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Chapter 1

Basic Concepts

1.1 Elementary Logic

In all academic disciplines, systems of logical statements play a central role. To a large extent, scientific
theories attempt to verify or falsify specific statements concerning the objects to be studied in the respec-
tive discipline. Statements that are of importance in economic theory include, for example, statements
about commodity prices, interest rates, gross national product, quantities of goods bought and sold.

Statements are not restricted to academic considerations. For example, commonly used propositions
such as

There are 1000 students registered in this course
or
The instructor of this course is less than 70 years old

are examples of statements.

A property common to all statements that we will consider here is that they are either true or false.
For example, the first of the above examples can easily be shown to be false (we just have to consult the
class list to see that the number of students registered in this course is not 1000), whereas the second
statement is a true statement. Therefore, we will use the term “statement” in the following sense.

Definition 1.1.1 A statement is a proposition which is either true or false.

Note that, by using the formulation “either ...or”, we rule out statements that are neither true nor false,
and we exclude statements with the property of being true and false. This restriction is imposed to avoid
logical inconsistencies.

To put it simply, elementary logic is concerned with the analysis of statements as defined above, and
with combinations of and relations among such statements. We will now introduce specific methods to
derive new statements from given statements.

Definition 1.1.2 Given a statement a, the negation of a is the statement “a is false”. We denote the
negation of a statement a by —a (in words: “not a”).

For example, for the statements

a: There are 1000 students registered in this course,
b: The instructor of this course is less than 70 years old,
c:2-3=25,

the corresponding negations can be formulated as

—a: The number of students registered in this course is not equal to 1000,
—b: The instructor of this course is at least 70 years old,
—c: 2-3#5.

Two statements can be combined in different ways to obtain further statements. The most important
ways of formulating such compound statements are introduced in the following definitions.
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Table 1.2: Implication and equivalence.

Definition 1.1.3 Given two statements a and b, the conjunction of a and b is the statement “a is true
and b is true”. We denote the conjunction of a and b by a Ab (in words: “a and b”).

Definition 1.1.4 Given two statements a and b, the disjunction of a and b is the statement “a is true
or b is true”. We denote the disjunction of a and b by a V' b (in words: “a or b”).

It is very important to note that “or” in Definition 1.1.4 is not an “exclusive or” as in “either ...or”.

The statement a V b is true whenever at least one of the two statements a, b is true. In particular, a vV b
is true if both a and b are true.

A convenient way of illustrating statements is to use a truth table. In Table 1.1, the truth values (“T”
for “true” and “F” for “false”) of the statements —a, =b, a Ab, a Vb, =(a Ab), ~(a Vv b) are illustrated for
different combinations of truth values of a and b.

Other compound statements which are of importance are implication and equivalence.

99

Definition 1.1.5 Given two statements a and b, the implication “a implies b” is the statement “If a is
true, then b is true”. We denote this implication by a = b (in words: “a implies b”).

Definition 1.1.6 Given two statements a and b, the equivalence of a and b is the statement “a is true
if and only if b is true”. We denote this equivalence by a < b (in words: “a if and only if b”).

In a truth table, implication and equivalence can be illustrated as in Table 1.2. Note that a < b is
equivalent to (@ = b) A (b = a) (Ezercise: use a truth table to verify this). Furthermore, the statement
a = b is equivalent to the statement —a V b (again, use a truth table to prove this equivalence), and,
as is demonstrated in Table 1.2, a = b is equivalent to b = —a. Some other useful equivalences are
sumarized in Table 1.3. In particular, note that —(—a) is equivalent to a, =(a Ab) is equivalent to —aV —b,
and —(a V b) is equivalent to —a A —b.

Any compound statement involving negation, conjunction, disjunction, implication, and equivalence
can be expressed equivalently as a statement involving negation and conjunction (or negation and dis-
junction) only.

|a| b|ﬂ(ﬂa)|ﬂ(ﬂb)|ﬂ(a/\b)|ﬂa\/ﬂb|ﬂ(a\/b)|ﬂa/\ﬂb|
T\|T T T F F F F
T|F T F T T F F
F\|T F T T T F F
F|F F F T T T T

Table 1.3: Negation.
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The tools of elementary logic are useful in proving mathematical theorems. To illustrate that, we
provide a discussion of some common proof techniques.

One possibility to prove that a statement is true is to use a direct proof. In the case of an implication,
a direct proof of the statement a = b proceeds by assuming that a is true, and then showing that b must
necessarily be true as well.

Below is an example for a direct proof. Recall that a natural number (or positive integer) x is even if
and only if there exists a natural number n such that x = 2n. A natural number z is odd if and only if
there exists a natural number m such that x = 2m — 1. Consider the following statements.

a: x is an even natural number and y is an even natural number,
b: zy is an even natural number.

We now give a direct proof of the implication a = b. Assume a is true. Because x and y are even, there
exist natural numbers n and m such that z = 2n and y = 2m. Therefore, zy = (2n)(2m) = 2(2nm) = 2r,
where r := 2nm is a natural number (the notation := stands for “is defined by”). This means zy = 2r
for some natural number 7, which proves that zy must be even. I

(The symbol || is used to denote the end of a proof.)

Another possibility to prove that a statement is true is to show that its negation is false (it should
be clear from the equivalence of —(—a) and a—see Table 1.3—that this is indeed equivalent to a direct
proof of a). This method of proof is called an indirect proof or a proof by contradiction.

For example, consider the statements

a: x #£0,
b: There exists exactly one real number y such that zy = 1.

We prove a = b by contradiction, that is, we show that —(a = b) must be false. Note that =(a = b) is
equivalent to —(—a V b), which, in turn, is equivalent to a A =b. Assume a A —b is true (that is, a = b is
false). We will lead this assumption to a contradiction, which will prove that a = b is true.

Because a is true, x # 0. If b is false, there are two possible cases. The first possible case is that
there exists no real number y such that zy = 1, and the second possibility is that there exist (at least)
two different real numbers y and z such that xy = 1 and 2z = 1. Consider the first case. Because = # 0,
we can choose y = 1/x. Clearly, xy = z(1/z) = 1, which is a contradiction. In the second case, we have
xy=1Azz=1Ay # z. Because z # 0, we can divide the two equations by z to obtain y = 1/ and
z = 1/z. But this implies y = z, which is a contradiction to y # z. Hence, in all possible cases, the
assumption —(a = b) leads to a contradiction. Therefore, this assumption must be false, which means
that a = b is true. |

Because, for any two statements a and b, a < b is equivalent to (a = b) A (b = a), proving the
equivalence a < b can be accomplished by proving the implications a = b and b = a.

We conclude this section with another example of a mathematical proof, namely, the proof of the
quadratic formula. Consider the quadratic equation

224+ pr+q¢g=0 (1.1)

where p and g are given real numbers. The following theorem provides conditions under which real
numbers z satisfying this equation exist, and shows how to find these solutions to (1.1).

Theorem 1.1.7 (i) The equation (1.1) has a real solution if and only if (p/2)? > q.
(ii) A real number x is a solution to (1.1) if and only if

AR ORIN S SO 12

Proof. (i) Adding (p/2)? and subtracting g on both sides of (1.1), it follows that (1.1) is equivalent to

2 9)2:(2)2_
x +pm+(2 9 q

(2= (2 o 1

which, in turn, is equivalent to
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The left side of (1.3) is nonnegative. Therefore, (1.3) has a solution if and only if the right side of (1.3)
is nonnegative as well, that is, if and only if (p/2)? > q.
(ii) Because (1.3) is equivalent to (1.1), z is a solution to (1.1) if and only if x solves (1.3). Taking
square roots on both sides, we obtain
P__ [(PY_
5= (5 )

Subtracting p/2 from both sides, we obtain (1.2). I
For example, consider the equation

22+ 6x+5=0.

We have p = 6 and ¢ = 5. Note that (p/2)? — ¢ =4 > 0, and therefore, the equation has a real solution.
According to Theorem 1.1.7, a solution z must be such that

6\° 6>
T=—-3+ <§> -5V r=-3—- <§> -5,

that is, the solutions are x = —1 and x = —5.
As another example, consider
z24+2r+1=0.

We obtain (p/2)? — ¢ = 0, and it follows that we have the unique solution z = —1.
Finally, consider
22 +22+2=0.

We obtain (p/2)? — ¢ = —1 < 0, and therefore, this equation does not have a real solution.

1.2 Sets

As is the case for logical statements, sets are encountered frequently in everyday life. A set is a collection
of objects such as, for example, the set of all provinces of Canada, the set of all students registered in
this course, or the set of all natural numbers. The precise formal definition of a set that we will be using
is the following.

Definition 1.2.1 A set is a collection of objects such that, for each object under consideration, the object
is either in the set or not in the set, and each object appears at most once in a given set.

Note that, according to Definition 1.2.1, it is ruled out that an object belongs to a set and, at the same
time, does not belong to this set. Analogously to the assumption that a statement must be either true
or false (see Definition 1.1.1), such situations must be excluded in order to avoid logical inconsistencies.

For a set A and an object x, we use the notation z € A for “Object x is an element (or a member) of
A” (in the sense that = belongs to A). If x is not an element (a member) of A, we write z ¢ A. Clearly,
the statement = ¢ A is equivalent to =(z € A).

There are different possibilities of describing a set. Some sets can be described by enumerating their
elements. For example, consider the sets

A := {Applied Health Sciences, Arts, Engineering, Environmental Studies,
Mathematics, Science},

B :=1{2,4,6,8,10},

N :={1,2,3,4,5,.. },

Z:=10,1,-1,2,-2,3,-3,.. .},

0:={}.

The set () is called the empty set (the set which contains no elements).

There are sets that cannot be described by enumerating their elements, such as the set of real numbers.
Therefore, another method must be used to describe these sets. The second commonly used way of
describing a set is to enumerate the properties that are shared by its elements. For example, the sets A,
B, IN, Z defined above can be described in terms of the properties of their members as
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A ={z |z is a faculty of this university},

B = {z | = is an even natural number between 1 and 10},
IN = {z | z is a natural number},

Z = {z | z is an integer}.

The symbol IN will be used throughout to denote the set of natural numbers. Z denotes the set of
integers. Other important sets are

No:={z |z € ZAnz >0},

R :={z | « is a real number},

Ry :={z|zecRAz >0},
Riy:={z|zeRAz>0}
Q:={z|zeRA(Ipe€ Z,q <€ N such that z = p/q)}.

Q is the set of rational numbers. The symbol 3 stands for “there exists”. An example for a real number
that is not a rational number is 7 = 3.141593 .. . ..
The following definitions describe some important relationships between sets.

Definition 1.2.2 For two sets A and B, A is a subset of B if and only if
reA=z€B.

We denote this subset relationship by A C B.

Therefore, A is a subset of B if and only if each element of A is also an element of B.
An alternative way of formulating the statement x € A = z € B is

Vee A, x € B

where the symbol V denotes “for all”. In general, implications such as x € A = b where A is a set and b
is a statement can equivalently be formulated as

Ve € A, b.

Sometimes, the notation B D A is used instead of A C B, which means “B is a superset of A”. The
statements A C B and B D A are equivalent.

Two sets are equal if and only if they contain the same elements. We can define this property of two
sets in terms of the subset relation.

Definition 1.2.3 Two sets A and B are equal if and only if (A C B) A (B C A). In this case, we write
A=B.

Examples for subset relationships are
N g Z7 Z g Qy Q g ]R7 ]R-‘r g R7 {17274}g {1727374}

Intervals are important subsets of IR. We distinguish between non-degenerate and degenerate intervals.
Let a,b € R be such that a < b. Then the following non-degenerate intervals can be defined.

[a,b] :=={z |z € RA(a<z<Db)} (closed interval),
(a,b) :={zx |z e RA(a<xz<b)} (open interval),
[a,b

Ji={z|zeRA(a<z<b)} (half-open interval),
J:={z|zeRA(a<xz<b)} (half-open interval).

S

(a,

Using the symbols co and —oo for “infinity” and “minus infinity”, and letting a € IR, the following sets
are also non-degenerate intervals.

(—o0,a] :={z |z e RAz <a},
(—o0,a):={z|zeRAz<a},
[a,00):={z |z € RAz > a},

(a,00):={z |z e RAz>a}.
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Figure 1.1: A C B.

In particular, Ry = [0,00) and Ry = (0,00) are non-degenerate intervals. Furthermore, R is the
interval (—oo,00). Degenerate intervals are either empty or contain one element only; that is, () is a
degenerate interval, and so are sets of the form {a} with a € R.

If a set A is a subset of a set B and B, in turn, is a subset of a set C, then A must be a subset of C.
(This is the transitivity property of the relation C.) Formally,

Theorem 1.2.4 For any three sets A, B, C,
(ACB)A(BCC)=ACC.

Proof. Suppose (A C B)A(B C O). If A =10, A clearly is a subset of C (the empty set is a subset of
any set). Now suppose A # (). We have to prove x € A = z € C. Let x € A. Because A C B, x € B.
Because B C C, x € C, which completes the proof. |

The following definitions introduce some important set operations.

Definition 1.2.5 The intersection of two sets A and B is defined by
ANB:={z|xzec ANz € B}.

Definition 1.2.6 The union of two sets A and B is defined by
AUB:={z|zxec AVzxec B}.

Two sets A and B are disjoint if and only if AN B = (), that is, two sets are disjoint if and only if they
do not have any common elements.

Definition 1.2.7 The difference between a set A and a set B is defined by
A\B:={z |z € ANz ¢ B}.
The set A\ B is called “A without B” or “A minus B”.

Definition 1.2.8 The symmetric difference of two sets A and B is defined by
AAB :=(A\B)U(B\ A).

Clearly, for any two sets A and B, we have AAB = BAA (prove this as an exercise).

