed a novel approach to address the problem of noise tolerance. In the
simulations, I employed different methods of simulating the time evolution of the quantum
system and also ran the algorithms under different noise levels.
All in all, this project aims to address a fundamental problem in the field of quantum chemistry
and condensed-matter physics by delivering a more error-resilient Quantum Ground State
Energy Estimation Algorithm that can tolerate noise better than most of the existing methods
in the literature and to demonstrate the behavior of some of the popular quantum algorithms
for Hamiltonian simulation under different noise levels.
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2. Theory

2.1. Fundamental Concepts

The aim of this section is to lay the groundwork for the concepts that are commonly used by
the ground state preparation and ground state energy estimation algorithms presented in this
thesis.

2.1.1. Encoding of the Time Evolution Operator

The time evolution operator of a physical system is given in relation to the system Hamilto-
nian as:

U := e−iHt (2.1)

The problem statement of encoding this time evolution operator into the quantum hardware
is equivalent to finding a unitary matrix Ũ that can be implemented with a finite set of qubit
gates and that approximates the ideal time evolution with a certain precision ϵ as:

∥Ũ − e−iHt∥≤ ϵ (2.2)

As modern quantum hardware can accommodate at most two to three-qubit gates as univer-
sally hardware native, the target unitary Ũ should be able to be decomposed into a set of
unitaries that act on k number of qubits with k < n, where n is the total number of system
qubits and also usually is equal to the number of sites or molecules of the given Hamiltonian.
Luckily, most of the Hamiltonians in nature fulfill this criterion of being "k-local". Such
Hamiltonians can be represented as the following sum:

H =
m

∑
j=1

Hj (2.3)

Hj = Iaj ⊗ Hj,loc ⊗ Ibj (2.4)

where Hj,loc acts on k qubits and aj + bj + k = n.
The matrix exponential of the sum of a set of local Hamiltonians can be approximated as
the product of matrix exponentials of each local Hamiltonian, if the time step t is sufficiently

2



2. Theory

small. If the t is too large to be tolerated within the given error margin, we split t into t = dt · r
and approximate the time evolution block as:

U = e−iHt = e−it ∑m
j=1 Hj ≈ (

m

∏
j=1

e−i t
r Hj)r (2.5)

This idea of splitting the system Hamiltonian into a sum of local Hamiltonians easier to
implement in the quantum hardware is generalized as Trotter formulas or Trotter-Suzuki
decomposition [3]. Approximation error scales depending on the chosen order of the splitting:

e−iHt = Sp(t) +O(tp+1) (2.6)

where Sp(t) is the pth order Suzuki splitting and defined recursively as:

Sp(t) := S2
p−2(upt) · Sp−2((1 − 4up)t) · S2

p−2(upt) (2.7)

with

up :=
1

4 − 4
1

p−1
(2.8)

and

S2(t) := e−i· t
2 ·H1 . . . e−i· t

2 ·Hm e−i· t
2 ·Hm . . . e−i· t

2 ·H1 (2.9)

In this project, we also make use of one notably efficient, fourth-order product formula
proposed by Blanes et al. [4] and an optimization-based encoding method, developed by
Kotil et al. [5] which uses a Riemannian Trust Region Algorithm to optimize a set of two-qubit
gates that approximates the time evolution operator of a given Hamiltonian in the brickwall
layout. The main idea of this approach is to optimize the gates for smaller systems and use
these same gates to encode the time evolution operator of a bigger system with the same
parameters. This method works well for the translation invariant Hamiltonians, allowing us
to reach good approximations with shorter circuit depth. The brickwall layout employed in
this approach is visualized for a three-layer example in Figure 2.1.

2.1.2. Quantum Signal Processing (QSP)

Quantum Signal Processing is a method of manipulating the probability amplitudes of a
subset of system qubits as a function of certain circuit parameters, through tailoring another
set of circuit parameters. The basis circuit in general form is visualized in Figure 2.2 and can

3



2. Theory

G3

G3

G3

G1

G1

G1

G2

G2

...

W(G1, G2, G3)

≈ e−iHt

...
...

U(t)

Figure 2.1.: Example, three-layer approximation of the time evolution operator. Riemannian
Circuit Optimization Algorithm, optimizes the two-qubit gates (G1, G2, G3) for
the given exact U = e−iHt

. . .|ψ0⟩ eiϕdZ W(a) eiϕd−1Z W(a) eiϕ0Z

Figure 2.2.: Basis Quantum Signal Processing Circuit

be described as the following:

Uϕ⃗(a) = eiϕ0Z
d

∏
j=1

W(a)eiϕjZ (2.10)

where Z is the Pauli-Z matrix and W(a) is the X-Rotation Operator by the angle θ = 2 arccos(a)

W(a) =

[
a i

√
1 − a2

i
√

1 − a2 a

]
(2.11)

Theorem 1 (Quantum Signal Processing): The QSP sequence Uϕ⃗ produces a matrix that can
be expressed as a polynomial function of a:

Uϕ⃗(a) = eiϕ0Z
d

∏
j=1

W(a)eiϕjZ =

[
P(a) iQ(a)

√
1 − a2

iQ∗(a)
√

1 − a2 P∗(a)

]
(2.12)

for the domain of a ∈ [−1, 1] and there exists a set of phases ϕ⃗ ∈ Rd+1 for any polynomial P,
Q such that:

4



2. Theory

(i) deg(P) ≤ d, deg(Q) ≤ d-1 (2.12.1)

(ii) P has parity d mod 2, Q has parity (d-1) mod 2 (2.12.2)

(iii) |P|2 + (1 − a2)|Q|2 = 1 (2.12.3)

This further implies:

⟨0|Uϕ⃗(a)|0⟩ = P(a) (2.13)

For the proof of the theorem, please refer to: [6–8]
Built upon this idea of using a set of phases ϕ⃗ to manipulate the probability amplitude in
relation to another system parameter a = cos θ

2 , we can construct a modified version of the
QSP circuit to acquire a necessarily real probability amplitude ⟨0|Uϕ⃗(a)|0⟩. For this purpose,
we define the Real Quantum Signal Processing circuit:

Theorem 2 (Real Quantum Signal Processing): For any given real, even polynomial F(a)
with |F(a)| ≤ 1, ∀a ∈ [−1, 1] and deg(F) = d; there exists polynomials G(a), Q(a) and a
symmetric phase vector ϕ⃗ = (ϕ0, ϕ1, . . . , ϕ1, ϕ0) ∈ Rd+1, such that:

Ureal ,⃗ϕ(a) = eiϕ0XW†
Z(a)eiϕ1XWZ(a) . . . W†

Z(a)eiϕ1XWZ(a)eiϕ0X (2.14)

=

[
F(a) −Q(a)

√
1 − a2 + iG(a)

Q(a)
√

1 − a2 + iG(a) F(a)

]
(2.15)

where WZ(a) = HW(a)H and H is the Hadamard gate. For the derivation, please refer to
Appendix A.1.

2.2. Ground State Preparation Algorithms

In this section, I give the algorithms I used in my simulations to prepare the ground state of
the Hamiltonians I worked with and also explain the Quantum Eigenvalue Transformation
of Unitary Matrices (QETU) developed by Dong et al. [9] which is the cornerstone of my
contribution.

2.2.1. Quantum Eigenvalue Transformation of Unitary Matrices (QETU)

QETU Algorithm developed by Dong et al. [9], builds upon the idea of the Real QSP given
in Theorem 2 to set the circuit parameter θ = 2 arccos(a), that controls the polynomial F(a);

5



2. Theory

to be an eigenvalue of a unitary U if we feed an eigenvector |ψj⟩ of U as the initial state of
the QETU circuit, visualized in Figure 2.3.

Theorem 3 (QETU): There exists a symmetric phase vector ϕ⃗ = (ϕ0, ϕ1, . . . , ϕ1, ϕ0) ∈ Rd+1 for
any real, even polynomial F(a) with |F(a)| ≤ 1, ∀a ∈ [−1, 1], such that the circuit UQETU ,⃗ϕ:

UQETU ,⃗ϕ = eiϕ0XcU†eiϕ1XcU . . . cU†eiϕ1XcUeiϕ0X (2.16)

delivers:

(I ⊗ ⟨0|)UQETU ,⃗ϕ(|0⟩ ⊗ I) = F(cos(
H
2
)) (2.17)

where cU is the controlled time evolution operator:

cU =

[
I 0
0 e−iH

]
, (2.18)

X is the Pauli-X matrix and cos(H
2 ) is defined to be acting on the eigenvalues of the Hamilto-

nian.
To demonstrate this, we first restrict UQETU ,⃗ϕ to be acting on the subspace span(|0⟩ ⊗ |ψj⟩ , |1⟩ ⊗ |ψj⟩)
where cU becomes:

cUj =

[
1 0
0 e−iλj

]
(2.19)

Following from the relation between cUj and WZ(a):

WZ(a) =
[

1 0
0 e−2i arccos(a)

]
(2.20)

cUj = WZ(cos(
λj

2
)) (2.21)

and the Theorem 2, it holds that:

⟨ψj| ⊗ ⟨0|UQETU ,⃗ϕ|0⟩ ⊗ |ψj⟩ =

6



2. Theory

[
1 0

] [F(cos(λj
2 )) .

. .

] [
1
0

]
= F(cos(

λj

2
)) (2.22)

As the eigenvectors of the Hamiltonian build up a complete set of linearly independent
basis vectors, we can construct the general case as the linear combination of the subspaces
span(|0⟩ ⊗ |ψj⟩ , |1⟩ ⊗ |ψj⟩), where an arbitrary input state |ψ⟩ can be decomposed into:

|ψ⟩ =
n−1

∑
j=0

cj |ψj⟩ (2.23)

which also implies the following:

⟨ψ| ⊗ ⟨0|UQETU ,⃗ϕ|0⟩ ⊗ |ψ⟩ =

∑n−1
j=0 ⟨cjψj| ⊗ ⟨0|UQETU ,⃗ϕ|0⟩ ⊗ |cjψj⟩

=
n−1

∑
j=0

|cj|2F(cos(
λj

2
)) (2.24)

We arrive at the spectral decomposition of (2.17) in our result (2.24).
In conclusion, the overlap cj of the initial state |ψ⟩ with the eigenvectors of H are either

amplified or dampened by F(cos(λj
2 )) for each |ψj⟩:

(I ⊗ ⟨0| UQETU ,⃗ϕ |0⟩ ⊗ I) |ψ⟩ = F(cos(
H
2
)) |ψ⟩ =

n−1

∑
j=0

cjF(cos(
λj

2
)) |ψj⟩ (2.25)

Using Theorem 3, we can optimize the symmetric phases ϕ⃗ for a target polynomial F(a)
such that this polynomial is an approximation of the even step function with a cut-off value
µ ∈ [0, 1]. One such example polynomial is visualized in Figure 2.4.
To acquire a high state fidelity to the ground state after applying the QETU circuit to an
arbitrary initial state, we can optimize the phases for a µ value, that cuts off the spectral gap
between the ground and first excited states in the middle, in the transformed a = cos(λ

2 )

space, hence dampening the overlap with all excited states and amplifying the overlap with
the ground state.
For the above approach to work, we need to make sure that all eigenvalues are mapped into
the a space bijectively such that the increasing eigenvalues can be mapped to be decreasing in
a ∈ [−1, 1]. Moreover, we need to ensure that the high energy states are not mapped to a value
below −µ, as the step function we use as F(a) is even. To make sure that these conditions
will hold for the spectrum, we can encode a linear transformation of the Hamiltonian in the
time evolution block:

H̃ = c1H + c2 I (2.26)

such that the spectrum of H̃ would be mapped to be in λ̃ ∈ [0, π], hence a ∈ [0, 1]. For the
choice of c1 and c2, we need guesses on the total spectrum length (D) and a lower bound on

7



2. Theory

. . .

. . . F(cos(H
2 )) |ψ⟩

|0⟩ eiϕ0X eiϕ1X eiϕ1X eiϕ0X

|ψ⟩ U U† U U†

Figure 2.3.: Quantum Eigenvalue Transformation of Unitary Matrices (QETU) Circuit in
compact notation where U is a multi-qubit gate, acting on all the system qubits
and the X-Rotation gates are applied to the ancilla qubit.

the ground state energy (λLB):

c1 =
π

D
, c2 = −c1λLB (2.27)

We can set these parameters, where D can be arbitrarily large, with the trade-off of decreasing
the spectral gap in the a-space, which makes the guess of µ harder and also means we would
have to increase the degree of the polynomial F(a) to have a sharper step.
Another important point to note here is that the ancilla qubit has to be reset to |0⟩ as the result
of our measurement, for the state overlap amplification to work. This has a low probability
if the initial state |ψ⟩ has low overlap with the ground state; hence for the QETU circuit to
realistically work, we need to have a good enough initial overlap.

2.2.2. Lindbladian Evolution

One of the major problems of most ground state preparation algorithms, as also mentioned
in the previous section, is the need of a large enough overlap of the initial state |ψ⟩ with
the ground state |ψ0⟩. In order to tackle this problem, Ding et al. [10] proposed a circuit to
achieve a final overlap of ⟨ψ0|ψEnd⟩ > 0, even though ⟨ψ0|ψ⟩ ≈ 0.
The main idea of this circuit is to simulate the following differential equation using discrete
time steps:

d
dt

ρ = LH [ρ] + LK[ρ] (2.28)

LH [ρ] := −i[H, ρ] (2.29)

LK[ρ] := KρK† − 1
2
{K†K, ρ} (2.30)

where ρ is the density matrix and K is a jump operator defined as:

K := ∑
i,j

f̂ (λi − λj) |ψi⟩ ⟨ψi| A |ψj⟩ ⟨ψj| (2.31)

=
∫ ∞

−∞
f (t′)eiHt′ Ae−iHt′dt′ (2.32)

with A ∈ Rnxn being an arbitrary Hermitian matrix, f (t) is a filter function, with Fourier

8
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Figure 2.4.: Example polynomial F(a) of degree 30, as an approximation of the even step
function with cut-off value µ = 0.75. Chebyshev polynomials of the second kind
were used as basis. Convex optimization library "cvxpy" was used to optimize
coefficients of the Chebyshev polynomials.
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2. Theory

transform f̂ (ω) and {λj, |ψj⟩}j is the spectrum of the Hamiltonian H.
The time evolution of the system is given as follows:

e(LH+LK)t[ρ0] = ρt (2.33)

If we choose the filter function f̂ (ω) to be:

f̂ (ω) = 0, ∀w ≥ 0 (2.34)

we see that the only fix point of the time evolution turns out to be the ground state |ψ0⟩ in
the expectation sense. We can show that |ψ0⟩ is a fix point of the system, following from:

K |ψ0⟩ = ∑
i

f̂ (λi − λ0) |ψi⟩ ⟨ψi| A |ψ0⟩ = 0 (2.35)

which directly implies:
LK[|ψ0⟩ ⟨ψ0|] = 0. (2.36)

The coherent part LH also delivers:

LH [|ψj⟩ ⟨ψj|] = 0 (2.37)

for all the eigenstates |ψj⟩. It can be further shown that this fix point is unique in the expecta-
tion sense for a randomized A matrix [10].
The circuit implementation of the differential equation (2.28) is built upon the idea of dis-
cretizing the integral definition of K (2.32) between two bounds [−KL, KL] as the filter function
in time domain f (t) goes to 0 in both time directions. An example plot of the filter function
is given in Figures 2.5 and 2.6.
Ding et. al. showed that we can use a circuit to implement the discretized jump operator by
incorporating a single ancilla qubit and then resetting it to |0⟩. This circuit is followed by the
time evolution operator e−iHτ, where τ is the single time step of the Lindbladian Evolution
simulation. This circuit is represented in Figure 2.7. Authors further show that we do not
need to use small τ steps to efficiently simulate the time evolution, but also large steps such
as τ = 1 deliver good results.
For a more in-depth proof and derivation, please refer to Appendix B.2-B.4 in the original
source [10].

2.3. Ground State Energy Estimation Algorithms

After preparing the ground state, we need to extract the information from the quantum state
through a method, depending on the level of precision we wish to achieve. Because the
quantum state vector cannot be measured directly but only the norm of its components can
be approximated through a set of experiments, we are often faced with a stochastic limit that
restricts the precision we can achieve. In this section, I give a brief overview of the different
methods I used in this project to extract the eigenvalue information from the prepared ground
state.

10
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)

Figure 2.5.: Example filter function to be used in the Linbladian Evolution circuit, plotted in
the time domain.
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Figure 2.6.: Example filter function to be used in the Linbladian Evolution circuit, plotted in
the frequency domain.

. . .

. . .

. . .

. . .

. . .

C1 C2 CM−1 CM

e−iHτs eiHτs e−iHτ

Figure 2.7.: Lindbladian Evolution Circuit evolving the input state ρ by one time step τ, imple-
mented by using two-qubit gates and small step time evolution τs to encode the
discretized jump operator, followed by a large step time evolution block. Example
circuit implements a system size of four qubits. For the exact implementation of
the two-qubit gates Cl , see Appendix A.2.
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2. Theory

2.3.1. Direct Expectation Value Measurement

The most straightforward and trivial idea of extracting the ground state energy information
from the prepared ground state would be to directly conduct measurements on the ground
state to approximate the probability distribution of the state vector. This works in the cases
where the expectation value of the energy can be decomposed into a combination of Pauli
operations, which corresponds to calculating the expectation value of the ground state on
different measurement bases.
One noteworthy example of this type of Hamiltonians is the generalized Heisenberg Hamilto-
nian:

HHeisenberg = −JX ∑n−1
j=1 XjXj+1 − JY ∑n−1

j=1 YjYj+1

−JZ

n−1

∑
j=1

ZjZj+1 − gX

n

∑
j=1

Xj − gY

n

∑
j=1

Yj − gZ

n

∑
j=1

Zj (2.38)

with the system parameters (JX, JY, JZ, gX, gY, gZ). For this Hamiltonian, the energy expecta-
tion value of the prepared ground state |ψ0⟩ becomes:

E0 = ⟨ψ0| HHeisenberg |ψ0⟩ = −JX ∑n−1
j=1 ⟨ψ0| XjXj+1 |ψ0⟩ − JY ∑n−1

j=1 ⟨ψ0|YjYj+1 |ψ0⟩

−JZ

n−1

∑
j=1

⟨ψ0| ZjZj+1 |ψ0⟩ − gX

n

∑
j=1

⟨ψ0| Xj |ψ0⟩ − gY

n

∑
j=1

⟨ψ0|Yj |ψ0⟩ − gZ

n

∑
j=1

⟨ψ0| Zj |ψ0⟩ . (2.39)

Each term in this expression can be acquired from the probability distribution of |ψ0⟩ on
three different measurement bases X, Y, Z; because:

⟨ψ0|Ol |ψ0⟩ =
1

∑
σl=0

(−1)σlPO(σl |ψ0) (2.40)

where O ∈ {X, Y, Z}, PO(σl |ϕ0) is the probability of measuring σl at the lth system qubit on
the basis O and

⟨ψ0|OlOl+1 |ψ0⟩ =
1

∑
σl=0

1

∑
σl+1=0

(−1)σl (−1)σl+1PO(σl , σl+1|ψ0) (2.41)

where PO(σl , σl+1|ψ0) is the probability of measuring σl at the lth system qubit and measuring
σl+1 at the (l + 1)th system qubit on the basis O.
This straightforward approach, however inevitably faces a stochastic limit as approximating
the probability distribution with high precision for large systems is not possible with a
sensible amount of experiments, hence the lower bound of approximation error greatly
increases with growing system size; even in the ideal, noiseless case.
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2. Theory

2.3.2. QETU Circuit and Fuzzy-Bisection Search

On top of preparing the ground state, we can use the QETU circuit to conduct a search to
better approximate the ground state energy [9]. At each step of this "fuzzy bisection search",
we apply one QETU layer with phases optimized for a µ value that splits the current search
interval into two, to determine whether the ground state energy, transformed into the a-space:
a0 := cos(λ0

2 ) is located in the upper or the lower half of the current search interval, hence
cutting the search interval by approximately half after each successful search stage. What
makes this search "fuzzy" and also the reason why the interval is not cut down exactly by
half after each search stage, is that we take the non-ideal step behavior of the approximated
polynomial into account and update the new interval lower/upper bound to be (µ ∓ ϵ),
where the tolerance parameter ϵ is chosen depending on the degree of the polynomial. How
the search interval is updated is demonstrated in Figure 2.8.
Measuring |0⟩ with a high probability at the ancilla qubit, tells us that the a0 is located in the
upper half of the search interval, as it follows from (2.25) for a good approximation of the
ground state |ψ⟩ ≈ |ψ0⟩:

⟨ψ| ⊗ ⟨0|UQETU ,⃗ϕ|0⟩ ⊗ |ψ⟩ =
n−1

∑
j=0

|cj|2F(cos(
λj

2
)) ≈ F(a0) (2.42)

The main challenge of this approach is that we need to increase the polynomial degree after
each search stage to get a sharper step that can get more and more precise. This increases the
complexity of optimizing the QSP phases exponentially and is empirically shown to be not
achievable for polynomial degrees above 34 in my results.
An example fuzzy bisection search is visualized in Figure 2.9.

2.3.3. Quantum Complex Exponential Least Squares Algorithm (QCELS)

Ding et. al. proposed a short-depth Quantum Phase Estimation (QPE) circuit [11] to estimate
the phases:

e−iλ0tn ≈ Zn (2.43)

introduced to the system qubits after applying the time evolution operator U = e−iHtn to the
ground state |ψ0⟩ for different tn values

{(tn, Zn)}N−1
n=0 (2.44)

obtained through a set of measurements on an ancilla qubit and fitting the results to an
exponential model function

L(r, θ) = re−itnθ (2.45)
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Figure 2.8.: An example fuzzy bisection interval update. (l, r) are the upper and lower bounds
of the current search stage. The cut-off value is set as µ = r−l

2 . As the a0 falls
within the upper half of the search interval, new bounds will be updated as
(µ − ϵ, r), where ϵ tolerance parameter is chosen depending on the sharpness of
the step polynomial. This sharpness is decided by the degree of the polynomial.
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Figure 2.9.: An example fuzzy bisection search that lasted five stages. Search is terminated
once the probability of measuring |0⟩ at the ancilla qubit is within a certain
threshold interval (centered around 0.5), indicating we reached the maximum
achievable precision with the given polynomial degree. In the example search,
the threshold probabilities are set to 0.7 and 0.3 (indicated by the red lines), hence
measuring |0⟩ at the ancilla qubit with a probability in [0.3, 0.7] terminates the
search.
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|0⟩ H W H

|ψ0⟩ e−itn H

Figure 2.10.: Quantum Phase Estimation Circuit, used to collect the data set {(tn, Zn)}N−1
n=0 for

the QCELS Algorithm. W = I for estimating Re{Zn} and W = S† for Im{Zn}

such that the parameters (r, θ) are optimized to minimize the following non-linear least
squares problem:

(r∗, θ∗) = argmin
r∈C,θ∈R

1
N

N−1

∑
n=0

|(Zn − L(r, θ)|2 (2.46)

The circuit implementation of this method is visualized in Figure 2.10. Two different circuits
are used to estimate the real (W = I) and imaginary part (W = S†, S is the phase gate) of the
phase by varying the W-Operator.

(1) For the real part, W = I:

(⟨ψ0| ⊗ ⟨0|)(H ⊗ I)
[

I 0
0 e−itn H

]
(H ⊗ I)(|0⟩ ⊗ |ψ0⟩)

=
1
4
[
1 + Z∗

n 1 − Z∗
n
] [1 + Zn

1 − Zn

]
= Re{Zn} (2.47)

(2) For the imaginary part, W = S† =

[
1 0
0 −i

]
:

(⟨ψ0| ⊗ ⟨0|)(H ⊗ I)(S† ⊗ I)
[

I 0
0 e−itn H

]
(H ⊗ I)(|0⟩ ⊗ |ψ0⟩)

=
1
4
[
1 + iZ∗

n 1 − iZ∗
n
] [1 − iZn

1 + iZn

]
= Im{Zn} (2.48)

An example data set is visualized in Figure 2.11.

2.4. Quantum Depolarizing Channel

The last theoretical concept that is worth mentioning is how I simulated noise. The main
noise model I used in my simulations is the Quantum Depolarizing Channel approach, where
each gate applied to the qubit brings a certain probability of "depolarization". The effect of a
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Figure 2.11.: Data set {(tn, Zn)}N−1
n=0 of phase estimations where tn = τn, N = 100, τ = 0.01;

plotted alongside the exact phase plot e−itnλ0
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single qubit depolarization channel on the density matrix can be described as:

∆λ(ρ) =
3

∑
i=0

KiρK†
i (2.49)

where Ki are the Kraus operators:

K0 =

√
1 − 3λ

4
I, K1 =

√
λ

4
X, K2 =

√
λ

4
Y, K3 =

√
λ

4
Z (2.50)

Here λ = 1 corresponds to full depolarization where the output state becomes the maximally
mixed state.
The probability of a gate introducing a certain depolarization ∆λ with λ ∈ [0, 1] depends on
the hardware and I ran the simulations with different depolarizing probabilities ranging from
10−5 to 10−2. In my simulations: pDepolar is the depolarizing probability of a two-qubit gate.
The depolarizing probability of single-qubit gates is taken to be pDepolar

10 .

19
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The novel approach I propose in this thesis builds upon the idea of using the QETU Circuit in
a fuzzy bisection search [9] (as mentioned in section 2.3.2) to better estimate the ground state
energy from the almost perfectly prepared ground state |ψ0⟩ by breaking the approximation
error lower bound caused by the stochastic limitation in the noiseless case and by increasing
the tolerance of depolarizing noise.

3.1. Adaptive Fuzzy Bisection Search

As mentioned in Section 2.3, estimating the ground state energy in the noiseless case through
the existing methods inevitably faces a stochastic limit and the fuzzy bisection search does
not directly offer a solution of breaking the lower bound caused by this limit due to the
polynomial degree needed to achieve a sharp enough step after a certain target precision.
My proposed solution to this problem is to have a set of searches, where the c1 and c2 param-
eters of the linear transformation applied to the Hamiltonian, as given in (2.26) are adaptively
updated depending on the outcome of the previous search stage. On the chosen base of 10,
for intuitive reasons, we approximate the eigenvalue digit by digit where a successful fuzzy
bisection search correctly identifies the target digit of the current search stage.
This systematic digit-by-digit search can be implemented by the following choice of (c1, c2):

c1 =
π

10d c2 = −c1λest (3.1)

which results in the following linearly scaled Hamiltonian:

H̃ = π(H − λest I)10−d (3.2)

where d is the target digit (d ≤ 0 after floating point) and λest is the estimate eigenvalue result
from the previous search stage (d + 1), rounded up/down to the target digit.
This choice of c1, c2 implies the following relation between the transformed a space and λ

space:

a = cos
(π

2
(λ − λest)10−d

)
(3.3)

The level of precision of λest depends on the current search stage d, hence the subtraction (λ -
λest) gets rid of the already correctly identified digits. Multiplication by 10−d magnifies or
"zooms into" the target digit.
Before moving further, we define the result of subtraction and magnification as a helper
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variable:

x := (λ − λest)10−d. (3.4)

The x0 value corresponding to the ground state energy λ0 is mapped to a value in [-1, 1]. This
brings the problem of the mapping a = cos(π

2 x) not being bijective in this interval, hence we
have to also consider the negative values while transforming the search result back.
Due to our initial choice of base 10, correctly identifying the target digit corresponds to the
fuzzy bisection search delivering us an x∗ estimate that lies in [x0 − 0.05, x0 + 0.05], indicating
an error margin interval of length 0.1 in the x-space. A demonstration of the error margin
interval mapped in both x and a-spaces is given in Figure 3.1.
In my results, this estimation of x0 was comfortably achievable if we could estimate a0 up to
the second digit after the floating point. With this assumption for the estimation of a0, we can
see how we can get to any arbitrary target precision if we scale the c1 coefficient up by 10 and
update c2 depending on the outcome of the previous search at each stage in Table 3.1.