Sets can be illustrated diagramatically by using so-called Venn diagrams. For example, the subset
relation A C B can be illustrated as in Figure 1.1. The intersection A N B and the union A U B are
illustrated in Figures 1.2 and 1.3. Finally, the difference A \ B and the symmetric difference AAB are
shown in Figures 1.4 and 1.5.

As an example, consider the sets A ={1,2,3,6} and B = {2,3,4,5}. Then we obtain

ANB={2,3}, AUB ={1,2,3,4,5,6}, A\ B = {1,6}, B\ A= {4,5}, AAB = {1,4,5,6}.

For the applications of set theory discussed in this course, universal sets can be defined, where, for
a given universal set, all sets under consideration are subsets of this universal set. For example, we will
frequently be concerned with subsets of IR, so that in these situations, R can be considered the universal
set. For obvious reasons, we will always assume that the universal set under consideration is nonempty.
Given a universal set X and a set A C X, the complement of A in X can be defined.



=
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Definition 1.2.9 Let X be a nonempty universal set, and let A C X. The complement of A in X is
defined by A := X \ A.
In a Venn diagram, the complement of A C X can be illustrated as in Figure 1.6.

For example, if A = [a,b) C X = R, the complement of A in R is given by A = (00, a) U [b, 0).
As another example, let X = Nand A = {z | z € NA (zisodd)} € IN. We have A = {z | z €

IN A (x is even)}.
The following theorem provides a few useful results concerning complements.

Theorem 1.2.10 Let X be a nonempty universal set, and let A C X.

(i) A=A,
(iii) 0 = X.

Proof. () A=X\A={z|zeXNagAl={z|zeXnad{y|lyg A} ={z|ze Xnx e A} =A.

(ii) We proceed by contradiction. Suppose X # (). Then there exists y € X. By definition, X = {x |
x € X Nx ¢ X}. Therefore, y € X Ay ¢ X. But this is a contradiction, because no object can be a
member of a set and, at the same time, not be a member of this set. B

(iii) By way of contradiction, suppose () # X. Then there exists x € X such that z & (). But this
implies x € (), which is a contradiction, because the empty set has no elements. I

Part (i) of Theorem 1.2.10 states that, as one would expect, the complement of the complement of a
set A is the set A itself.

Some important properties of set operations are summarized in the following theorem.

Theorem 1.2.11 Let A, B, C be sets.

(i.1) ANB=DBNA,

(i.2) AUB=BUA,

(ii.1) AN (BNC)=(ANB)NC,

(ii.2) AU(BUC)=(AUB)UC,
(iii.1) AN (BUC)=(ANB)U(ANC),
(iii.2) AU(BNC)=(AUB)N(AUC).

The proof of Theorem 1.2.11 is left as an exercise. Properties (i) are the commutative laws, (ii) are the
associative laws, and (iii) are the distributive laws of the set operations U and N.
Next, we introduce the Cartesian product of sets.

Definition 1.2.12 For two sets A and B, the Cartesian product of A and B is defined by
Ax B:={(z,y) |z € ANy € B}.

A x B is the set of all ordered pairs (z,y), the first component of which is a member of A, and the second
component of which is an element of B. The term “ordered” is very important in the previous sentence.
A pair (z,y) € A x B is, in general, different from the pair (y,z). Note that nothing guarantees that
(y,z) is even an element of A x B. Some examples for Cartesian products are given below.

Let A={1,2,4} and B = {2,3}. Then

Ax B=1{(1,2),(1,3),(2,2),(2,3),(4,2),(4,3)}.
As another example, let A = (1,2) and B = [0,1]. The Cartesian product of A and B is given by
AxB={(z,y) |l<z<2)A(0<y <1}
Finally, let A= {1} and B = [1,2]. Then
AxB={(z,y) |lz=1A(1<y<2)}

If A and B are subsets of IR, the Cartesian product A x B can be illustrated in a diagram. The above
examples are depicted in Figures 1.7 to 1.9.

We can also form Cartesian products of more than two sets. The following definition introduces the
notion of an n-fold Cartesian product.
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Figure 1.7: A x B, first example.

Figure 1.8: A x B, second example.
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Figure 1.9: A x B, third example.

Definition 1.2.13 Let n € IN. For n sets Ay, As, ..., A,, the Cartesian product of Ay, As, ..., Ay, is
defined by
Ay X Ay X ... X Ay, ::{(ml,mg,...,xn) |JLL' € A; VZZI,,TL}

The elements of an n-fold Cartesian product are called ordered n-tuples (again, note that the order of the

components of an n-tuple is important).
For example, if Ay = {1,2}, A, = {0,1}, A3 = {1}, we obtain

Ay x Ay x Az = {(1,0,1),(1,1,1), (2,0,1),(2,1,1)}.

Of course, (some of) the sets A;, As, ..., A, can be equal—Definitions 1.2.12 and 1.2.13 do not require
the sets which define a Cartesian product to be distinct. For example, if A = {1, 2}, we can, for example,
form the Cartesian products

Ax A={(1,1),(1,2),(2,1),(2,2)}

and
Ax AxA={(1,1,1),(1,1,2),(1,2,1),(1,2,2),(2,1,1),(2,1,2),(2,2,1),(2,2,2)}.

For simplicity, the n-fold Cartesian product of a set A is denoted by A", that is,

A" = Ax Ax...x A.
—_——

n times

The most important Cartesian product in this course is the n-fold Cartesian product of IR, defined
by
R" :={(z1,22,...,2n) |z: € R Vi=1,...,n}.

R" is called the n-dimensional Euclidean space. (The term “space” is sometimes used for sets that have
certain structural properties.) The elements of R™ (ordered n-tuples of real numbers) are usually referred
to as vectors—details will follow in Chapter 2.

We conclude this section with some notation that will be used later on. For z = (z1,x2,...,z,) € R",
we define

n
Zmi =1+ X2+ ...+ Ty

=1

n
Therefore, >",” ; x; denotes the sum of the n numbers x1, z2, ..., Zp.
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1.3 Sets of Real Numbers

This section discusses some properties of subsets of IR that are of major importance in later chapters.
First, we define neighborhoods of points in IR. Intuitively, a neighborhood of a point zy € R is a set

of real numbers that are, in some sense, “close” to xgp. In order to introduce neighborhoods formally, the

definition of absolute values of real numbers is needed. For x € IR, the absolute value of x is defined as

] = z ifx>0
=1 =z ifz<o.

The definition of a neighborhood in IR is

Definition 1.3.1 For xg € IR and € € IR, the e-neighborhood of zy s defined by

Us(z0) :={xz € R| |z — xo| < e}.

Note that, in this definition, we used the formulation
xeRI..

instead of
x|z elRA. .

in order to simplify notation. This notation will be used at times if one of the properties defining the
elements of a set is the membership in some given set.
|x—1x0]| is the distance between the points z and z in IR. According Definition 1.3.1, an e-neighborhood
of zyp € IR is the set of points x € IR such that the distance between x and xg is less than . An
e-neighborhood of zg is a specific open interval containing zo—clearly, the neighborhood U, (zo) can be
written as
L{E(mo) = (.130 —&,X0 + E).

Neighborhoods can be used to define interior points of a set A C IR.

Definition 1.3.2 Let A C IR. zg € A is an interior point of A if and only if there exists € € IRy such
that U (xo) C A.

According to this definition, a point zy € A is an interior point of A if and only if there exists a
neighborhood of xg that is contained in A.

For example, consider the set A = [0,1). We will prove that all points « € (0, 1) are interior points of
A, but the point 0 is not.

First, let 29 € [1/2,1). Let € := 1 — 9. This implies g —& = 229 — 1 > 0 and xo + & = 1, and hence,
U:(x0) = (20 — &,20 + ) C[0,1) = A. Therefore, all points in [1/2, 1) are interior points of A.

Now let xg € (0,1/2). Define € := xy. Then we have g —e = 0 and 2o + & = 229 < 1. Again,
U (x0) = (x0 —&,20 + ) C[0,1) = A. Hence, all points in the interval (0,1/2) are interior points of A.

To show that 0 is not an interior point of A, we proceed by contradiction. Suppose 0 is an interior
point of A = [0,1). Then there exists e € R4 such that U.(0) = (—e,e) C [0,1) = A. Let § := /2.
Then it follows that —e < —d < 0, and hence, —§ € U.(0). Because U.(0) C A, this implies -6 € A.
Because —d is negative, this is a contradiction to the definition of A.

If all elements of a set A C IR are interior points, then A is called an open set in IR. Furthermore, if
the complement of a set A C IR is open in IR, then A is called closed in IR. Formally,

Definition 1.3.3 A set A C IR is open in R if and only if

x € A = x is interior point of A.

Definition 1.3.4 A set A C IR is closed in R if and only if A is open in IR.
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Openness and closedness can be defined in more abstract spaces than IR. However, for the purposes of
this course, we can restrict attention to subsets of R (and IR", which will be discussed later on). If
there is no ambiguity concerning the universal set under consideration (in this course, R or R"), we will
sometimes simply write “open” (respectively “closed”) instead of “open (respectively closed) in R” (or
in R™).

We have already seen that the set A = [0,1) is not open in IR, because 0 is an element of A which
is not an interior point of A. To find out whether or not A is closed in IR, we have to consider the
complement of A in R. This complement is given by A = (—00,0) U[1,00). A is not an open set in IR,
because the point 1 is not an interior point of A (prove this as an exercise—the proof is analogous to the
proof that 0 is not an interior point of A). Therefore, A is not closed in IR. This example establishes
that there exist subsets of IR which are neither open nor closed in IR.

Any open interval is an open set in IR (which justifies the terminology open intervals for these sets),
and all closed intervals are closed in IR. Furthermore, unions of disjoint open intervals are open, and
unions of disjoint closed intervals are closed. IR itself is an open set. To show this, let ¢y € IR, and choose
any € € Ry 4. Clearly, (zg — ,20 + €) C R, and therefore, all elements of R are interior points of IR.

The empty set is another example of an open set in IR. This is the case, because the empty set does
not contain any elements. According to Definition 1.3.3, openness of () requires

z € ) = z is interior point of §.

From Section 1.1, we know that the implication a = b is equivalent to —a V b. Therefore, if a is false, the
implication is true. For any z € IR, the statement = € () is false (because no object can be an element of
the empty set). Consequently, the above implication is true for all x € IR, which shows that () is open in
R.

Note that the openness of R implies the closedness of (), and the openness of () implies the closedness
of IR. Therefore, R and @) are sets which are both open and closed in IR.

We now define convex subsets of IR.

Definition 1.3.5 A set A C IR is convex if and only if
M+ (1-NyleA Ve,ye A, VA e [0,1].

Geometrically, a set A C IR is convex if, for any two points  and y in this set, all points on the line
segment joining = and y belong to A as well. A point Az + (1 — X)y where A € [0,1] is called a convez
combination of x and y. A convex combination of two points is simply a weighted average of these points.
For example, if we set A = 1/2, the corresponding convex combination is

1 +1
ot T 3%

and for A = 1/4, we obtain the convex combination

1 3

The convex subsets of IR are easy to describe. All intervals (including IR itself) are convex (no matter
whether they are open, closed, or half-open), all sets consisting of a single point are convex, and the
empty set is convex.

For example, let A = [0,1). To prove that A is convex, let z,y € A. We have to show that any convex
combination of  and y must be in A. Let A € [0, 1]. Without loss of generality, suppose x < y. Then it
follows that

A+ (1-XNy>dz+(1-Nz==x

and
A+ (1 -ANy<iy+(1-Ny=uy.

Therefore, z < Az + (1 — Ay < y. Because z and y are elements of A, x > 0 and y < 1. Therefore,
0 <Xz + (1 —MN)y < 1, which implies [Az + (1 — X)y] € A.

An example of a subset of IR which is not convex is A =[0,1]U{2}. Let z =1, y = 2, and A = 1/2.
Then z € Aand y € Aand A € [0,1], but Az + (1 — Ny =3/2 ¢ A.

The following definition introduces upper and lower bounds of subsets of IR.
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Definition 1.3.6 Let A C IR be nonempty, and let u,f € IR.

(i) u is an upper bound of A if and only if x < u for all x € A.
(ii) £ is a lower bound of A if and only if x > ¢ for all z € A.

A nonempty set A C R is bounded from above (resp. bounded from below) if and only if it has an upper
(resp. lower) bound. A nonempty set A C R is bounded if and only if A has an upper bound and a lower
bound.

Not all subsets of IR have upper or lower bounds. For example, the set IR = [0, 00) has no upper
bound. To show this, we proceed by contradiction. Suppose u € R is an upper bound of R;. But Ry
contains elements x such that = > wu, which contradicts the assumption that u is an upper bound of R ...
On the other hand, Ry is bounded from below—any number in the interval (—oo, 0] is a lower bound of
R+ .

The above example shows that an upper bound or a lower bound need not be unique, if it exists.
Specific upper and lower bounds are introduced in the next definition.

Definition 1.3.7 Let A C IR be nonempty, and let u,f € IR.

(i) u is the least upper bound (the supremum) of A if and only if u is an upper bound of A and u < v’
for all v’ € IR that are upper bounds of A.

(ii) € is the greatest lower bound (the infimum) of A if and only if £ is a lower bound of A and £ > ¢’
for all ¢’ € IR that are lower bounds of A.

Every nonempty subset of IR which has an upper (resp. lower) bound has a supremum (resp. an infimum).
This is not necessarily the case if R is replaced by some other universal set—for example, the set of rational
numbers Q does not have this property.

If aset A C IR has a supremum (resp. an infimum), the supremum (resp. infimum) is unique. Formally,

Theorem 1.3.8 Let A C IR be nonempty, and let u,u’,(, ' € IR.

(i) u is a supremum of A and u' is a supremum of A = u=u'.
(i1) £ is an infimum of A and £’ is an infimum of A = £ =1{'.

Proof. (i) Let A C R. Suppose u € R is a supremum of A and v’ € IR is a supremum of A. This implies
that v and u’ are upper bounds of A. By definition of a supremum, it follows that u < v’ and v’ < w,
and therefore, u = u'.

The proof of part (ii) is analogous. |

Note that the above result justifies the terms “the” supremum and “the” infimum used in Definition
1.3.7. We will denote the supremum (resp. infimum) of A C IR by sup(A) (resp. inf(A)).

Note that it is not required that the supremum (resp. infimum) of a set A C R is itself an element
of A. For example, let A = [0,1). As can be shown easily, the supremum and the infimum of A exist
and are given by sup(A) = 1 and inf(A4) = 0. Therefore, inf(A4) € A, but sup(4) ¢ A. If the supremum
(resp. infimum) of A C R is an element of A, it is sometimes called the mazimum (resp. minimum) of A,
denoted by max(A) (resp. min(A)). Therefore, we can define the maximum and the minimum of a set by

Definition 1.3.9 Let A C IR be nonempty, and let u,f € IR.

(i) w = max(A) if and only if u = sup(A) Au € A.
(ii) £ = min(A) if and only if £ = inf(A) AL € A.

1.4 Functions

Given two sets A and B, a function that maps A into B assigns one element in B to each element in
A. The use of functions is widespread (but not always recognized and explicitly declared as such). For
example, giving final grades for a course to students is an example of establishing a function from the set
of students registered in a course to the set of possible course grades. Each student is assigned exactly
one final grade. The formal definition of a function is

Definition 1.4.1 Let A and B be nonempty sets. If there exists a mechanism f that assigns exactly one
element in B to each element in A, then f is called a function from A to B.
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A function from A to B is denoted by
f:A—= B, x—y=f(z)

where y = f(z) € B is the image of x € A. A is the domain of the function f, B is the range of f. The
set
f(A) :={y € B| 3z € A such that y = f(x)}

is the image of A under f (sometimes also called the image of f). More generally, the image of S C A
under f is defined as
f(S) :={y € B| 3z € S such that y = f(z)}.

Note that defining a function f involves two steps: First, the domain and the range of the function
have to be specified, and then, for each element x in the domain of the function, it has to be stated which
element in the range of f is assigned to = according to f.

Equality of functions is defined as

Definition 1.4.2 Two functions f1 : Ay — By and fo : As — By are equal if and only if
(Al = AQ) A (Bl = BQ) A (fl(m) = fg(m) Vx € Al)

Note that equality of two functions requires that their domains and their ranges are equal.

To illustrate possible applications of functions, consider the above mentioned example. Suppose we
have a course in which six students are registered. For simplicity, we number the students from 1 to 6.
The possible course grades are {A, B,C, D, F} (script letters are used in this example to avoid confusion
with the domain A and the range B of the function considered). An assignment of grades to students
can be expressed as a function f : {1,2,3,4,5,6} — {A,B,C, D, F}. For example, if students 1 and 3 get
an A, student 2 gets a B, student 4 fails, and students 5 and 6 get a D, the function f is defined as

A ifze{l,3}
ifx=2

D ifxze {56}

F  ifx=4.

f:{1,2,3,4,5,6} — {A,B,C,D,F}, x — (1.4)

The image of f is f(A) = {4, B, D, F}. As this example demonstrates, f(A) is not necessarily equal to
the range B—there may exist elements y € B such that there exists no z € A with y = f(z) (as is the
case for C € B in the above example). Of course, by definition of f(A), we always have the relationship
f(4)  B.

As another example, consider the function defined by
f R, z— z2. (1.5)
The image of f is
fMR)={ycR|IzcRsuchthat y=2*} ={ycR |y >0} =R,.
Again, B=R # R, = f(R) = f(A).
Next, the graph of a function is defined.

Definition 1.4.3 The graph G of a function f : A — B is a subset of the Cartesian product A x B,
defined as
G:={(z,y) [z € ANy = f(x)}.

In other words, the graph of a function f : A — B is the set of all pairs (z, f(z)), where z € A. For
functions such that A C IR and B C IR, the graph is a useful tool to give a diagrammatic illustration of
the function. For example, the graph of the function f defined in (1.5) is

G={(z,y) |z e RAy =2}

and is illustrated in Figure 1.10.
As mentioned before, the range of a function is not necessarily equal to the image of this function. In
the special case where f(A) = B, we say that the function f is surjective (or onto). We define
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Figure 1.10: The graph of a function.

Definition 1.4.4 A function f : A— B is surjective (onto) if and only if f(A) = B.

A function f : A — B such that, for each y € f(A), there exists exactly one x € A with y = f(z) is
called injective (or one-to-one). Formally,

Definition 1.4.5 A function f : A B is injective (one-to-one) if and only if

Ve,y € A, x #y = f(x) # f(y)

If a function is onto and one-to-one, the function is called bijective.
Definition 1.4.6 A function f: A +— B is bijective if and only if f is surjective and injective.

As an example, consider the function f defined in (1.4). This function is not surjective, because there
exists no x € {1,2,3,4,5,6} such that f(x) = C. Furthermore, this function is not injective, because
1#3,but f(1) = f(3) = A.

The function f defined in (1.5) is not surjective, because, for y = —1 € B, there exists no z € R such
that f(z) = 2% = y. f is not injective, because, for example, f(1) = f(—1) = 1.

As another example, define a function f by

f R—=Ry, z+— x2

Note that this is not the same function as the one defined in (1.5), because it has a different range. That
choosing a different range indeed gives us a different function can be seen by noting that this function s
surjective, whereas the one in the previous example is not. The function is not injective, and therefore,
not bijective.
Here is another example that illustrates the importance of defining the domain and the range properly.
Let
Ry » R, z+— 22

This function is not surjective (note that its range is R, but its image is IR ), but it is injective. To prove
that, consider any z,y € R, = A such that z # y. Note that the domain of f is Ry, and therefore,
and y are nonnegative. Because x # y, we can, without loss of generality, assume x > y. Because both z
and y are nonnegative, it follows that 22 > y?, and therefore, f(z) = 2% # y*> = f(y), which proves that
f is injective.
As a final example, let
iRy =Ry, z— 22

Now the domain and the range of f are given by R.. For each y € Ry = B, there exists t € Ry = A
such that y = f(z) (namely, = ,/y), which proves that f is onto. Furthermore, as in the previous
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example, f(z) # f(y) whenever z,y € Ry = A and # # y. Therefore, f is one-to-one, and hence,
bijective.

Bijective functions allow us to find, for each y € B, a unique element x € A such that y = f(x). This
suggests that a bijective function from A to B can be used to define another function with domain B
and range A, which assigns each x € A to its image under f. This motivates the following definition of
an inverse function.

Definition 1.4.7 Let f : A — B be bijective. The function defined by
1B A flx)—x
is called the inverse function of f.

Note that an inverse function is not defined if f is not bijective.
For example, consider the function

f:R—R, z— 2

This function is bijective (Exercise: prove this), and consequently, its inverse function f~! exists. By
definition of the inverse, we have, for all x € R, y € R,

Ty =zey=2a"ey"’ =z
and therefore, the inverse of f is given by
fT1:R—R, yl—>y1/3.

Two functions with appropriate domains and ranges can be combined to form a composite function.
More precisely, composite functions are defined as

Definition 1.4.8 Suppose two functions f: A+ B and g : B+ C are given. The function
gof:A—C, z— g(f(z))
is the composite function of f and g.

An important property of the inverse function f~! of a bijective function f is that its inverse is given by
f. Hence, for a bijective function f : A — B, we have

FUf@) =2 Vo e A

and
f(F () =y YyeB.

The following definition introduces some important special cases of bijective functions, namely, per-
mutations.

Definition 1.4.9 Let A be a finite subset of IN. A permutation of A is a bijective function w: A — A.

For example, a permutation of A = {1, 2,3} is given by

1 ifz=1
m:{1,2,3}—~{1,2,3}, z— ¢ 2 ifz=3
3 ifx=2.
Other permutations of A are
1 ifxz=2
m:{1,2,3}—»{1,2,3}, z— ¢ 2 ifz=3 (1.6)
3 ifx=1
and
1 ifz=3
m:{1,2,3} =~ {1,2,3}, z— ¢ 2 ifx=2
3 ifzx=1.
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A permutation can be used to change the numbering of objects. For example, if
m:{l,...,nt—{1,...,n}

is a permutation of {1,...,n} and z = (x1,...,2,) € R", a renumbering of the components of z is
obtained by applying the permutation 7. The resulting vector is

Tr = (mﬂ'(l)7 SERS) xw(n))
More specifically, if 7 is given by (1.6) and x = (z1, z2, x3) € R®, we obtain

Tr = (23,21, T2).

1.5 Sequences of Real Numbers

In addition to having some economic applications in their own right, sequences of real numbers are
very useful for the formulation of some properties of real-valued functions. This section provides a
brief introduction to sequences of real numbers. We restrict attention to considerations that will be of
importance for this course.

A sequence of real numbers is a special case of a function as defined in the previous section, namely,
a function with the domain IN and the range R.

Definition 1.5.1 A sequence of real numbers is a function a : IN+— IR, n +— a(n). To simplify notation,
we will write ay, instead of a(n) for n € IN, and use {a,} to denote such a sequence.

More general sequences (not necessarily of real numbers) could be defined by allowing the range to be a

set that is not necessarily equal to IR in the above definition. However, all sequences encountered in this

chapter will be sequences of real numbers, and we will, for simplicity of presentation, refer to them as

“sequences” and omit “of real numbers”. Sequences of elements of IR" will be discussed in Chapter 4.
Here is an example of a sequence. Define

1
a:IN—R, n—1-——. (1.7)
n
The first few points in this sequence are
a1=0, a2=1/2, a3=2/3, a4=3/4,....

Sequences also appear in economic problems. For example, suppose a given amount of money z € IR 1
is deposited to a bank account, and there is a fixed rate of interest r € Ry, . After one year, the value
of this investment is  + rz = (1 + r)x. Assuming this amount is reinvested and the rate of interest is
unchanged, the value after two years is (1 +7)z + (1 +7r)z = (1 +7)(1 +r)z = z(1 + r)2. In general,
after n € IN years, the value of the investment is z(1 + r)™. These values of the investment in different
years can be expressed as a sequence, namely, the sequence {a,}, where

an =x(1+7r)" Vn € N.
This is a special case of a geometric sequence.

Definition 1.5.2 A sequence {a,} is a geometric sequence if and only if there exists ¢ € IR such that

Gnt+1 = qan, Yn € IN.

A geometric sequence has a quite simple structure in the sense that all elements of the sequence can
be derived from the first element of the sequence, given the number ¢ € IR. This is the case because,
according to Definition 1.5.2, as = qa1, a3 = gas = ¢a; and, for n € IN with n > 2, a,, = ¢" 'a;. The
above example of interest accumulation is a geometric sequence, where ¢ = 1 + r and a; = qz.

It is often important to analyze the behaviour of a sequence as n becomes, loosely speaking, “large”.
To formalize this notion more precisely, we introduce the following definition.
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Definition 1.5.3 (i) A sequence {a,} converges to a € R if and only if
Ve € Ry, 3ng € IN such that a,, € U () Vn > ng.
(i) If {an} converges to a € IR, o is the limit of {a,}, and we write

lim a, = a.
n—oo

Recall that U, () is the e-neighborhood of o € R, where € € R ;. Therefore, the statement “a,, € U (a)”
is equivalent to “|a, — a| < €”.

In words, {a, } converges to o € R if and only if, for any € € IRy, at most a finite number of elements
of {a,} are outside the e-neighborhood of c.

To illustrate this definition, consider again the sequence defined in (1.7). We prove that this sequence
converges to the limit 1. In order to do so, we show that, for all e € IR, there exists ny € IN such that
lan, — 1| < € for all n > ng. For any € € R4, choose ng € IN such that ng > 1/e. For n > ny, it follows

that n > 1/, and therefore,

1 1
e>=1-=—1|=|an — 1,
n n

which shows that the sequence {a,} converges to the limit o = 1.
The following terminology will be used.

Definition 1.5.4 A sequence {a,} is convergent if and only if there exists o € IR such that

lim a, = a.
n—oo

A sequence {ay} is divergent if and only if {an} is not convergent.
Here is an example of a divergent sequence. Define {a,} by

ap, =n Vn € N. (1.8)

That this sequence diverges can be shown by contradiction. Suppose {a,} is convergent. Then there
exists a € R such that lim,,_,+ a, = a. Therefore, for any € € R, there exists ng € IN such that

In —al <e ¥n > ny. (1.9)
Let n; € IN be such that n; > a4+ . Then n; — a > ¢, and therefore,
In—al=n—a>e¢e ¥n>n. (1.10)

Let ny € IN be such that ny > ng and ny > ny. Then (1.9) implies |ny — a| < &, and (1.10) implies
|ne — a| > e, which is a contradiction.
Two special cases of divergence, defined below, are of particular importance.

Definition 1.5.5 A sequence {a,} diverges to oo if and only if

Ve € IR,3dng € IN such that a, > cVn > nyg.
Definition 1.5.6 A sequence {a,} diverges to —oo if and only if

Ve € IR,3dng € IN such that a, < cVn > nyg.

For example, the sequence {a,} defined in (1.8) diverges to oo (Exercise: provide a proof).

Note that there are divergent sequences which do not diverge to co or —oo. A divergent sequence
which does not diverge to co or —oo is said to oscillate. For example, consider the sequence {a,} defined
by

(1.11)

| 0 ifniseven
Tl ifnis odd.

As an exercise, prove that this sequence oscillates.
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For a sequence {a,} and o € R U {—00, 00}, we will sometimes use the notation
anp —

if « € R and {a,} converges to «, or if & € {—00, 00} and {a,} diverges to a.