λ0 ≈ −7.727406...

d λest c1 a0 a∗ λ∗ |λ∗ − λ0|

0 -8 π −0.4152 -0.42 -7.72406 3.3 · 10−3

-1 -7.7 10π 0.4173 0.42 -7.72759 1.9 · 10−4

-2 -7.73 102π −0.3962 -0.4 -7.72738 2.64 · 10−5

-3 -7.727 103π 0.5961 0.6 -7.727409 3.1 · 10−6

-4 -7.7274 104π 0.1036 0.1 -7.7274063 2.3 · 10−7

Table 3.1.: Demonstration of how Adaptive Fuzzy Bisection Search can deliver any arbitrary
target precision with the assumption of correct estimation of the exact a0 value up
to the second digit after the floating point.
Here a∗ is the estimation result of the respective stage, λ∗ is the eigenvalue estimate
corresponding to it and λest is the estimation result from previous search, rounded
to the target digit of the previous search.

3.2. Increasing Tolerable Error Margin Interval for Optimal Noise
Tolerance

In this section, I further develop the idea of reaching any arbitrary target precision by a
consecutive, adaptive set of fuzzy bisection searches with a simple, yet effective idea aimed
at increasing the maximum tolerable error margin interval in the a-space after the mapping:
a = cos(π

2 x), by slightly modifying the c2 used at each step as:

c2 = −c1λLB (3.5)
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Example Error Tolerance Boundaries
( 0 est)10 d = 0.75

Figure 3.1.: Mapping of maximum tolerable error margin interval from x-space to a-space
for an example, where x0 := (λ0 − λest)10−d = 0.75. Red lines correspond to the
upper and lower boundaries of the interval, and green lines represent the exact x0

and a0 values. Remarkably, the interval length is larger than 0.1 in a-space, which
relaxes the estimation of a0 compared to our assumption for the demonstration
given in Table 3.1.
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where λLB is a lower bound on the ground state energy and it is updated at each search stage
to get more precise by the relation:

λLB := λest − 10d (3.6)

with an updated definition of:

x := (λ − λest)10−d + 1 (3.7)

which means the x0 value corresponding to the ground state energy λ0 is mapped to a value
in [0, 2], and unlike the previous case, cosine transformation is bijective in this interval.
The main advantage of modifying c2 in this way is the fact that a0 values at each search stage
become clustered around x = 1 where the slope of cos(π

2 x) is the sharpest, instead of x = 0.
Hence, an interval in x-space gets mapped to a larger interval in a–space.
This also means that the more successful a certain search stage estimates the eigenvalue, the
closer x0 value gets mapped to 1 in the next stage, creating a positive feedback loop. This
effect of where x0 values get mapped to at different stages of the search is visualized in Figure
3.2.
Higher depolarizing probability affects how close we can get to the exact a0 at each search
stage before the search has to be terminated due to success probability (2.42) falling outside
the threshold boundaries. Hence, increasing the tolerable error margin interval length in the
a-space this way allows us to achieve meaningful results even though there is a significant
depolarizing probability present in the hardware. For further details on how well this
approach tolerates depolarizing noise, see Chapters 4 and 5.
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Figure 3.2.: Example visualization of where x0 values are mapped to, for different target
digits d ∈ {−5, · · · − 1}. We see that they are clustered around x = 1, where the
tangent slope of cosine is the sharpest, as plotted in orange.
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4. Numerical Simulations

In this section, I show the simulation plots of algorithms introduced in Chapter 2 and give
relevant details related to implementations of these algorithms in the quantum simulation
software development kit qiskit. Full implementation can be found here [12].

4.1. Hamiltonians Used in Simulations

This section introduces the two Hamiltonians I used in my simulations, as well as how their
time evolution operators were encoded into the quantum circuit.

4.1.1. Transverse-Field Ising Model (TFIM)

A popular Hamiltonian used in the Hamiltonian simulation quantum circuits is the one-
dimensional Transverse-Field Ising Model (TFIM). In my simulations, I used the integrable
TFIM with periodic boundary conditions, defined as:

HTFIM = −J
n−1

∑
j=1

ZjZj+1 − g
n

∑
j=1

Xj (4.1)

where Zj and Xj are the Pauli matrices acting on the jth qubit, J is a prefactor with dimensions
of energy and g is a coupling coefficient that relates the external field strength to the nearest
neighbor interaction.
For the encoding of the time evolution operator of TFIM, I employed the 2nd Order Suzuki
Splitting [3], 4th Order Blanes-Moan Encoding [4] and the Riemannian Quantum Circuit
Optimization (RQC-Opt) [5] using different number of two-qubit gate layers between 3 to 13
depending on the total time step t and the system size. The absolute approximation error of
the RQC-Opt Algorithm |URQC − e−iHt|2 ran for different t values can be found in Figure 4.1.

4.1.2. Heisenberg Hamiltonian

I restricted the General Heisenberg Hamiltonian, given in (2.38), to the special case gX = gY =

gZ = 0 to be able to use the control-free implementation of the QETU Circuit, as explained in
Section 4.2.

HHeisenberg = −JX

n−1

∑
j=1

XjXj+1 − JY

n−1

∑
j=1

YjYj+1 − JZ

n−1

∑
j=1

ZjZj+1 (4.2)
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Figure 4.1.: Time evolution operator of TFIM Hamiltonian with system size L = 6 and system
parameters J = 1, g = 1; approximated through RQC-Opt. On the left, we see
the number of two-qubit layers needed to achieve an error |URQC − e−iHt|2 ≤ 0.1
with respect to increasing t values. On the right, we see the approximation error
|URQC − e−iHt|2 plotted against the number of two-qubit gate layers employed in
the optimization.
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|ψ⟩ K† e−iH t
2 K K† eiH t

2 K K† e−iH t
2 K

Figure 4.2.: Quantum Eigenvalue Transformation of Unitary Matrices (QETU) Circuit im-
plemented with control-free encoding of the time evolution operator. Here, the
unitary K has the property of KH + HK = 0.

4.2. Control Free Implementation of QETU

The last major challenge to overcome before simulating the QETU circuit is to implement
the controlled time evolution operator or get around this through what the authors of the
algorithm suggest in Section VI of [9]. The control-free implementation of QETU requires
finding a unitary operator K that anti-commutes with the Hamiltonian:

KH + HK = 0 (4.3)

which implies:
K†HK = −H (4.4)

and due to the unitarity of K:
K†e−iHtK = eiHt. (4.5)

So by controlling the unitary K, which can be shown to be a simple Pauli string (hence
requiring only single controlled qubit gates) for the Hamiltonians we work with, we can
reverse the time evolution in the opposite direction. Due to the symmetry of having U = e−iHt

and U† = eiHt consecutively following each other, we can replace the controlled time evolution
by a controlled K gate placed before and after the time evolution operator and scaling the
time step by half t

2 . The circuit representation of this approach is visualized in Figure 4.2.
For a more detailed explanation please refer to Appendix B of [9].
For the TFIM Hamiltonian, unitary K can be implemented by using the following simple
Pauli string:

KTFIM := Y1 ⊗ Z2 ⊗ Y3 . . . (4.6)

For the Heisenberg Hamiltonian, we run into a limitation as there is no single unitary
KHeisenberg that can be shown to be anti-commuting with the local Hamiltonian

HHeisenberg,loc := (X ⊗ X) + (Y ⊗ Y) + (Z ⊗ Z) (4.7)

This can be shown by solving a set of linear equations for the general 4 × 4 unitary with
components:

KHeisenberg :=


d1 a1 + ib1 a2 + ib2 a3 + ib3

a1 − ib1 d2 a4 + ib4 a5 + ib5

a2 − ib2 a4 − ib4 d3 a6 + ib6

a3 − ib3 a5 − ib5 a6 − ib6 d4

 (4.8)
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and the condition:

HHeisenberg,locKHeisenberg + KHeisenbergHHeisenberg,loc = 0 (4.9)

as the solution set delivers only the trivial solution (0, 0 . . . 0).
One way to get around this problem is to split the Hamiltonian into two parts HHeisenberg,1,
HHeisenberg,2; for which we can find two unitaries K1 and K2 as:

HHeisenberg,1 := −JX

n−1

∑
j=1

XjXj+1 − JY

n−1

∑
j=1

YjYj+1 (4.10)

HHeisenberg,2 := −JZ

n−1

∑
j=1

ZjZj+1 (4.11)

with the following unitaries:
K1 := Z1 ⊗ I2 ⊗ Z3 . . . (4.12)

K2 := X1 ⊗ I2 ⊗ X3 . . . (4.13)

This has the limitation of having to split the total time t into small enough steps dt = t
r , as

the following approximation holds only for small enough t
r values:

e−i t
r (H1+H2) ≈ e−i t

r H1 e−i t
r H2 (4.14)

which implies that we have to increase the circuit depth, compared to the implementation of
QETU with TFIM Hamiltonian. This effect is visualized in Figure 4.3. This additional increase
in circuit depth greatly reduces the performance of the adaptive fuzzy bisection search if we
use the Heisenberg Hamiltonian as our system compared to its performance with the system
Hamiltonian as TFIM. This is explained further in Section 4.4.1.