In Definition 1.5.3, we referred to o as “the” limit of {a,}, if {a,} converges to a. This terminology is
justified, because a sequence cannot have more than one limit. That is, the limit of a convergent sequence
is unique, as stated in the following theorem.

Theorem 1.5.7 Let {a,} be a sequence, and let a, f € R. If lim,_,o0 an, = @ and lim,_,o a, = 3, then

a=0.

Proof. By way of contradiction, assume

( lim an:a)/\(nli_{goanzﬁ)/\a#ﬁ.

n—oo

Without loss of generality, suppose a < 3. Define

_B-a
€= 5 >0
Then it follows that
Uoio) = (a—p+ a+ﬁ7a+ﬁ
2 2
and 8 8
o+ o+
ue(ﬁ) = ) +ﬁ—O[ .
2 2
Therefore,

Us(a) NU(B) = 0. (1.12)

Because lim,, o an, = «, there exists ng € IN such that a, € U:(a) for all n > ng. Analogously, because
lim,, 00 an, = B, there exists ny € IN such that a,, € U-(B) for all n > ny. Let ng € IN be such that
no > ng and ng > ni. Then

an € U (@) Nan, €U(B) Vn > na,
which is equivalent to a, € U:(a) NU:(B) for all n > no, a contradiction to (1.12). ||

The convergence of some sequences can be established by showing that they have certain properties.
We define

Definition 1.5.8

(i) A sequence {a,} is monotone nondecreasing < an41 > a, Vn € NN,

(ii) A sequence {an} is monotone nonincreasing < apy1 < a, Yn € IN.
Definition 1.5.9

(i) A sequence {an} is bounded from above < Jc € IR such that a, < ¢ Vn € IN,
(ii) A sequence {a,} is bounded from below < Jc € IR such that a, > ¢ ¥Yn € N,

(iii) A sequence {ayn} is bounded < {ay} is bounded from above and from below.

For example, consider the sequence {a,} defined in (1.7). This sequence is monotone nondecreasing,

because ) )
>1—-—=a, YnelN.
n+1" n "
Furthermore, {a,} is bounded, because 0 < a,, <1 for all n € IN.
There are some important relationships between convergent, monotone, and bounded sequences. First,

we show that a convergent sequence must be bounded.

apy1 =1-—

Theorem 1.5.10 Let {a,} be a sequence. If {an} is convergent, then {a,} is bounded.
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Proof. Suppose {a,} is convergent with limit a € R. Let ¢ = 1. Then there exists ng € IN such that
lan, —a| <1 ¥n > ng.
Define
Ny :={neN|n>ngAa, > a},
Ny:={neN|n>ngAa, < a}.
Then it follows that

an <a+1 Vn € Ny, (1.13)
anp > a—1 VYn € Ns. (1.14)
Now define
c1:=max({a1,...,an,, @+ 1}),
co :=min({ay,...,an,, @ — 1}).

(Clearly, ¢; and cp are well-defined, because a finite set of real numbers must have a maximum and a
minimum.) This, together with (1.13) and (1.14), implies

ca<a,<c Yn€N,

which proves that {a,} is bounded. I

Boundedness of a sequence does mot imply the convergence of this sequence. For example, the se-
quence {a,} defined in (1.11) is bounded (because 0 < a,, < 1 for all n € IN), but it is not convergent.
However, boundedness from above (resp. below) together with monotone nondecreasingness (resp. nonin-
creasingness) together imply that a sequence is convergent. This result provides a criterion that is often
very useful when it is to be determined whether a sequence is convergent. The theorem below states this
result formally.

Theorem 1.5.11 Let {a,} be a sequence.

(i) {an} is monotone nondecreasing and bounded from above =
{an} is convergent with limit sup({a, | n € IN}).

(ii) {an} is monotone nonincreasing and bounded from below =
{an} is convergent with limit inf({a, | n € IN}).

Proof. (i) Suppose {a,} is bounded from above and monotone nondecreasing. Boundedness from above
of {a,} is equivalent to the boundedness from above of the set {a,, | n € IN}. Therefore, sup({a,, | n € IN})
exists. Letting o = sup({a,, | n € IN}), we have a,, < a for all n € IN. Next, we show

Ve € R4y, dng € N such that a — ap, < e. (1.15)

Suppose this is not the case. Then there exists € € IR such that a —a, > € for all n € IN. Equivalently,
a—¢e > a, for all n € N, which means that o — £ is an upper bound of {a, | n € IN}. Because
a — ¢ < a, this contradicts the definition of a as the supremum of this set. Therefore, (1.15) is true.
This implies a — € < ap,. Because {a,} is monotone nondecreasing, a,, > an, for all n > ng. Therefore,
o —¢€ < ap, < ay for all n > ng, which implies

a—a, <& VYn > ng. (1.16)
Because a, < « for all n € IN, (1.16) is equivalent to
lan, —a| <e Vn > ny,

which proves that « is the limit of {a,}.

The proof of part (ii) of the theorem is analogous. I

The results below show how the limits of sums, products, and ratios of convergent sequences can be
obtained. The proofs of these theorems are left as exercises.

Theorem 1.5.12 Let {a,}, {bn} be sequences, and let o, 8 € IR. Iflim, o0 ap = o and lim, 00 by, = G,
then limy, o0 (an + bs) = a + B and lim,_, o (anby,) = af.

Theorem 1.5.13 Let {a,}, {bn} be sequences, and let o, B € IR. Furthermore, let b, # 0 for alln € IN
and B #0. If limy, 00 an, = @ and limy, 00 by, = B, then lim, o0(an /by) = /.



Chapter 2

Linear Algebra

2.1 Vectors

In Chapter 1, we introduced elements of the space R" as ordered n-tuples (z1,...,%,), where z; € R
for all i = 1,...,n. Geometrically, we can think of z € R" as a point in the n-dimensional space. For
example, for n = 2, the point = (1,2) € IR? can be represented by a point in the two-dimensional
coordinate system with the coordinates 1 and 2.

Another possibility is to think of x € IR"™ as a parametrization of a vector in R™. We can visualize the
vector € IR" as an “arrow” starting at the origin0 = (0,...,0) € R™ which “points” at z = (z1,...,Zn).
For example, the vector z = (1,2) € IR? can be represented as in Figure 2.1.

For some of our applications, it is important whether the components of a vector in IR™ are arranged
in a column or in a row. A column vector in IR" is written as

Z1
T = : e R",
Tn
and the corresponding row vector (the vector with the same elements as x, but arranged in a row) is

/

T :(ml,...,xn)EIR”.

The notation ’ stands for “transpose”’. For example, the transpose of

m=<;>eﬁ2

is ' = (1,2). If x is a column vector, then its transpose is a row vector. The transpose of the transpose

of a vector x € IR" is the vector x itself, that is, (')’ = x. For simplicity, we will omit the ' for row

vectors whenever it is of no importance whether x € IR" is to be treated as a column vector or a row

vector. It should be kept in mind, though, that for some applications, this distinction is of importance.
The following operations can be applied to vectors.

Definition 2.1.1 Let n € IN, and let z,y € IR". The sum of x and y is defined by

T+ Y
r+y:= :
Tpn + Yn

Definition 2.1.2 Let n € IN, let a € IR, and let x € IR". The product of o and x is defined by

T

azy,

21
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5 M1

Figure 2.2: Vector addition.

5 M1

The operation described in Definition 2.1.1 is called vector addition, the operation introduced in Definition

2.1.2 is called scalar multiplication.

Vector addition and scalar multiplication have very intuitive geometric interpretations. Consider, for
example, z = (1,2) € R? and y = (3,1) € R?. Then we obtain z +y = (1+3,2+1) = (4, 3). This vector

addition is illustrated in Figure 2.2.

Now consider z = (1,2) € R? and a = 2. We obtain az = (2-1,2-2) = (2,4), which is illustrated in

Figure 2.3.

Geometrically, the vector 2z points in the same direction as x € R"™, but is twice as long (we will
discuss the notion of the “length” of a vector in more detail below).
Using vector addition and scalar multiplication, we can define the operation vector subtraction.

Definition 2.1.3 Let n € IN, and let z,y € IR". The difference of x and y is defined by

z—y:=z+ (-1)y.

The following theorem summarizes some properties of vector addition and scalar multiplication.

Theorem 2.1.4 Letn € IN, let a, 8 € IR, and let x,y,z € IR".
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Figure 2.3: Scalar multiplication.

()z+y=y+uz,

(i) (+y) +2=2+(y+2),
(iti) a(Bx) = (af)zx,

(iv) (o + B)z = ax + Pz,

(v) a(z+y) = ax + ay.

The proof of this theorem is left as an exercise.

23

Vector addition and scalar multiplication yield new vectors in IR"™. The operation introduced in the

following definition assigns a real number to a pair of vectors.

Definition 2.1.5 Let n € IN, and let z,y € IR". The inner product of x and y is defined by

n
Ty ‘= Z TiY;-
i=1

The inner product of two vectors is used frequently in economic models. For example, if z € IR’} represents
a commodity bundle and p € R'} | denotes a price vector, the inner product px = Z?:l p;x; is the value

of the commodity bundle at these prices.
The inner product has the following properties.

Theorem 2.1.6 Letn € IN, let a € IR, and let x,y,z € IR".

(i) zy = yz,

(ii) zx > 0,

(iti) ze =0 < x =0,
(i) (x +y)z = xz + yz,
(v) (az)y = a(zy).

Again, the proof of this theorem is left as an exercise.

Of special importance are the so-called unit vectors in R". For i € {1,...,n}, the i*" unit vector is

defined by

; 0 ifj+#4 .
i _
ej'_{l i = Vi=1,...,n.

For example, for n = 2, e* = (1,0) and €? = (0,1). See Figure 2.4.
We now define the Fuclidean norm of a vector.
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Figure 2.4: Unit vectors.

Definition 2.1.7 Let n € IN, and let x € IR". The Euclidean norm of z is defined by

|z := Vax =

Because the Euclidean norm is the only norm considered in this chapter, we will refer to ||z|| simply as
the norm of x € R™. Geometrically, the norm of a vector can be interpreted as a measure of its length.
For example, let z = (1,2) € R®. Then

|z =v1-14+2-2=+/5.

Clearly, ||e’|| =1 for the unit vector e’ € R".
Based on the Euclidean norm, we can define the Fuclidean distance of two vectors x,y € IR" as the
norm of the difference = — y.

Definition 2.1.8 Let n € IN, and let z,y € IR". The Euclidean distance of x and y is defined by

d(z,y) := [z = yl|.

Again, we will omit the term “Euclidean”, because the above defined distance is the only notion of distance
used in this chapter. See Chapter 4 for a more detailed discussion of distance functions for vectors. For
n = 1, we obtain the usual norm and distance used for real numbers. For z € R, ||z|| = V22 = |z|, and
for z,y € R, d(z,y) = [lz —yl| = |z —y].

For many applications discussed in this course, the question whether or not some vectors are linearly
independent is of great importance. Before defining the terms “linear (in)dependence” precisely, we have
to introduce linear combinations of vectors.

Definition 2.1.9 Let m,n € IN, and let z',...,2™,y € IR". y is a linear combination of x!,...,z™ if
and only if there exist a,...,an € IR such that

m
Yy = E aja’.
j=1

For example, consider the vectors z' = (1,2), 22 = (0,1), 2 = (5, —1), y = (=9/2,5) in R?. y is a linear
combination of 2!, 22, 3, because, with a1 = 1/2, az = 3, az = —1, we obtain

Yy = oqml + a2m2 + 013333.
Note that any vector x € IR”™ can be expressed as a linear combination of the unit vectors e, ..., e"—
simply choose «; = x; for all i =1,...,n to verify this.
Linear (in)dependence of vectors is defined as
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Definition 2.1.10 Let m,n € IN, and let z',...x™ € IR". The vectors z',...,x™ are linearly indepen-
dent if and only if

m
Zajmj=0:>ozj=0Vj:1,...,m.
j=1

1 m

The vectors x*,...x™ are linearly dependent if and only if they are not linearly independent.

Linear independence of 2, ..., 2™ requires that the only possibility to choose a1, ..., a, € IR such that
Z;n:l ajz? = 0 is to choose a1 = ... = a,, = 0. Clearly, the vectors z',...,z™ are linearly dependent if
and only if there exist aq, ..., a; € IR such that

m
Zajmj =0A(Fk € {1,...,m} such that ay # 0).

Jj=1

As an example, consider the vectors z! = (2, 1), % = (1,0). To check whether these vectors are linearly
independent, we have to consider the equation

() e (1)=(2) o

2000 + a3 = 0A a1 = 0. (22)

(2.1) is equivalent to

By (2.2), we must have a3 = 0, and therefore, as = 0 in order to satisfy (2.1). Hence, the only possibility
to satisfy (2.1) is to choose a; = ap = 0, which means that the two vectors are linearly independent.
Another example for a set of linearly independent vectors is the set of unit vectors {e!,...,e"} in R".

Clearly, the equation
n
Z ajel =0
j=1

is equivalent to

(o7} . + ...+ a, : = s
: 0 0
0 1
which requires a; = 0 for all j = 1,...,n. For a single vector x € IR"™, it is not very hard to find out

whether the vector is linearly dependent or independent. This is shown in
Theorem 2.1.11 Let n € IN, and let x € IR". x is linearly independent if and only if x # 0.

Proof. Let x = 0. Then any o € IR satisfies
azr = 0. (2.3)

Therefore, there exists a # 0 satisfying (2.3), which shows that 0 is linearly dependent.
Now let = # 0. Then there exists k € {1,...,n} such that zy # 0. To satisfy

a : =1 : 1, (2.4)

we must, in particular, have axy = 0. Because ) # 0, the only possibility to satisfy (2.4) is to choose
a = 0. Therefore, x is linearly independent. I
The following theorem provides an alternative formulation of linear dependence for m > 2 vectors.