4.3. Ground State Preparation

This section demonstrates how the ground state is prepared for the aforementioned system
Hamiltonians. The main idea is to use the Lindbladian circuit with a relatively small number
of time steps to achieve an initial overlap for QETU which results in reasonable success
probabilities of measuring |0⟩ at the ancilla qubit after each QETU layer.

4.3.1. Lindbladian Evolution

I set the time step τ = 1 and simulated the circuit with n = 1000 steps for the TFIM
Hamiltonian. This results in the state fidelity of ⟨ψ0|ψLind⟩ ≈ 0.729.
For the Heisenberg Hamiltonian, I needed to compensate for the increase in the circuit depth,
as explained in Section 4.2, by applying a shorter Lindbladian layer with τ = 10 and n = 50,
which resulted in the state fidelity of ⟨ψ0|ψLind⟩ ≈ 0.0025, which is much smaller than the
initial overlap of TFIM simulation but still gives us a success probability in QETU that we can
work with.
The convergence plot of the Lindbladian evolution is visualized in Figures 4.4 and 4.5.
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Figure 4.4.: Convergence of Lindbladian Evolution for TFIM Hamiltonian with system size
L = 6 and system parameters J = 1, g = 1. Single time step of the circuit is set
to τ = 1 and convergence is simulated for n = 1000 steps. Corresponding state
fidelity is ≈ 0.729 and the absolute error of the eigenvalue corresponding to the
prepared state fidelity is ≈ 0.59.
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size L = 6 and system parameters JX = 1, JY = 0.5, JZ = 1. Single time step of
the circuit is set to τ = 10 and convergence is simulated for n = 50 steps.
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4.3.2. Amplification by QETU

The state prepared by the Lindbladian evolution circuit delivers us an increased initial overlap
with the ground state ⟨ψ0|ψLind⟩ for both TFIM and Heisenberg Hamiltonians. This state is
now fed to the QETU circuit to successively amplify the state fidelity to the ground state. The
success probability of each amplification layer is significantly higher in TFIM implementation
due to the larger initial overlap.
To achieve amplification, we have to start with a guess on total spectrum length D and a
lower bound on the ground state energy λLB, so that we can scale the Hamiltonian, as given
in (2.26), in order to map the spectrum to be in between λ̃ ∈ [0, π]. By using the resulting c1

coefficient, I optimized the time evolution circuit with a t coefficient t = c1
2 (see Section 4.2)

through the RQC-Opt algorithm [5]. You can see the optimization results in Figure 4.6.
In simulations, the polynomial approximation of the even step function was optimized
using cvxpy.Minimize, with Chebyshev polynomials as basis. Symmetric QSP phases were
optimized by using pyqsp [13] and by transforming the resulting phases as given in Appendix
A.1.
Another thing that has to be guessed in the beginning is the cut-off value of the step µ, which
should ideally lie in between the first excited state and the ground state in the transformed
a-space. However, even if µ does not lie in this interval, QETU amplification still works due
to the monotonously increasing nature of the step function in [0, 1], just not as efficiently
because we would need to apply QETU more times.
This amplification is demonstrated for the TFIM with system size L = 6 in Table 4.1, TFIM
with L = 8 in Table 4.2, and for the Heisenberg Hamiltonian in Table 4.3. We see that we can
achieve an almost perfectly prepared ground state ⟨ψQETU |ψ0⟩ ≈ 1 in both cases by repeating
the QETU circuit 3 to 5 times.

Success Prob. State Fidelity

Step | ⟨ψ| ⊗ ⟨0|UQETU ,⃗ϕ|0⟩ ⊗ |ψ⟩ |2 ⟨ψ0|ψEnd⟩
1 0.22 0.911
2 0.261 0.957
3 0.27 0.979
4 0.272 0.9902
5 0.273 0.9954

Table 4.1.: Demonstration of ground state preparation through amplifying the end state of
Lindbladian evolution with QETU for the TFIM Hamiltonian system size L = 6
and system parameters J = 1, g = 1. We choose the guesses on total spectrum
length D = 16, ground state energy lower bound λLB = −10, and the cut-off value
µ = 0.97. Initial overlap before applying QETU was ⟨ψLind|ψ0⟩ ≈ 0.729. The time
evolution operator was encoded using RQC-Opt [5], optimized for system size
L=4. The polynomial degree used in the optimization of the QSP Phases was 34.
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Figure 4.6.: Optimization of time evolution operator of TFIM Hamiltonian with system size
L = 6 and system parameters J = 1, g = 1; through RQC-Opt, by using 3 layers
of two-qubit gates in brickwall layout. As the t coefficient used is small, using
only 3 layers delivers good results.
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Success Prob. State Fidelity

Step | ⟨ψ| ⊗ ⟨0|UQETU ,⃗ϕ|0⟩ ⊗ |ψ⟩ |2 ⟨ψ0|ψEnd⟩
1 0.0143 0.9122
2 0.2556 0.9846
3 0.256 0.999981

Table 4.2.: Demonstration of ground state preparation through amplifying the end state of
Lindbladian evolution with QETU for the TFIM Hamiltonian system size L = 8
and system parameters J = 1, g = 1. We choose the guesses on total spectrum
length D = 22, ground state energy lower bound λLB = −15, and the cut-off value
µ = 0.94. Initial overlap before applying QETU was ⟨ψLind|ψ0⟩ ≈ 0.12. The time
evolution operator was encoded using RQC-Opt [5], optimized for system size
L=4. The polynomial degree used in the optimization of the QSP Phases was 34.

Success Prob. State Fidelity

Step | ⟨ψ| ⊗ ⟨0|UQETU ,⃗ϕ|0⟩ ⊗ |ψ⟩ |2 ⟨ψ0|ψEnd⟩
1 0.024 0.01268
2 0.12 0.7437
3 0.786 0.99004
4 0.903 0.9992
5 0.907 0.9995

Table 4.3.: Demonstration of ground state preparation through amplifying the end state of
Lindbladian evolution with QETU for the Heisenberg Hamiltonian system size
L = 6 and system parameters JX = 1, JY = 0.5, JZ = 1. We choose the guesses
on total spectrum length D = 15, ground state energy lower bound λLB = −10,
and the cut-off value µ = 0.985. Initial overlap before applying QETU was
⟨ψLind|ψ0⟩ ≈ 0.0025. The time evolution operator was encoded using fourth-order
Blanes-Moan splitting [4]. The polynomial degree used in the optimization of the
QSP Phases was 34.

4.4. Ground State Energy Estimation

This section shows the performance of estimating the ground state energy value from the
ground states prepared in the previous section. It compares the performance of different
algorithms, described in Section 2.3, under different noise levels and demonstrates the
performance of the novel approach I developed, which was described in Chapter 3.
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4. Numerical Simulations

4.4.1. Direct Expectation Value Measurement

As described in Section 2.3.1, we can try to extract the eigenvalue information from the
ground state by conducting a set of measurements on system qubits to approximate the
probability distribution of the state vector. Through these sets of measurements on different
Pauli measurement bases, we can calculate the eigenvalue if we have a system Hamiltonian
that can be decomposed into a combination of Pauli operations acting on a subset of system
qubits.
For the TFIM Hamiltonian, this corresponds to:

E0 = ⟨ψ0| HTFIM |ψ0⟩ = −J
n−1

∑
j=1

⟨ψ0| ZjZj+1 |ψ0⟩ − g
n

∑
j=1

⟨ψ0| Xj |ψ0⟩ (4.15)

= −J
n−1

∑
j=1

1

∑
σj=0

1

∑
σj+1=0

(−1)σj(−1)σj+1PZ(σj, σj+1|ψ0)− g
n

∑
j=1

1

∑
σj=0

(−1)σjPX(σj|ψ0) (4.16)

where PX(σj|ψ0) is the probability of measuring jth qubit as |σj⟩ on the X-basis andPZ(σj, σj+1|ψ0)

is the probability of measuring jth and (j + 1)th qubits as |σjσj+1⟩ on the computational basis
(Z-basis).
Similarly, the Heisenberg Hamiltonian delivers the following expression:

E0 = ⟨ψ0| HHeisenberg |ψ0⟩ = ∑
O∈{X,Y,Z}

−JO

n−1

∑
j=1

⟨ψ0|OjOj+1 |ψ0⟩ (4.17)

= ∑
O∈{X,Y,Z}

−JO

n−1

∑
j=1

1

∑
σj=0

1

∑
σj+1=0

(−1)σj(−1)σj+1PO(σj, σj+1|ψ0) (4.18)

The simulation of conducting measurements on different bases than the computational ba-
sis are made by applying a Hadamard gate (H) to all the qubits for the X-measurement
and applying a conjugated phase gate and Hadamard gate (S†H) to all the qubits for the
Y-measurement, due to the following relations:

X = HZH (4.19)

Y = HSZS†H (4.20)

The performance of this method for different depolarizing probabilities can be found in Tables
4.4 and 4.5.
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TFIM L=6, λ0 = −7.7274...
pDepolar Encoding λ∗ |λ∗ − λ0|

0 Suzuki-2 -7.7114 0.016
RQC-Opt -7.72168 0.0057

10−4 Suzuki-2 -7.61227 0.1151
RQC-Opt -7.60559 0.1218

10−3 Suzuki-2 -6.664 1.063
RQC-Opt -6.667 1.059

10−2 Suzuki-2 -6.664 1.911
RQC-Opt -5.819 1.908

TFIM L=8, λ0 = −10.25166...
pDepolar Encoding λ∗ |λ∗ − λ0|

0 Suzuki-2 -10.2646 0.0129
RQC-Opt -10.24152 0.0101

10−5 Suzuki-2 -10.19842 0.0532
RQC-Opt -10.1872 0.0644

10−4 Suzuki-2 -9.7121 0.539
RQC-Opt -9.7316 0.52

10−3 Suzuki-2 -6.1692 4.082
RQC-Opt -6.163 4.081

Table 4.4.: Demonstration of ground state energy estimation with direct expectation value
measurement, with different depolarizing probabilities. Here, pDepolar is the depo-
larizing probability of a two-qubit gate, λ∗ is the estimate eigenvalue and |λ∗ − λ0|
is the absolute error. The depolarizing probability of a single qubit gate is taken
to be pDepolar

10 . Probability distributions were approximated by setting the number
of measurements to 105. The ground state was prepared through amplifying the
end state of Lindbladian evolution with QETU for the TFIM Hamiltonian system
size L = 6 (top) and L = 8 (bottom). System parameters are set as J = 1, g = 1.
Time Evolution encoding was implemented through RQC-Opt and second-order
Suzuki splitting. Other details of the preparation of the ground state used in this
simulation are kept the same as the ones used in Table 4.1 and Table 4.2.

4.4.2. Quantum Complex Exponential Least Squares (QCELS) Algorithm

Instead of conducting measurements directly on all of the system qubits, which increases
the measurement noise susceptibility quite significantly for large systems; we can conduct
measurements only on the ancilla qubit and use Quantum Phase Estimation as described in
Chapter 2.3.3.
After preparing the ground state, I apply the circuit layer visualized in Figure 2.9 and
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4. Numerical Simulations

Heisenberg L=6, λ0 = −9.472135...
pDepolar λ∗ |λ∗ − λ0|

0 -9.39220 0.079
10−5 -9.3158 0.15633
10−4 -9.121 0.3501

Table 4.5.: Demonstration of ground state energy estimation with direct expectation value
measurement, with different depolarizing probabilities. Probability distributions
were approximated by setting the number of measurements to 104. The ground
state prepared through amplifying the end state of Lindbladian evolution with
QETU for the Heisenberg Hamiltonian system size L = 6. System parameters
are set as JX = 1, JY = 0.5, JZ = 1. Time Evolution encoding was implemented
through fourth-order Blanes-Moanes splitting. Other details of the preparation
of the ground state used in this simulation are kept the same as the ones used in
Table 4.3.

collect a set of phases {(tn, Zn)}N−1
n=0 for different tn values. As described in Section 2.3.3,

approximating the eigenvalue is equivalent to solving the non-linear least squares problem in
(2.46) for arguments (r, θ). As also shown by Ding et al. [11]; for a fixed value of θ, optimal r
can be given in relation to θ as:

r(θ) =
1
N

N−1

∑
n=0

eitnθZn (4.21)

therefore, the expression in (2.46) can be written as the following:

argmin
θ∈R

1
N

N−1

∑
n=0

|Zn|2 −
1
N
|

N−1

∑
n=0

eitnθZn|2 (4.22)

which implies that the minimization problem given in (2.46) is equivalent to maximizing:

f (θ) := |
N−1

∑
n=0

eitnθZn|2 (4.23)

with respect to θ. Resulting θ∗ ≈ λ0 and this f (θ) is visualized in 4.7.
In my simulations, I set:

tn = τn, n ∈ {0, 1 . . . N − 1} (4.24)

with τ = 0.01 and ran simulations with different N values. For estimating each phase Zn, I
conduct 105 measurements on the ancilla qubit for each tn value, as well as for both real and
imaginary parts of the phase. The absolute error |θ∗ − λ0| of the optimization for different N
values are visualized in Figure 4.8 under different depolarizing noise levels.
For the simulations with QCELS, time evolution encoding was implemented through fourth-
order Blanes-Moan splitting [4].
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TFIM (6, 1, 0 ,1) - QCELS;
 Function to maximize for Optimizing Phase Estimation

Figure 4.7.: Demonstration of the function to maximize for estimating the eigenvalue of TFIM
Hamiltonian with system size L = 6 and system parameters J = 1, g = 1; through
QCELS Algorithm. See (4.23) for the definition of f (θ). The exact ground state
energy of the Hamiltonian is λ0 ≈ −7.7274.
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Figure 4.8.: Ground state energy of TFIM Hamiltonian with system size L = 6 and system
parameters J = 1, g = 1, approximated with QCELS. Single time step is set to
τ = 0.01. Both real and imaginary parts of the phases are estimated with 105

measurements for each Zn. Optimal θ∗ that maximizes f (θ) was found using
scipy.optimize.fmin. Top graph demonstrates the approximation process with
different depolarizing probabilities {10−3, 10−4, 10−5} and without noise. Plots
without noise and with depolarizing probability 10−5 are magnified in the bottom
graph.
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4.4.3. Adaptive Fuzzy Bisection Search

This section gives simulation details of the novel approach I developed for this thesis, whose
theoretical description was given in Chapter 3, and demonstrates the performance of the
algorithm.
After preparing the ground state through the Lindbladian evolution circuit and amplification
of the state fidelity through QETU, we apply one last QETU layer with time evolution
operator encoded with a (c1, c2) pair dependent on the search stage, as given in (3.1). Even
step function polynomial, as well as the corresponding QSP phases are optimized depending
on the µ value of the search stage.
Different stages of the search are demonstrated in Table 4.6 and Table 4.7. The simulation
demonstrated in Table 4.6 assumes constant circuit depth for the time evolution operator. It
uses RQC-Opt to optimize the circuit for the system size at hand, at each search stage. On the
contrary, the simulation visualized in Table 4.7 reuses the RQC-Opt results, optimized for a
smaller system, hence splits up the total time t in the later search stages.
A more comprehensive demonstration of the performance of the algorithm under different
noise levels can be found in Figures 4.9 and 4.10.
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Figure 4.9.: Ground state energy estimation through Adaptive Fuzzy Bisection Search of TFIM
Hamiltonian with L = 6. Constant circuit depth is assumed for time evolution
block as it is optimized with RQC-Opt at each search stage.
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TFIM L=6, λ0 = −7.727406...
d = −2, λLB = −7.73, a0 ≈ 0.417

µ l r |F(a0)|2 P(|0⟩)

0.5 0 1 0.0003 0.2423
0.255 0 0.51 0.773 0.6956
0.3775 0.245 0.51 0.6179 0.6082
0.4387 0.3675 0.51 0.089 0.3239
0.4081 0.3675 0.44875 0.263 0.4193

λ∗ ≈ −7.72706, |λ∗ − λ0| ≈ 3 · 10−4, λest = −7.727

d = −3, λLB = −7.728, a0 ≈ 0.596
µ l r |F(a0)|2 P(|0⟩)

0.5 0 1 0.889 0.7444
0.745 0.49 1 0.003 0.2391

0.6225 0.49 0.755 0.059 0.2877
0.56125 0.49 0.6325 0.562 0.5682

λ∗ ≈ −7.727379, |λ∗ − λ0| ≈ 2 · 10−5, λest = −7.7274

d = −4, λLB = −7.7275, a0 ≈ 0.104
µ l r |F(a0)|2 P(|0⟩)

0.5 0 1 0.0002 0.2444
0.255 0 0.51 0.0026 0.2689
0.1325 0 0.265 0.0556 0.3048
0.071 0 0.1425 0.5051 0.5402

λ∗ ≈ −7.72740451, |λ∗ − λ0| ≈ 2 · 10−6, λest = −7.72740

d = −5, λLB = −7.72741, a0 ≈ 0.861
µ l r |F(a0)|2 P(|0⟩)

0.5 0 1 0.87091 0.7155
0.745 0.49 1 0.7931 0.6599
0.8675 0.735 1 0.155 0.2877
0.8062 0.735 0.8775 0.888 0.6957