Theorem 2.1.12 Let n,m € IN with m > 2, and let z*,..., 2™ € IR™. The vectors z',..., 2™ are
linearly dependent if and only if (at least) one of these vectors is a linear combination of the remaining
vectors.
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Proof. “Only if”: Suppose z!,...,xz™ are linearly dependent. Then there exist as, . ..a,, € IR such that
m
Z ajz? =0 (2.5)
j=1

and there exists k € {1,...,m} such that ay # 0. Without loss of generality, suppose k = m. Because
am # 0, we can divide (2.5) by a, to obtain

m @
E —Lzi =0
a

or, equivalently,

m—1
™ = Z Bix?,
j=1
where §; := —a;/auy, for all j = 1,...,m — 1. But this means that 2™ is a linear combination of the

remaining vectors.

1

“If”: Suppose one of the vectors x*, ..., ™ is a linear combination of the remaining vectors. Without

loss of generality, suppose ™ is this vector. Then there exist ay,...,an,—1 € IR such that
m—1
™ = Z aja’.
j=1
Defining «,, := —1, this is equivalent to

m

) —
E oz’ = 0.
j=1

1

Because a.,, # 0, this implies that the vectors z*, ..., 2™ are linearly dependent. I

Further results concerning linear (in)dependence will follow later in this chapter, once matrices and
the solution of systems of linear equations have been discussed.

2.2 Matrices

Matrices are arrays of real numbers. The formal definition is

Definition 2.2.1 Let m,n € IN. An m X n matrix is an array

aixr @12 ... Qin
a1 Q@22 ... Q2n
A= (ai;) =
Gm1 Am2 ... Qmn
where a;; € R foralli=1,....m,j=1,...,n.

Therefore, an m x n matrix is an array of real numbers with m rows and n columns. An m x n matrix
such that m = n is called a square matriz, that is, a square matrix has the same number of rows and
columns.

Equality of two matrices is defined as

Definition 2.2.2 Let m,n,q,r € IN. Furthermore, let A = (a;;) be an m x n matriz, and let B = (b;;)
be a ¢ x r matriz. A and B are equal if and only if

m=gAn=r)AN(a;; =b;; Vi=1,...,m, ¥j=1,...,n).
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Vectors are special cases of matrices. A column vector

x1
T = : cR"
Tn
is an n x 1 matrix, and a row vector &’ = (21,...,2,) € R" is a 1 x n matrix. We can also think of an
b b b n

m X n matrix as an ordered n-tuple of m-dimensional column vectors

a11 Q1n

Gm1 Amn

or as an ordered m-tuple of n-dimensional row vectors

(an, s aln)

(aml, ceey amn).
The transpose of a matrix is defined as

Definition 2.2.3 Let m,n € IN, and let A be an m x n matriz. The transpose of A is defined by

ail a1 ... Qi
A/ ai2 a2 ceo Q2
Ain  QA2n ... QAmnp

Clearly, if A is an m X n matrix, A’ is an n X m matrix. The transpose of A is obtained by interchanging
the roles of rows and columns. For i = 1,...,m and j = 1,...,n, the i*» row of A is the i*" column of
A’, and the j** column of A is the j** row of A’. For example, the transpose of the 2 x 3 matrix

3 -1 0
A:<2 0 1)

is the 3 x 2 matrix

3 2
A= -1 0
0 1

The transpose of the transpose of a matrix A is the matrix A itself, that is, for any matrix A, (4')" = A.
Symmetric square matrices will play an important role in this course. We define

Definition 2.2.4 Let n € IN. An n x n matriz A is symmetric if and only if A’ = A.

Note that symmetry is defined only for square matrices. For example, the 2 x 2 matrix

“(32)

(el )

is symmetric, because
On the other hand, the 2 x 2 matrix
is not symmetric, because

, 1 -2
p-(y 0 ) e

Now we will introduce some important matrix operations. First, we define matriz addition.
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Definition 2.2.5 Let m,n € IN, and let A = (a;;) and B = (b;;) be m x n matrices. The sum of A and
B is defined by

a1 +bi1  ai2+biz ... ain+bin

a21 +ba1 a2 +be ... asn+ba,
A+ B:= (aij + bij) =

Gm1 +bm1 @m2+bma ... Gmn + bn

Note that the sum A + B is defined only for matrices of the same type, that is, A and B must have the
same number of rows and the same number of columns. As examples, consider the 2 x 3 matrices

21 0 10 0
A:(3 0 —1)’ B:(o 2 2)'

The sum of theses two matrices is
310
(310,

Definition 2.2.6 Let m,n € IN, and let A = (a;;) be an m x n matriz. Furthermore, let o € IR. The
product of  and A is defined by

Next, scalar multiplication is defined.

aal1 aal2 . e aQ1n
aa21 aag2 . e aaon,
ad = (aa;j) =
alm1 AQm2 oo OQmn
For example, let @« = —2 and
0 -2
A= 1 2
5 0
Then
0 4
al = -2 —4
—10 0

The following theorem summarizes some properties of matrix addition and scalar multiplication (note
the similarity to Theorem 2.1.4).

Theorem 2.2.7 Let m,n € IN, and let A, B, C be m x n matrices. Furthermore, let a, 3 € IR.

(i) A+ B= B+ A,

(it) (A+B)+C =A+ (B+C),
(iii) a(BA) = (af) A,

(v) (a+ B)A =aA+ BA,

(v) a(A+ B) = aA + aB.

As an exercise, prove this theorem.

The multiplication of two matrices is only defined if the matrices satisfy a conformability condition
for matrix multiplication. In particular, the matrix product AB is defined only if the number of columns
in A is equal to the number of rows in B.

Definition 2.2.8 Let m,n,r € IN. Furthermore, let A = (a;;) be an m x n matriz and let B = (b;;) be
an n X r matriz. The matrix product AB is defined by

n n n
Zlflzl a1kbr1 Zlﬁzl aikbre ... Zlflzl a1bir
" Done1Gokbrr D op_q aokbre ... Y op_q aokbpr
AB = E aixbrj | = . . .

— : : :
n n n
Dokt @mkbrl D op_q @mkbr2 oo D g Gmkbkr
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If A is an m X n matrix and B is an n X r matrix, the matrix AB is an m X r matrix. If Aisan m x n
matrix, B is a ¢ x r matrix, and n # ¢, the product AB is not defined.
The above definition is best illustrated with an example. Let

2 1
1 030

A:OQ,B:( )
Ll 12 2 1

A is a 3 X 2 matrix, and B is a 2 X 4 matrix, and therefore, the conformability condition for the multipli-
cation of these matrices is satisfied (because the number of columns in A is equal to the number of rows
in B). The matrix AB is a 3 x 4 matrix, and it is obtained as follows.

2 1
1 0 3 0
AB = 0 2 ( )
11 -1 2 2 1
2:14+1-(-1) 2:0+1-2 2:3+1-2 2:-0+1-1
= 0-1+2-(-1) 0-0+2-2 0-3+2-2 0-0+2-1
1-1+1-(-1) 1-0+1-2 1-34+1-2 1-0+1-1
1 2 8 1
= -2 4 4 2
0 2 5 1

Some results on matrix multiplication are stated below.

Theorem 2.2.9 Let m,n,q,r € IN. If A is an m X n matriz, B is an n x ¢ matriz, and C is a g X r
matriz, then (AB)C = A(BC).

Proof. By definition, AB = (zzzl a;ibr;). Therefore,

(3 (3)

= ( > aikbklclj>

|

q
Zaikbklclj>

=1
= A

)=

(AB)C

M=

Il
_

= T

q
ik (Z bklclj> )
1 =1

BC). ||

>~
Il

—

Theorem 2.2.10 Let m,n,r € IN. If A is an m x n matriz and B and C are n X r matrices, then
A(B+C)=AB+ AC.

Theorem 2.2.11 Let m,n,r € IN. If A and B are m X n matrices and C is an n X r matriz, then
(A+ B)C = AC + BC.

The proofs of Theorems 2.2.10 and 2.2.11 are left as exercises.
Theorem 2.2.12 Let m,n,r € IN. If A is an mxn matriz and B is an nxr matriz, then (AB)' = B'A’.

Proof. First, note that (AB)’ is an r X m matrix, and B’A’ is an r X m matrix. Because AB =
(X r_q aikbrj), (AB) = (3-7_, ajkbk;). Furthermore,

B'A = (Z bki%’k) = (Z ajkbki> ,
k=1 k=1

and therefore, (AB)' = B'A’. I
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Theorem 2.2.9 describes the associative laws of matrix multiplication, and Theorems 2.2.10 and 2.2.11
contain the distributive laws for matrix addition and multiplication. Note that matrix multiplication is
not commutative, that is, in general, AB is not equal to BA. If A is an m x n matrix, B isann x r
matrix, and m # r, the product BA is not even defined, even though AB is defined. If A is an m x n
matrix, B is an n X m matrix, and m # n, both products AB and BA are defined, but these matrices
are not of the same type—AB is an m X m matrix, whereas BA is an n x n matrix. Clearly, if m # n,
these matrices cannot be equal. If A and B both are n x n matrices, AB and BA are defined and are of
the same type (both are n x n matrices), but still, AB and BA are not necessarily equal. For example,

consider
1 2 0 -1
A_<3 4)’ B_<6 7 )

12 13 3 -4
AB:<24 25 ) BA:( 27 40 )
Clearly, AB # BA.

Therefore, the order in which we form a matrix product is important. For a matrix product AB, we
use the terminology “A is postmultiplied by B” or “B is premultiplied by A”.

The rank of a matrix will be of importance in solving systems of linear equations later on in this
chapter. First, we define the row rank and the column rank of a matrix.

Then we obtain

Definition 2.2.13 Let m,n € IN, and let A be an m x n matriz.

(i) The row rank of A, R,.(A), is the mazimal number of linearly independent row vectors in
A.

(i) The column rank of A, R.(A), is the mazimal number of linearly independent column
vectors in A.

It can be shown that, for any matrix A, the row rank of A is equal to the column rank of A (see the next
section for more details). Therefore, we can define the rank of an m x n matrix A as

R(A) = R,(4) = Ru(A).
A:(f ?)
(1) (1)

are linearly independent, and so are the row vectors (2,0) and (1, 1) (show this as an exercise). Therefore,
the maximal number of linearly independent row (column) vectors in A is 2, which implies R(A) = 2.
Now consider the matrix
B ( 2 —4 )
1 -2/

(=)==(1)

and therefore, the column vectors of B are linearly dependent. The maximal number of linearly indepen-
dent column vectors is one (because we can find a column vector that is not equal to 0), and therefore,
R(B) = R.(B) = 1. (As an exercise, show that the row rank of B is equal to one.)

Special matrices that are of importance are null matrices and identity matrices.

For example, consider the matrix

The column vectors of A,

We have

Definition 2.2.14 Let m,n € IN. The m x n null matrix is defined by

0 0 ... 0

00 ... 0
0:=
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Definition 2.2.15 Let n € IN. The n x n identity matrix E = (e;;) s defined by

_J 0 ifi#j
TV 1 ifi=j

Hence, all entries of a null matrix are equal to zero, and an identity matrix has ones along the main
diagonal, and all other entries are equal to zero. Note that only square identity matrices are defined.

If the m x n null matrix is added to any m x n matrix A, the resulting matrix is the matrix A itself.
Therefore, null matrices play a role analogous to the role played by the number zero for the addition of
real numbers (the role of the neutral element for addition). Analogously, the n x n identity matrix has
the property AE = A for all m x n matrices A and EB = B for all n x m matrices B. Therefore, the
identity matrix is the neutral element for postmultiplication and premultiplication of matrices.

Vi,j=1,...,n.

2.3 Systems of Linear Equations

Solving systems of equations is a frequently occuring problem in economic theory. For example, equilib-
rium conditions can be formulated as equations, and if we want to look for equilibria in several markets
simultaneously, we obtain a whole set (or system) of equations. In this section, we deal with the special
case where these equations are linear. For m,n € IN, a system of m linear equations in n variables can
be written as

a11x1 +a12T2 + ...+ a1nTn = b
a211 + 202 + ...+ a2nTn = by
(2.6)
Am1T1 + GmaX2 + ...+ Gmp®n = bm
where the a;; and the b;, i =1,...,m, j =1,...,n, are given real numbers. Clearly, (2.6) can be written
in matrix notation as
Ar=b>

where A is an mxn matrix and b € R™. An alternative way of formulating (2.6) (which will be convenient
in employing a specific solution method) is

i) i) e In |

ail ai2 e QAin b1
a1 a22 ... Q2n bo
Am1 Gm2 - Gmn | bm

To solve (2.6) means to find a solution vector z* € R" such that all m equations in (2.6) are satisfied.
A solution to (2.6) need not exist, and if a solution exists, it need not be unique.

Clearly, the solvability of a system of linear equations will depend on the properties of A and b. We
will derive a general method of solving systems of linear equations and provide necessary and sufficient
conditions on A and b for the existence of a solution.

The basic idea underlying the method of solution described below—the Gaussian elimination method—
is that certain transformations of a system of linear equations do not affect the solution of the system (by
a solution, we mean the set of solution vectors, which may, of course, be empty), such that the solution
of the transformed system is easy to find.

We say that two systems of equations are equivalent if they have the same solution. Because renum-
bering the variables involved does not change the property of a vector solving a system of linear equations,
this possibility is included by allowing for permutations of the columns of the system. Formally,

Definition 2.3.1 Let m,n € IN, and let m be a permutation of {1,...,n}. Furthermore, let A and C be
m X n matrices, and let b,d € IR™. The systems of linear equations Az = b and Cx, = d are equivalent
if and only if, for all x € R",

z solves Ax = b & x, solves Cx, = d.