0.83687 0.79624 0.8775 0.6410 0.5586

λ∗ ≈ −7.7274063, |λ∗ − λ0| ≈ 3 · 10−7, λest = −7.727406

Table 4.6.: Adaptive Fuzzy Bisection Search stages, demonstrated for target digits d ∈
{−2,−3,−4,−5}, under depolarizing probability of 10−3. Note that constant
circuit depth for time evolution block is assumed at each stage, as time evolution
circuit was optimized for the system size L = 6. λest is read from λ∗, rounded up
or down depending on the target digit of the stage. Threshold success probability
boundaries to end the search are set as [0.4, 0.6]. Each experiment is conducted
with 105 measurements on ancilla qubit.
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Figure 4.10.: Ground state energy estimation through Adaptive Fuzzy Bisection Search of
TFIM Hamiltonian with L = 8. Time evolution blocks are implemented by
reusing the optimization results of the smaller system with L = 6, hence increas-
ing the circuit depth after a certain target precision. In the graph, r demonstrates
the splitting of dt = t

r .
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Figure 4.11.: Ground state energy estimation through Adaptive Fuzzy Bisection Search of
Heisenberg Hamiltonian with L = 4. Time evolution blocks are implemented
through fourth-order Blanes-Moan splitting. In the graph, r demonstrates the
splitting of dt = t

r .
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TFIM L=8, λ0 = −10.251661...
d = −1, r=10, λLB = −7.73, a0 ≈ 0.7253

µ l r |F(a0)|2 P(|0⟩)

0.5 0 1 0.889 0.62
0.745 0.49 1 0.23 0.367
0.6225 0.49 0.755 0.632 0.542

λ∗ ≈ −10.248368, |λ∗ − λ0| ≈ 3 · 10−3, λest = −10.25

d = −2, r=100 λLB = −10.26, a0 ≈ 0.258
µ l r |F(a0)|2 P(|0⟩)

0.5 0 1 0.00020 0.4163
0.255 0 0.51 0.2523 0.51561

λ∗ ≈ −10.25164, |λ∗ − λ0| ≈ 2 · 10−5, λest = −10.252

d = −3, r=1000 λLB = −10.253, a0 ≈ 0.23
µ l r |F(a0)|2 P(|0⟩)

0.5 0 1 0.00020 0.4923

Table 4.7.: Adaptive Fuzzy Bisection Search stages, demonstrated for target digits d ∈
{−1,−2,−3}, under depolarizing probability of 10−4. Note that circuit depth
scales by 10 at each search stage as time evolution operator is not optimized for
the system size L = 8 but optimization results from L = 6 were reused. λest is
read from λ∗, rounded up or down depending on the target digit of the stage.
Threshold success probability boundaries to end the search are set as [0.45, 0.55].
Each experiment is conducted with 103 measurements on ancilla qubit.
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5. Results and Discussion

As demonstrated in the previous chapters, Adaptive Fuzzy Bisection Search delivers a
significant boost to noise tolerance by breaking the stochastic limitation and increasing the
length of the maximum tolerable error margin interval for the TFIM Hamiltonian. For the
Heisenberg Hamiltonian, I did not see a direct error tolerance improvement but this new
method still breaks the stochastic limitation in the noiseless case.
In Table 5.1, I compare the best results obtained from three different energy estimation
methods introduced previously. We see that the Adaptive Fuzzy Bisection is more successful
and robust for TFIM Hamiltonian in the sense of having no lower bound for the noiseless
case (if ideal ground state preparation is assumed) and reaching its lower bound at a much
higher precision when simulated with noise. The lower bound result of the noiseless case
given in Table 5.1 for Adaptive Fuzzy Bisection Search results from the non-ideal ground
state preparation.

TFIM, L = 8

pDepolar |λ0 − λ∗|DEM |λ0 − λ∗|QCELS |λ0 − λ∗|FBS

0 0.0101 6.286 · 10−5 1.286 · 10−15

10−5 0.024 0.0031 4.8 · 10−6

10−4 0.317 0.025 2.02 · 10−5

10−3 4.1 0.112 0.0033

Heisenberg, L = 6

pDepolar |λ0 − λ∗|DEM |λ0 − λ∗|FBS

0 0.079 4.81 · 10−11

10−5 0.15633 0.15633
10−4 0.3501 0.3501

Table 5.1.: Ground State Energy Approximation Error lower bounds for TFIM, L = 8 and
Heisenberg Hamiltonian L = 6 under different depolarizing probabilities pDepolar.
Here |λ0 − λ∗|DEM is the result from direct expectation value measurement, |λ0 −
λ∗|QCELS from the QCELS Algorithm and |λ0 − λ∗|FBS from the Adaptive Fuzzy
Bisection Search (with increasing circuit depth assumption for the time evolution
block, see Section 4.4.3).
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5. Results and Discussion

The major challenge of the Adaptive Fuzzy Bisection approach introduced in this thesis, is to
prevent the circuit depth from scaling exponentially with increasing target precision because
we scale c1 (hence also t) by 10 after each successful search result, to go into estimating
the next digit. Suppose we use the RQC-Opt to optimize the time evolution operator for
the system size at hand. In that case, we see that we can implement the time evolution
operator with a maximum of 13 layers, even though the time coefficient t is up around 106, as
demonstrated in Figure 4.1. Although this suggests that circuit depth stays below a constant
limit (if we are to optimize the time evolution operator at each search stage), it does not mean
that the noise susceptibility stays the same for each target digit if we consider the real-world
application of this approach. This is because the idea of using RQC-Opt to optimize the gates
for a small system size and reusing these gates for a bigger system, does not work anymore
for large t values. Empirical results of simulating TFIM Hamiltonian (L = 8, J = 1, g = 1)
suggest that this is already the case for t > 10, hence t needs to be split into dt = t

r after a
certain target digit.
Results from the Adaptive Fuzzy Bisection search simulations show that we can reach any
arbitrary target precision (assuming perfect ground state preparation) with depolarizing
probability up to 10−3 if the circuit depth scales at most linearly with increasing target
precision. Intuitively, these results for depolarizing probability being set to 10−3 while circuit
depth kept constant, provide an upper bound for the error in the noiseless case, even if we do
not assume constant circuit depth for the time evolution operator. On the other hand, results
of the simulations without assuming constant circuit depth for the time evolution operator
(as demonstrated in Tables 4.7 and 5.1) are more realistic, as they can be implemented with
the existing methods of encoding the time evolution operator and are more likely to be run
on Noisy Intermediate-Scale Quantum (NISQ) devices.
Another critical thing to note is that this approach does not perform as well, if we run
simulations with the Heisenberg model and simulate with noise. This is because we cannot
find a unitary that anti-commutes with the local Heisenberg Hamiltonian, as explained in
Section 4.2; hence, we have to start splitting up the t coefficient on much earlier stages as
visualized in Figure 4.11. As splitting t increases circuit depth, the algorithm fails to deliver
any significant improvement. In the noiseless case (or depolarizing probability small enough
around 10−10), the method still behaves similar to the noiseless simulation of TFIM. It does
not reach a lower bound if the prepared ground state is ideal.
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6. Conclusion and Outlook

I see potential in the future of simulating physics with quantum computers as they can
deliver results which are inefficient to acquire with classical computers for large system sizes.
In order to achieve quantum supremacy in this field, there are some primary problems to
overcome. One of them is the quantum noise that limits the circuit depth we can introduce
and reduces the reliability of the results.
In order to realize the full potential of quantum computing, hardware has to become better
to achieve reliable gate fidelity levels, be able to coherently entangle many system qubits at
once, as well as reduce systematic and stochastic noise levels to tolerable levels. At the same
time, quantum algorithms should be directed towards incorporating error correction methods
and enhancing noise tolerance.
The novel approach presented in this thesis, namely "Adaptive Fuzzy Bisection Search" has
been demonstrated to provide improved error resilience for the systems for which we can
find a unitary that anti-commutes with the system Hamiltonian. This approach also performs
better than its counterparts, when noise levels are taken to be negligibly small. Moreover, this
thesis can be used as a demonstration of how quantum depolarizing noise affects some of the
popular Hamiltonian simulation algorithms.
In future work, the efficiency and performance of the QCELS Algorithm introduced in Section
2.3.3, can be investigated for the Heisenberg Hamiltonian with different depolarizing noise
levels. Furthermore, circuit optimization methods can be investigated to find a controlled
version of the time evolution operator that can be implemented with shorter circuit depth
than the methods used in this work, which can enable better noise tolerance and improve the
results of simulations with the Heisenberg Hamiltonian.
Methods of efficiently implementing time evolution blocks with large t coefficients should be
investigated because the Adaptive Fuzzy Bisection Search introduced in this thesis promises
a high potential of enhancing noise tolerance, if we can prevent the depth of time evolution
circuit from scaling exponentially with increasing time coefficient.
On top of depolarizing noise, the effects of other noise models, such as thermal relaxation error
[14, 15], dephasing error [16–19], and measurement noise [20, 21] can be further investigated.
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A. Appendix

This section gives details on some of the concepts introduced in this thesis.