We denote the equivalence of two systems of equations by (Ax =b) ~ (Cz, = d).
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The following theorem provides a list of transformations that lead to equivalent systems of equations.

Theorem 2.3.2 Let m,n € IN, and let  be a permutation of {1,...,n}. Furthermore, let A be anmxn
matriz, and let b € IR™.

(i) If two equations in the system of linear equations Ax = b are interchanged, the resulting
system is equivalent to Ax = b.

(i) If an equation in the system Az = b is multiplied by a real number o # 0, the resulting
system of equations is equivalent to Ax = b.

(iii) If an equation in the system Ax = b is replaced by the sum of this equation and a multiple
of another equation in Ax = b, the resulting system is equivalent to Ax =b.

(iv) If Ar is the m x n matriz obtained by applying the permutation 7 to the n column vectors
of A, the system Arx,. = b is equivalent to Ax = b.

The proof of Theorem 2.3.2 is left as an exercise (that the transformations defined in this theorem lead
to equivalent systems of equations can be verified by simple substitution).
To illustrate the use of Theorem 2.3.2, consider the following example. Let

(5 ()

Then the system of linear equations Ax = b is equivalent to

X1 xro | o X1 | xro X1 |
2 —1]|2 ~ -1 2 |2 ~ 1 -2| =2
-4 0 |4 0 —4|4 0 —4]| 4

(application of (iv)—exchange columns 1 and 2; application of (ii)—multiply Equation 1 by —1)

ro I
0 1]-1

(application of (ii)—multiply Equation 2 by —1/4; application of (iii)—add two times Equation 2 to
Equation 1). The solution of this system of linear equations (and therefore, the solution of the equivalent
system Az = b) can be obtained easily. It is 5 = —4 and z} = —1, which means we obtain the unique
solution vector z* = (—1, —4).

This procedure can be generalized. The transformations mentioned in Theorem 2.3.2 allow us to find,
for any system of linear equations, an equivalent system with a simple structure. This procedure—the
Gaussian elimination method—is described below.

Let m,n € IN, let A be an m x n matrix, and let b € IR"™. By repeated application of Theorem 2.3.2,
we can find a permutation 7 of {1,...,n}, a number k € {1,...,n}, an m x n matrix C, and a vector
d € R™ such that (Cx, =d) ~ (Az = b) and

Tr(l) ZTr2) -+ Tak) Tak+1l) --- Tx(n)
1 0 e 0 Cl(k-‘rl) e Cin d1
0 1 e 0 CQ(k-‘rl) e Con, d2
' ' X 2.7
0 ‘e 1 Ck(k+1) ‘e Ckn dk ( )
0 .0 0 ... 0 |din
0 e 0 0 e 0 dm

The following example illustrates the application of the Gaussian elimination method. Consider the
following system of linear equations. Applying the elimination method, we obtain

Ty T2 T3 T4 Ts | Ty T2 T3 T4 Ts |

1 0 2 0 1 1 1 0 2 0 1 1
2 -2 1 3 0 2 ~ 0o -2 -3 3 -2]0
0o -1 0 1 0 2 0o -1 0 1 0 2
0o 0 -3 1 -2|—-4 o 0 -3 1 -2|-4
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(add —2 times Equation 1 to Equation 2)

X1 xro I3 X4 Is X1 o I3 X4 xIs

1 0 2 0 1 1 1 0 2 0 1 1
~ 0o -1 0 1 0 2 ~ 0 1 0o -1 0 |-2

0 -2 -3 3 -2|0 0o -2 -3 3 -2]0

o 0 -3 1 -2|-4 o 0 -3 1 -2|-4

r1 X2 I3 X4 xIs xr1 X2 I3 X4 xIs
1 0 2 0 1 1 1 0 2 0 1 1
~ o 1 0 -1 0 |-2 |~ o 1 0 -1 0 |-2 (2.8)
o 0 -3 1 -—-2|-4 o 0 -3 1 -2|-4
o 0 -3 1 -2|-4 0 0 O 0 0 0

(add 2 times Equation 2 to Equation 3; add —1 times Equation 3 to Equation 4)

2 T4 T3 $5|

X1 T2 T4 XT3 Tp T X
1 0 0 2 1 1 1 0 0 2 1 1
~ O 1 -1 0 0 |-2 ~ O 1 0 -3 —-2|-6
0 0 1 -3 -2|—-4 o o0 1 -3 —-2|-4
0 0 0 0 0 0 0O 0 0 O 0 0

(interchange columns 3 and 4; add Equation 3 to Equation 2). We have now transformed the original
system of linear equations into an equivalent system of the form (2.7). It is now easy to see that any

z € R® satisfying

r1 = 1-— 2233 — X5
To = —6+4 33+ 2x5
Ty = —4+4 3x3+2x5

is a solution. Therefore, we can choose oy := x3 and ag := x5 arbitrarily, and any solution z* can be

written as

a 1 ) 1
x5 —6 3 2
zt=| zj = 0 +ag 1 + g 0
Ty —4 3 2
xk 0 0 1

Now let us modify this example by changing b4 from —4 to 0. The resulting system of linear equations
is
Ty T2 T3 T4 Ts |
1 0 2 0 1
2 -2 1 3 0
0 -1 0 1 0
0 0 -3 1 -2

O NN

Using the same transformations that led to (2.8) in the previous example, it follows that this system is

equivalent to

xr1 X2 I3 X4 xIs | xr1 X2 I3 X4 Is |

1 0 2 0 1 1 1 0 2 0 1 1
o 1 0 -1 0 |-2 |~ o 1 0 -1 0 |-2
0o 0 -3 1 -2|-4 0o 0 -3 1 -2|-4
0 0 -3 1 -=2]0 0 0 0 0 0 4

(add —1 times Equation 3 to Equation 4). Clearly, this system of equations cannot have a solution,
because the last equation requires 0 = 4, which is, of course, impossible.
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In general, whenever any of the numbers dj1,...,dn in (2.7) is different from zero, we see that the
corresponding system of linear equations cannot have a solution.

Theorem 2.3.2 and (2.7) can also be used to show that the column rank of a matrix must be equal to
the row rank of a matrix (see Section 2.2). This follows from the observation that the transformations
mentioned in Theorem 2.3.2, if applied to a matrix, leave the column and row rank of this matrix
unchanged.

Clearly, Az = b has a solution if and only if dj 41 = ... = d,, = 0in (2.7). Because the transformations
used in the elimination method do not change the rank of A and of (A4,b), where

all e QAin b1
(A,b) :=
am1 .. Qmn bm
we obtain

Theorem 2.3.3 Let m,n € IN, let A be an m X n matriz, and let b € IR™. The system Ax = b has at
least one solution if and only if R(A) = R(A, D).

Theorem 2.3.3 gives a precise answer to the question under which conditions solutions to a system of
linear equations exist.

The question whether vectors are linearly independent can be formulated in terms of a system of
linear equations. The vectors z!,...,2™ € R"™, where m,n € IN, are linearly independent if and only if
the only solution to the system of linear equations

arzt . Fanr™ =0

isaj =...=0a}, =0. We now show that at most n vectors of dimension n can be linearly independent.
Theorem 2.3.4 Let m,n € IN, and let z',...,2™ € IR". If m > n, then x',...x™ are linearly depen-
dent.

Proof. Consider the system of linear equations

(05} N @ |
b ... 2|0
' ; (2.9)

Using the Gaussian elimination method, we can find an equivalent system of the form

Ar(1) Cr2) --- COxk) Opk+1) --- CQx(m)
1 0 e 0 Cl(k-‘rl) e Clm 0
0 1 ce 0 CQ(k-‘rl) “e Com 0
0 ‘e 1 Ck(k—i—l) ‘e Ckm 0
0 0 0 0
0 e 0 0 e 0 0

(note that, because the right sides in (2.9) are equal to zero, the right sides of the transformed system
must be equal to zero—the transformations that are used to obtain this equivalent system leave these

zeroes unchanged). Because £ < n < m, the set {Qr(k41),-- -, Xr(m)} is nonempty. Therefore, we can
choose Qr(k41); -+, Qx(m) arbitrarily (in particular, different from zero) and o (1), . .., x(x) so that the
equations in the above system are satisfied. But this means there exist aq, ..., a, € R satisfying (2.9)

such that at least one «; is different from zero. This means that the vectors z!

dependent. I
We conclude this section with a special case of systems of linear equations, where the number of
equations is equal to the number of variables. These systems are important in many applications.

,...2™ must be linearly
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The following result deals with the existence and uniqueness of a solution to a system of n equations in
n variables, where n € IN. In many economic models, not only existence, but also uniqueness of a solution
is of importance, because multiple solutions can pose a serious selection problem and can complicate the
analysis of the behaviour of economic variables considerably. Again, the rank of the matrix of coefficients
is the crucial factor in determining whether or not a unique solution to a system of linear equations exists.

Theorem 2.3.5 Let n € IN, and let A be an n X n matriz. Ax = b has a unique solution for allb € IR"
if and only if R(A) = n.

Proof. “Only if”: By way of contradiction, suppose the system Ax = b has a unique solution z* € R"
for all b € R", and R(A) < n. Then one of the row vectors in A can be written as a linear combination
of the remaining row vectors. Without loss of generality, suppose

(@n1y- - Gnn) = (@i, ..., 010) + ...+ @ 1(A(n-1)15 - - -, An—1)n) (2.10)
with aq,...,a,_1 € R. Let
0
b=1] - | e R",
0
1
and consider the system of equations
Ax =b. (2.11)
Now successively add —a; times the first, —as times the second,. .., —a,_1 times the (n — 1)*! equation

to the n** equation. By (2.10) and the definition of b, the nt" equation becomes
0=1,

which means that (2.11) cannot have a solution for b € R™ as chosen above. This is a contradiction.
“If”: Suppose R(A) = n. Let b € R™. We have to prove

(1) the existence,
(ii) the uniqueness

of a solution to the system Az = b.
(1) Ezistence. By Theorem 2.3.4, the vectors

a11 Q1n b1

Gn1 Ann bn

must be linearly dependent (n + 1 vectors in IR cannot be linearly independent). Therefore, there exist
ai,...,0n, 0 € R such that

a1 a1n b1 0
ai : 4. Fan ; +60 + |I=1: ],
Gn1 Ann bn 0
where at least one of the real numbers ay, ..., a,, 3 must be different from zero.
If 6=0,
ail A1n 0
(65} +...tay = ’
an1 Ann 0

and there exists k € {1,...,n} such that oy # 0. But this contradicts the assumption R(A) = n.
Therefore, 8 # 0. This implies

a11 Q1n b1

() (0)(0)

Gn1 Qnn bn
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o= ( o %)
33
solves Ax = b. This proves (i).
(ii) Uniqueness. Suppose Ax = b and Ay = b, where z,y € R™. We have to show that z = y.
Subtracting the second of the above systems from the first, we obtain A(xz —y) = 0, which can be written
as

which means that

aii ain 0
(331 —y1) +...+ (mn _yn) = . (2'12)

Gn1 Ann 0

Because R(A) = n, the column vectors in A are linearly independent, and therefore, (2.12) can be satisfied
only if z; = y; for allt =1,...,n, that is, z = v. I

2.4 The Inverse of a Matrix

Recall that for any real number x # 0, there exists a number y € IR such that zy = 1, namely, y = 1/z.
Analogously, we could ask ourselves whether, for an n x n matrix A, we can find a matrix B such that
AB = E. As we will see, this is not the case for all n x n matrices—there are square matrices A (and
the null matrix is not the only one) such that there exists no such matrix B.

We will use the following terminology.

Definition 2.4.1 Let n € IN, and let A be an n X n matriz.

(i) A is nonsingular if and only if there exists a matriz B such that AB = E.
(ii) A is singular if and only if A is not nonsingular.

(2.

p=( k1)

we obtain AB = F, and therefore, the matrix A is nonsingular.

Now let
2 —4
A:(l _2>.

A is nonsingular if and only if we can find a 2 x 2 matrix B = (b;;) such that

2 -4 biy bz _ (1 0
1 -2 byy by )\ O 1)

This implies that B must satisfy

For example, consider the matrix

For

(2b12 — 4b22 = 0) AN (b12 — 2b22 = 1).

But this is equivalent to
(b12 — 2b22 = 0) A (b12 — 2b22 = 1),

and clearly, there exists no such matrix B. Therefore, A is singular.
Nonsingularity of a square matrix A is equivalent to A having full rank.

Theorem 2.4.2 Let n € IN, and let A be an n x n matriz. A is nonsingular if and only if R(A) = n.

Proof. “Only if”: Suppose A is nonsingular. Then there exists a matrix B such that AB = E. Let
b€ R". Then
b= Eb=(AB)b = A(BD).
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This means that the system of linear equations Az = b has a solution z* (namely, * = Bb) for all
b € R". By the argument used in the proof of Theorem 2.3.5, this implies R(A4) = n.

“If”: Suppose R(A) = n. By Theorem 2.3.5, this implies that Az = b has a unique solution for
all b € R". In particular, for b = e, where i € {1,...,n}, there exists a unique z** € R™ such that
Ax*? = ¢'. Because the matrix composed of the column vectors (el,...,e") is the identity matrix E, it
follows that AB = E, where B := (z*!,... z*"). I

In the second part of the above proof, we constructed a matrix B such that AB = E for a given
square matrix A with full rank. Note that, because of the uniqueness of the solution **, i = 1,...,n, the
resulting matrix B = (z*!,..., 2*") is uniquely determined. Therfore, for any nonsingular square matrix
A, there exists exactly one matrix B such that AB = E. Therefore, the above proof also has shown

Theorem 2.4.3 Letn € IN, and let A be an n x n matriz. If AB=F and AC = E, then B =C.

For a nonsingular square matrix A, we call the unique matrix B such that AB = E the inverse of A, and
we denote it by A7L.

Definition 2.4.4 Let n € IN, and let A be a nonsingular n x n matriz. The unique matriz A~' such
that
AA™ =F

is called the inverse matrix of A.
Some important properties of inverse matrices are summarized below.

Theorem 2.4.5 Letn € IN. If A is a nonsingular n x n matriz, then A=* is nonsingular and (A=)~ =

A.

Proof. Because nonsingularity is equivalent to R(A) = n, and because R(A’) = R(A), it follows that
A’ is nonsingular. Therefore, there exists a unique matrix B such that A’B = E. Clearly, E' = E, and
therefore,

E=FE =(A'B) =B'A,

and we obtain
B'=B'E=B(AA)=(BAA'=EA"=4"".

This implies A~'A = B’A = E, and hence, A is the inverse of A~ I

Theorem 2.4.6 Let n € IN. If A is a nonsingular n X n matriz, then A’ is nonsingular and (A’)~! =

(A1

Proof. That A’ is nonsingular follows from R(A’) = R(A) and the nonsingularity of A. Using Theorem
2.4.5, we obtain
E=F =(A1A) =A(A"1Y.

Therefore, (A4')~1 = (A71)". I

Theorem 2.4.7 Let n € IN. If A and B are nonsingular n X n matrices, then AB is nonsingular and
(AB)"' =B71A-L.

Proof. By the rules of matrix multiplication,
(AB)(B*A YY) = A(BB YA ' = AFA™' = AA"' = E.

Therefore, (AB)~! = B~1AL. I

2.5 Determinants

The determinant of a square matrix A is a real number associated with A that is useful for several
purposes. We first consider a geometric interpretation of the determinant of a 2 x 2 matrix.

Consider two vectors a', a? € IR?. Suppose we want to find the area of the parallelogram spanned by
the two vectors a' and a?. Figure 2.5 illustrates this area V for the vectors a! = (3,1) and a? = (1, 2).
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5 N
Figure 2.5: Geometric interpretation of determinants.

Of course, we would like to be able to assign a real number representing this area to any pair of vectors
al,a? € R?. Letting A2 denote the set of all 2 x 2 matrices, this means that we want to find a function
f: A% — R such that, for any A € A2, f(A) is interpreted as the area of the parallelogram spanned by
the column vectors (or the row vectors) of A.

It can be shown that the only function that has certain plausible properties (properties that we would
expect from a function assigning the area of such a parallelogram to each matrix) is the function that
assigns the absolute value of the determinant of A to each matrix A € A2 More generally, the only
function having such properties in any dimension n € IN is the function that assigns the absolute value
of A’s determinant to each square matrix A.

In addition to this geometrical interpretation, the determinant of a matrix has several very important
properties, as we will see later. In order to introduce the determinant of a square matrix formally, we
need some further definitions involving permutations.

Definition 2.5.1 Let n € IN, and let w : {1,...,n} — {1,...,n} be a permutation of {1,...,n}. The
numbers 7w(i) and w(j) form an inversion (in 7) if and only if

i< jAT(E) > 7m(j).

For example, let n = 3, and define the permutation

1 ifz=2
m:{1,2,3}—~{1,2,3}, z— ¢ 2 ifx=3 (2.13)
3 ifz=1

Then 7(1) and 7(2) form an inversion, because (1) > 7(2), and (1) and 7 (3) form an inversion, because
7(1) > w(3). Therefore, there are two inversions in the above permutation. We define

Definition 2.5.2 Let n € IN, and let w : {1,...,n} — {1,...,n} be a permutation of {1,...,n}. The
number of inversions in w is denoted by N ().

Definition 2.5.3 Letn € IN, and let w: {1,...,n} — {1,...,n} be a permutation of {1,...,n}.

(i) 7 is an odd permutation of {1,...,n} & N(7) is odd.
(ii) 7 is an even permutation of {1,...,n} & N(x) is even V N(mw) = 0.

The number of inversions in the permutation 7 defined in (2.13) is N(7) = 2, and therefore, 7 is an even
permutation.

Letting II denote the set of all permutations of {1,...,n}, the determinant of an n x n matrix can
now be defined.
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Definition 2.5.4 Let n € IN, and let A be an n x n matriz. The determinant of A is defined by

|A| = Z aﬂ(1)1a7(2)2 . aﬂ(n)n(—l)N(”)
well

To illustrate Definition 2.5.4, consider first the case n = 2. There are two permutations 7' and 72 of
{1, 2}, namely,
(1) =1A7'(2) =2

and
w2(1) =2 A7%(2) = 1.

Clearly, N(7!) = 0 and N(7?) = 1 (that is, 7! is even and 72 is odd). Therefore, the determinant of a
2 X 2 matrix A is given by

|A| = a11a22(—l)0 + a21a12(—l)1 = ai11a22 — G21012-

(A1)

Al=1-1—(-1)-2=142=3.

For example, the determinant of

is

In general, the determinant of a 2 x 2 matrix is obtained by subtracting the product of the off-diagonal
elements from the product of the elements on the main diagonal.
For n = 3, there are six possible permutations, namely,

(1) =1A7(2) =2A7H(3) =3,
m2(1) = 1A7T2(2) =3 A7%(3) =2,
(1) =2A73(2) =1A73(3) =3,
(1) =2A742) =3 A743) =1,
(1) =3A7T(2)=1A7°3) =2,
(1) =3A78(2)=2A753) =1
We have N(7') = 0, N(7?) = 1, N(n3) = 1, N(r*) = 2, N(n®) = 2, and N (%) = 3 (verify this as an

exercise). Therefore, the determinant of a 3 x 3 matrix A is given by

|A|l = aia2ass(—1)° + ar1as2a23(—1)" + aziaizazs(—1)"
+ agiazeaiz(—1)? + aziaizass(—1)? + azrazsaiz(—1)3

= Q11022033 — 11032023 — 021012033 + G21A32013 + A310Q12023 — A31022013-

For example, the determinant of

1 0 4
A= 2 1 -1
0 1 0
is
Al = 1-1.0-1-1-(-1)-2-0-0+2-1-440-0-(-1)—0-1-4

0+14+04+8+0+0=09.

For large n, the calculation of determinants can become computationally quite involved. In general,

there are n! (in words: “n factorial”) permutations of {1,...,n}, where, for n € IN,
nl:=1-2-...-n.
For example, if A is a 5 x 5 matrix, the calculation of |A| involves the summation of 5! = 120 terms.

However, it is possible to simplify the calculation of determinants of matrices of higher dimensions. We
introduce some more definitions in order to do so.
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Definition 2.5.5 Let n € IN, and let A be an n x n matriz. For i,j € {1,...,n}, let A;; denote the
(n—1) x (n— 1) matriz that is obtained from A by removing row i and column j. The cofactor of a;; is
defined by

|Gyl = (=1)"7| Ay

Definition 2.5.6 Let n € IN, and let A be an n x n matriz. The adjoint of A is defined by

|IC11| ... |Cnil
adj(A) =
ICin|l ... [Chnl

Therefore, the adjoint of A is the transpose of the matrix of cofactors of A.

The cofactors of a square matrix A can be used to expand the determinant of A along a row or a
column of A. This expansion procedure is described in the following theorem, which is stated without a
proof.

Theorem 2.5.7 Letn € IN, and let A be an n X n matriz.

(Z) |A| = Z?:l aij|C’ij| Vi = 1, ey
(ZZ) |A| = Z?:l aij|C’ij| V] = 1, o n.

Expanding the determinant of an n X n matrix A along a row or column of A is a method that proceeds by
calculating n determinants of (n—1) x (n—1) matrices, which can simplify the calculation of a determinant
considerably—especially if a matrix has a row or column with many zero entries. For example, consider

1 0 4
A=1 2 1 -1
01 0

If we expand |A| along the third row (which is the natural choice, because this row has many zeroes), we
obtain

0 4 1 4
—0.(_1\3+1,

-1

‘ +1-(—1)%F2.

‘ 40- (_1)3+3 .

- ‘=0+(—1)-(—1—8)+0=9.

Next, some important properties of determinants are summarized (the proof of the following theorem
is omitted).

Theorem 2.5.8 Letn € IN, and let A and B be n X n matrices.

(1) |A'| = | A].

(ii) If B is obtained from A by adding a multiple of one row (column) of A to another row
(column) of A, then |B| = |A|.

(143) If B is obtained from A by multiplying one row (column) of A by oo € IR, then |B| = «a|A|.
(iv) If B is obtained from A by interchanging two rows (columns) of A, then |B| = —|A|.

(v) [AB| = | |||

Part (v) of the above theorem gives us a convenient way to find the determinant of the inverse of
a nonsingular matrix A. First, note that |E| = 1 (Exercise: show this). For a nonsingular square
matrix A, we have AA™! = E, and therefore, |[AA~!| = |E| = 1. By part (v) of Theorem 2.5.8,
|AA™| = |A||]A7Y = 1, and therefore,

1

A7 = —.

A
Note that |A||A7!| = 1 implies that the determinant of a nonsingular matrix (and the determinant of its
inverse) must be different from zero. In fact, a nonzero determinant is equivalent to the nonsingularity
of a square matrix. Formally,

Theorem 2.5.9 Let n € IN, and let A be an n x n matriz. A is nonsingular if and only if |A] # 0.
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For a system of linear equations Az = b, where A is a nonsingular n X n matrix and b € R",
determinants can be used to find the unique solution to this system. The following theorem describes
this method, which is known as Cramer’s rule.

Theorem 2.5.10 Let n € IN. Furthermore, let A be a nonsingular n x n matriz, and let b € IR". The
unique solution x* € IR"™ to the system of linear equations Az = b satisfies

ail ‘e al(j_l) b1 al(j+1) ... Q1n
a R bn  Qn(; e.oa
e T st

Proof. Let * € R" be the unique solution to Az = b (existence and uniqueness of z* follow from the
nonsingularity of A). By part (iii) of Theorem 2.5.8,
ail e al(j—l) J?;falj al(j+1) ... Q1n
T |Al = : : : Vi=1,...,n.

an1 ... an(j_l) m;anj an(j+1) cee Qpn
By part (ii) of Theorem 2.5.8, the determinant of a matrix is unchanged if we add a multiple of a column
to another column. Repeated application of this property yields

n *
ail e al(j_l) Zk:l T a1k al(j-i-l) ... Q1n
m;|A|= : : : : : Vi=1,...,n.
n *
Unl -+ OGn(i—1) D ohe1 ThOnk On(j41) -+ Onn
Because z* solves Az = b, ZZ=1 xra;r = b; for alli =1,...,n. Therefore,
ail ‘e al(j_l) b1 al(j+1) ... Q1n
Ti|Al =] : : : : Vi=1,...,n. (2.14)
an1 ... an(j_l) bn an(j_H) N 4 Y O

Because A is nonsingular, |A| # 0, and therefore, we can divide both sides of (2.14) by |A| to complete
the proof. I
As an example, consider the system of equations Ax = b, where

2 0 1 1
A=|1 -1 0|, b={ 0
1 0 3 1

First, we calculate |A| to determine whether A is nonsingular. Expanding |A| along the second column
yields

2 1
=] ] 3 |=-520
By Cramer’s rule,

1 0 1

0 -1 0 11
. 11 0 3_(1)‘1 3‘_2
ST T C T

2 1 1

100 11
. 113 (_1)‘1 3‘ 2
2T 5 Ty

2 0 1

1 -1 0 2 1
. |1 0 1 (_1)‘1 1‘ 1
233: = =
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Determinants can also be used to provide an alternative way of finding the inverse of a nonsingular
square matrix.

Theorem 2.5.11 Let n € IN. If A is a nonsingular n X n matriz, then

- .
A7l = Wad](}l).

Proof. By definition, AA~! = E. Letting ai_jl denote the element in the i*” row and j** column of A~!,
we can write this matrix equation as

—1

ay;
A =e Vj=1,...,n.
a;jl
By Cramer’s rule,
ail ‘e al(i_l) e{ al(H_l) ... Q1n
a cer Qniic1) € ang ceeoa
ajt = e a D M Vij=1,.,m

Expanding along the i*" column, we obtain (recall that ¢/ =1and el =0 fori j
j 7

ot = ED A 1G]
Y |A] |A]

Vi, j=1,...,n,

that is,

- .
A7l = Wad](}l). I

2.6 Quadratic Forms

Quadratic forms are expressions in several variables such that each variable appears either as a square or
in a product with another variable. Formally, we can write a quadratic form in n variables z1, ..., x, in
the following way.

Definition 2.6.1 Let n € IN. Furthermore, let a;; € IR for alli=1,...,n, j=1,...,i, where a;; # 0
for at least one a;;. The expression
n i
PRI

i=1j=1
is a quadratic form in the variables x1, ..., Ty,.

Every quadratic form in n variables can be expressed as a matrix product

' Ax
where A is the symmetric n X n matrix given by
1 1
a11 5012 ... 35Q1p
1 1
5012 Q22 <o 502
A= ) ) ) . (2.15)
1 1
50[1n 50[2n e Qpn

It can be shown that, for given «;;, the matrix A defined in (2.15) is the only symmetric n x n matrix

such that .
n K3
2’ Ax = Z Z 0T 5.

i=1j=1
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Therefore, any symmetric square matrix uniquely defines a quadratic form.
For example, consider the symmetric matrix

(3 2)

The quadratic form defined by this matrix is

' Ax = 2% + 2110 + 20100 — x5 = 23 + dayT0 — T2
The properties of a quadratic form are determined by the properties of the symmetric square ma-
trix defining this quadratic form. Of particular importance are the following definiteness properties of
symmetric square matrices.