A.1. Real Quantum Signal Processing

In order to derive the Theorem 2 from Theorem 1, we assume the phases ϕ⃗ can be found
to be symmetric ϕ⃗ = (ϕ0, ϕ1, . . . ϕ1, ϕ0) ∈ Rd+1, as it was shown in Theorem 10 of [22] and
Corollary 10 of [23].
Moreover, the following relations between X and Z-Rotations hold:

WZ(a) = HW(a)H; W†
Z(a) = −He−i π

2 ZW(a)e−i π
2 Z H; eiϕ0X = Heiϕ0Z H (A.1)

where W(a) is the X rotation operator W(a) = eiarccos(a)X and H is the Hadamard gate.
Following from this, we can write the QSP sequence from Theorem 2 as:

Usym,⃗ϕ(a) = eiϕ0XW†
Z(a)eiϕ1XWZ(a) . . . W†

Z(a)eiϕ1XWZ(a)eiϕ0X =

Heiϕ0Z H(−H)e−i π
2 ZW(a)e−i π

2 Z HHeiϕ1Z HHW(a)H . . .

(−H)e−i π
2 ZW(a)e−i π

2 Z HHeiϕ1Z HHW(a)HHeiϕ0Z H (A.2)

As HH = I, we can rewrite this expression as:

Ureal ,⃗ϕ(a) = (−1)d/2He−i π
4 ZU⃗̃ϕ

(a)ei π
4 Z H (A.3)

where U⃗̃ϕ
is the QSP sequence (Defined in Theorem 1) with symmetric phases ⃗̃ϕ where

ϕ̃j = ϕj − π
4 (2 − δj0) and following from Theorem 1, Ureal ,⃗ϕ(a) can be formulated as:

Ureal ,⃗ϕ(a) = (−1)d/2He−i π
4 Z

[
P(a) iQ(a)

√
1 − a2

iQ∗(a)
√

1 − a2 P∗(a)

]
ei π

4 Z H (A.4)

Direct computation of this expression yields:

Ureal ,⃗ϕ(a) =
(−1)d/2

2

[
P(a) + P∗(a) P(a)− P∗(a)− 2Q(a)

√
1 − a2

P(a)− P∗(a) + 2Q(a)
√

1 − a2 P(a) + P∗(a)

]
(A.5)
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If we define F(a) := Re{P(a)} and G(a) := Im{P(a)}, this expression becomes:

Ureal ,⃗ϕ(a) = (−1)d/2

[
F(a) −Q(a)

√
1 − a2 + iG(a)

Q(a)
√

1 − a2 + iG(a) F(a)

]
(A.6)

This result shows that Theorem 2 can be derived from Theorem 1 in combination with the
symmetric phases assumption (See Theorem 10 of [22]). More specifically, for d = 0 mod 4,
F(a) from Theorem 2 is the real part of the P(a) from Theorem 1.

A.2. Circuit Implementation of Lindbladian Evolution

In order to simulate the differential equation given in (2.28), we use the approach of discretiz-
ing the integral definition of the jump operator, defined in (2.32) and using an ancilla qubit to
encode the dissipative part eLKt[ρ].
Ding. et al. show [10] that we can go through the following approximations to implement
the Lindbladian evolution:

e(LH+LK)t[ρ] = eLH teLKt[ρ] +O(t2) (A.7)

eLKt[ρ] = (I + LKt)[ρ] +O(t2) (A.8)

Now we define the following expression that involves using an extra ancilla qubit and tracing
it out at the end:

σ(t) = Tra{e−iK̃
√

t(|0⟩ ⟨0| ⊗ ρ)eiK̃
√

t} (A.9)

where K̃ :=
[

0 K†

K 0

]
. By expanding e−iK̃

√
t, it can be shown that:

e−iK̃
√

t = I − iK̃
√

t − 1
2

K̃2t +
i
6

K̃3
√

t3 +O(|K|4t2) (A.10)

If we use the same order expansion for eiK̃
√

t too and rewrite σ(t), we can show that:

σ(t) = ρ + tKρK† − t
2
{K†K, ρ}+O(|K|4t2) = (I + LKt)[ρ] +O(|K|4t2) (A.11)

σ(t) = eLKt[ρ] +O(|K|4t2) (A.12)

We then focus on encoding σ(t) and for that we start with discretizing K̃ and approximating
as the following:

K̃ ≈ K̃s :=

[
0 (∑Ms

l=−Ms
f (sl)A(sl)wl)

†

∑Ms
l=−Ms

f (sl)A(sl)wl 0

]
=:

Ms

∑
l=−Ms

H̃l (A.13)

where A(sl) := eiHsl Ae−iHsl and H̃l :=
[

0 f ∗(sl)A(sl)wl
f (sl)A(sl)wl 0

]
= σl ⊗ A(sl), with

[−Ss, Ss] being discrete integral boundaries, sl = wl l, l ∈ −Ms, . . . Ms and σl := wl(XRe{ f (sl)}+
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YIm{ f (sl)}) (X and Y being Pauli matrices). We choose the discretization step to be constant
wl =

Ss
Ms

=: τs. Ss and Ms are chosen depending on the filter function. Following from this:

e−iK̃
√

t ≈ e−i
√

t ∑Ms
l=−Ms

H̃l =
Ms

∏
l=−Ms

e−i
√

t
2 H̃l

−Ms

∏
l=Ms

e−i
√

t
2 H̃l +O(t2) (A.14)

For the implementation of e−i
√

t ∑Ms
l=−Ms

H̃l , Second Order Suzuki Splitting was used. Note that

e−i
√

t
2 H̃l is given as:

e−i
√

t
2 H̃l = e−i

√
t

2 σl⊗A(sl) = (I ⊗ eiHsl )Ãl(
√

t)(I ⊗ e−iHsl ) =: Ãl(sl) (A.15)

where Ãl(
√

t) := e−i
√

t
2 σl⊗A. It can further be shown that the following relations hold (See

Proof B25 of [10]):

Ms

∏
l=−Ms

Ãl(sl) = (I ⊗ e−iHSs)
Ms

∏
l=−Ms

Ãl(
√

t)(I ⊗ eiHτs)(I ⊗ eiH(Ss+τs)) (A.16)

−Ms

∏
l=Ms

Ãl(sl) = (I ⊗ e−iH(Ss+τs))
−Ms

∏
l=Ms

(I ⊗ e−iHτs)Ãl(
√

t)(I ⊗ eiHSs) (A.17)

where τs =
sl
l is one small time step. Finally we can write e−iK̃

√
t as:

e−iK̃
√

t ≈ (I ⊗ e−iHSs)
Ms

∏
l=−Ms

Ãl(
√

t)(I ⊗ eiHτs)
−Ms

∏
l=Ms

(I ⊗ e−iHτs)Ãl(
√

t)(I ⊗ eiHSs) (A.18)

For the time evolution simulation, we will repeatedly apply this operator, trace out the ancilla
qubit as given in (A.9), and apply the coherent part e−iHt. Because [e−iHt, e±iHSs ] = 0, these
long time evolution terms e±iHSs will cancel each other out. Therefore, evolving the given
input state by a time step of τ is equivalent to:

ρ(t + τ) ≈ e−iHτTra{W(
√

τ)(|0⟩ ⟨0| ⊗ ρ(t))W†(
√

τ)}eiHτ (A.19)

where W(
√

τ) := ∏Ms
l=−Ms

Ãl(
√

τ)(I ⊗ eiHτs)∏−Ms
l=Ms

(I ⊗ e−iHτs)Ãl(
√

τ) is the so-called short
time Hamiltonian simulation.
We see that the Cl gates used in Figure 2.7 are equivalent to the Ãl(

√
τ) gates, if A is taken to

be a single qubit gate.
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Glossary

ancilla qubit is an extra qubit on which irreversible logical operations (i.e reset) are applied
in order to run computations. 10

Chebyshev polynomials are two sequences of polynomials, defined related to trigonometric
functions. . 9

Convex optimization is a subfield of mathematical optimization that studies optimizing
convex functions over convex sets. 9

density matrix is a matrix describing the pure or mixed quantum state, calculated as the
ket-bra product of the state vector for a pure state. 8

excited states are energy eigenstates whose energy eigenvalues are greater than the ground
state energy. 7

Hamiltonian is a quantum mechanical, Hermitian operator corresponding to the total energy
of the system. 1

hardware native means the quantum gate is physically executable on quantum hardware. 2

Monte Carlo methods are wide classes of stochastic approximation algorithms that are based
on random sampling. 1

Pauli string is a multi qubit gate that can be decomposed into one layer of single Pauli gates
applied on each qubit. 27

probability amplitude is a complex number, whose norm squared equals to the probability. 5

spectral gap is the distance between ground state and first excited state energies. 7

spectrum of a system is the eigenvalues and eigenvectors of its Hamiltonian. 7

state vector is a vector fully describing the pure quantum state through probability ampli-
tudes of measuring qubits on the computational basis. 10

state overlap see state fidelity. 8

state fidelity a measure of distance between two quantum states, calculated as the complex
dot product of state vectors . 7
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Glossary

TFIM Transverse Field Ising Model. 25

total spectrum length is the distance between the highest and lowest energy eigenvalues. 32

translation invariant system is a system with translational symmetry, whose equations re-
main unchanged under spatial translation. 3
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