Definition 2.6.2 Let n € IN. A symmetric n x n matriz A is

(i) positive definite < z’Az >0 Vz € R™\ {0},
(i) negative definite & z’Azr <0 Va € R"\ {0},
(i) positive semidefinite < 2’ Ax >0 Vx € IR",
(iv) negative semidefinite < 2’Ax <0 Va € IR".

These properties will be of importance later on when we discuss second-order conditions for the opti-
mization of functions of several variables.
Here are some examples. Let

2 1 -2 1 1
A:<1 1>’B:< 1 —1>’C:<2

The quadratic form defined by A is

2

o' Az = 223 4 23120 + 22 = 22 + (21 + 22)?,

which is positive for all € IR? \ {0}. Therefore, A is positive definite. Similarly, we obtain
' Br = =223 + 2x115 — 235 = (—1)(2} + (21 — 12)?),

which is negative for all z € IR? \ {0}, and hence, B is negative definite. Finally, the quadratic form
defined by C'is

2'Cx = 2?3 + 4zy29 + 25 = 22120 + (21 + 2)°.

For ' = (1,1), we obtain #'Cz = 6 > 0, and substituting (—1,1) for 2’ yields 2'Cx = -2 < 0.
Therefore, C' is neither positive (semi)definite nor negative (semi)definite. A matrix which is neither
positive semidefinite nor negative semidefinite is called indefinite.

For matrices of higher dimensions, checking definiteness properties can be a quite involved task. There
are some useful criteria for definiteness properties in terms of the determinants of a matrix and some of
its submatrices. Some further definitions are needed in order to introduce these criteria.

Definition 2.6.3 Let n € IN, and let A be an n x n matriz. Furthermore, let k € {1,...,n}.

(i) A principal submatrix of order k of A is a k x k matriz that is obtained by removing (n—k)
rows and the (n — k) columns with the same numbers from A.

(ii) The leading principal submatrix of order k of A is the k x k matrixz that is obtained by
removing the last (n —k) rows and columns from A. The leading principal submatriz of order
k of A is denoted by Ay.

For example, the principal submatrices of order 2 of

1 2 0
A=10 -1 O
2 1 =2

are
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The leading principal submatrices of orders k = 1,2,3 of A are

m (5 %)

respectively. Note that principal submatrices are obtained by removing rows and columns with the same
numbers. For the above matrix A, the submatrix

(2 1)

which is obtained by removing row 2 and column 3 from A is not a principal submatrix of A.
The determinant of a (leading) principal submatrix is called a (leading) principal minor. Hence, the
leading principal minor of order k£ of an n x n matrix A is

ail e Qg
|A| =
ak1 ... Ok
We now can state

Theorem 2.6.4 Letn € IN, and let A be a symmetric n X n matriz. A is

(i) positive definite < |Myg| > 0 for all principal submatrices My, of order k, for all k =
}z,z) I'1,egiative definite < (—1)%|My| > 0 for all principal submatrices My, of order k, for all
];zz:z) ll;c')éi't}:/lé semidefinite < |Myg| > 0 for all principal submatrices My, of order k, for all
];w:) illa;ggt,i:/l(; semidefinite < (—1)*|My| > 0 for all principal submatrices My of order k, for
alk=1,...,n.

Proof (for n = 2). Theorem 2.6.4 is true for any n € IN, but we will only prove the case n = 2 here.
See more specialized literature for the general proof.

(i) “=”: By way of contradiction, suppose A is positive definite, but there exists k£ € {1,2} and a
principal submatrix M}, of order k such that |My| < 0. For n = 2, there are three possible cases.

I: a11 <0
II: ag9 S 0;
III: |A| <0.

In case I, let ' = (1,0). Then 2’ Az = a1; < 0, which contradicts the positive definiteness of A.

In case II, let ' = (0,1). Then 2’ Ax = a2 < 0, which again contradicts the positive definiteness of
A.

Finally, consider case III. If a2 < 0, we can use the same reasoning as in case II to obtain a contra-
diction. If age > 0, let

a
T1 = 4/G22, T2 = —\/%-

Then 2’ Az = a11a22 — a3y = |A| < 0, contradicting the positive definiteness of A.
“«<”: Suppose a1 > 0, azz > 0, and |A| = a11a22 — a3y > 0. For any x € R™ \ {0}, we obtain

/ 2 2
Tz Ar = a112] + 20122122 + a2275
2 2
a a
2 2 12 2 12 2
= a117] +2a12%1%2 + a22T; + —=T5 — —=T5
a11 a11
2 2
a2 a a
2 12 2 12 .2
= an |z]+2—>>2 + 5775 | + | 22 — — | 73
aii aiq aii
a 2 ana a?
12 11422 — W19 o
= an v+ —x2 | + ——=13
a11 a11

2
a1z Al »
= an |1+ —x2) +-—z3>0,
aii aii



2.6. QUADRATIC FORMS 45

and therefore, A is positive definite.

The proof of part (ii) is analogous and left as an exercise.

(iii) “=7: Suppose A is positive semidefinite, but there exists k € {1,2} and a principal submatrix
Mj, of order k such that |My| < 0. Again, there are three possible cases.

Ia; < 0;
II: a99 < 0;
IIL: |A] < 0.

In case I, let ' = (1,0). Then 2’ Az = a11 < 0, which contradicts the positive semidefiniteness of A.

In case I, let 2’ = (0,1). Then 2’ Az = a2z < 0, which again contradicts the positive semidefiniteness
of A.

Now consider case III. If az2 < 0, we can use the same reasoning as in case II to obtain a contradiction.
If ags = 0, let 2’ = (a12,—(a11 + 1)/2). Then 2’Ax = —a3, = |A| < 0, contradicting the positive
semidefiniteness of A. If ass > 0, let

a
1 = \/A22, T2 = —\/;i.
2

Again, we obtain ¥’ Ax = aj1a22 — a3y = |A| < 0, contradicting the positive semidefiniteness of A.
“«<”: Suppose a11 > 0, ags > 0, and |A| = ajjaze — a2y > 0. Let z € R™. If a;; = 0, |A] > 0 implies
a12 = 0, and we obtain
2’ Az = a2 > 0.

If a11 > 0, we obtain (analogously to the proof of part (i))

, aix \* | JA] ,
' Ar = a1 (21 + —x2 | + —x5 >0,
aii aii

which proves that A is positive semidefinite.
The proof of (iv) is analogous and left as an exercise. I
For positive and negative definiteness, it is sufficient to check the leading principal minors of A.

Theorem 2.6.5 Letn € IN, and let A be a symmetric n X n matriz. A is

(i) positive definite < |Ag| >0 Vk=1,...,n,
(ii) negative definite < (—1)F|Ax| >0 Vk=1,...,n.

Proof. Again, we give a proof for n = 2.

(i) By Theorem 2.6.4, all that needs to be shown is that the n leading principal minors of A are
positive if and only if all principal minors of order £ = 1,...,n of A are positive.

Clearly, if all principal minors of order k are positive, then, in particular, the leading principal minors
of order k are positive forall k=1,...,n.

Conversely, suppose the leading principal minors of A are positive. Therefore, in the case n = 2, we
have a;; > 0 and |A| > 0. Because A is symmetric, |A| > 0 implies aj1a22 — a3 > 0. Therefore,

aij1aoo > G%Q. (216)

Because a1; > 0, dividing (2.16) by a11 yields azs > a2,/a11 > 0, which completes the proof of (i).

Part (ii) is proven analogously. |

Therefore, a symmetric n X n matrix A is positive definite if and only if the leading principal minors of
A are positive, and A is negative definite if and only if the signs of the leading principal minors alternate,
starting with |A1| = a11 < 0.

For positive and negative semidefiniteness, a result analogous to Theorem 2.6.5 can not be obtained.
Checking the leading principal minors is, in general, not sufficient to determine whether a matrix is
positive or negative semidefinite. For example, consider the matrix

(5 4)
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We have |A;] = 0 and |Az| = |A| = 0. Therefore, |Ax| > 0 for all k = 1,2, but A is not positive
semidefinite, because, for example, choosing '’ = (0, 1) leads to 2’ Az = —1 < 0.
As an example for the application of Theorems 2.6.4 and 2.6.5, consider again

a=(11)m=( h)e=(3 )

We obtain |A1] =2 > 0 and |A2| = |A] = 1 > 0, and therefore, according to Theorem 2.6.5, A is positive
definite. Furthermore, |B1| = —2 < 0 and |Bs| = |B| = 1 > 0, which means that B is negative definite.
Finally, |C1] = 1 > 0 and |Cs| = |C| = —3 < 0. According to Theorem 2.6.4, C' is neither positive
semidefinite nor negative semidefinite, and therefore, C' is indefinite.



Chapter 3

Functions of One Variable

3.1 Continuity

In this chapter, we discuss functions the domain and range of which are subsets of IR. Hence, a real-valued
function of one variable is a function f : A — B where A C R and B C R. To simplify matters, we
assume that A is an interval of the form [a, b] with a,b € R or (a,b) with a € RU{—o0}, b € RU {0}
or [a,b) witha € R, b € RU {00} or (a,b] with a € RU {—oc0}, b € R, where a < b. It should be noted
that some, but not all, of the results stated in this chapter can be generalized to domains that are not
necessarily intervals. The range of f will, in most cases, simply be the set IR itself.

In many economic models (and in other applications), real-valued functions are assumed to be con-
tinuous. Loosely speaking, continuity ensures that “small” changes in the argument of a function do not
lead to “large” changes in the value of the function. The formal definition of continuity is

Definition 3.1.1 Let A C IR, and let f : A — IR be a function. Furthermore, let xg € A.
(i) The function f is continuous at xq if and only if

Vd € Ry4,3e € Ry such that f(z) € Us(f(xo)) Yo € U (x0) N A.

(ii) The function f is continuous on Ay C A if and only if f is continuous at each xo € Ag. If f is
continuous on A, we will often simply say that f is continuous.

According to this definition, a function f is continuous at a point xg in its domain if, for each neighborhood
of f(zo), there exists a neighborhood of z¢ such that f(x) is in this neighborhood of f(xg) for all z in
the domain of f that are in the neighborhood of x.

Consider the following example. Let

fR—R, z— 2z,

and let g = 1. Then f(xo) = f(1) = 2. To show that the function f is continuous at x¢o = 1, we have to
show that, for any § € R4, we can find an € € IR, such that

flx)e(2-6,246) Vee (1—g1+¢).
For § €e Ry, let €:=§/2. Then, for all z € U (1) = (1 —6/2,1+6/2),
fl@)>2(1—¢e)=2(1-6/2)=2—-¢and f(z) <2(1+e)=2(1+6/2) =2+.

Therefore, f(x) € Us(2) for all z € U (1). Similarly, it can be shown that f is continuous at any point
xzo € R (Exercise: provide a proof), and therefore, f is continuous on its domain R.
As another example, consider the function

0 ifz<0

f:RH]R’mH{ 1 ifz>0.

This function is not continuous at zo = 0. To show this, let § = 1/2. Continuity of f at x¢ = 0 requires
that there exists € € Ry such that f(z) € (—=1/2,1/2) for all z € U.(0) = (—&,¢). For any € € Ry,

47
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f(xo) + 6
f(l“o)
f(xo) — 6

o —€ To xg+€ T

Figure 3.1: A continuous function.

f()

flxo) + 6

f(l“o)
f(xo) — 6 :

Zo x

Figure 3.2: A discontinuous function.

U-(0) contains points > 0, and therefore, any neighborhood of o = 0 contains points = such that
f(x) =1&Us(f(xo)) = (—1/2,1/2). Therefore, f is not continuous at zo = 0.

Using the graph of a function, continuity can be illustrated in a diagram. Figure 3.1 gives an example
of the graph of a function f that is continuous at xy, whereas the function with the graph illustrated in
Figure 3.2 is not continuous at the point zg.

An alternative definition of continuity can be given in terms of sequences of real numbers.

Theorem 3.1.2 Let A C IR be an interval, and let f : A — IR be a function. Furthermore, let xg € A.
f is continuous at xo if and only if, for all sequences {x,} such that x, € A for alln € IN,

lim x, =z = lim f(z,) = f(zo).

n—oo n—oo

Proof. “Only if”: Suppose f is continuous at zg € A. Then, for any § € R, there exists ¢ € R4
such that

f(x) € Us(f(z0)) Vo € Us(x0) N A.
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Let {z,} be a sequence such that z,, € A for all n € IN and {z,} converges to xg. Because lim, oo T, =
o, we can find ng € IN such that

|zr, — xo| <€ Vn > ng.

Therefore, |f(zn) — f(xo)| < § for all n > ng, which implies that {f(z,)} converges to f(xo).
“If”: Suppose f is not continuous at zo € A. Then there exists § € R4+ such that, for all e € Ry 4,
there exists x € U (xg) N A with

f(x) & Us(f(20))-
Let &y, :=2/n for all n € IN. By assumption, for any n € IN, there exists x,, € U., (o) N A such that

|f(zn) = f(z0)| 2 0. (3.1)

Because z,, € U., (zg) N A for all n € IN, the sequence {z,} converges to xg. By (3.1), {f(z,)} does not
converge to f(zo), which completes the proof. I

Theorem 3.1.2 is particularly useful in proving that a function is not continuous at a point xg in its
domain. One only has to find one sequence {z,} that converges to xo such that the sequence {f(zn)}
does not converge to f(z).

We now introduce limits of a function which are closely related to limits of sequences.

Definition 3.1.3 Let A C IR, and let f : A+ IR be a function. Furthermore, let o« € IRU {—o00, c0}.

(i) Let xg € RU {—o0}, and suppose (xg,zo + h) C A for some h € IR.,. The right-side limit of
f at o exists and is equal to « if and only if, for all monotone nonincreasing sequences {x,} such that
Tn € A for allm € IN,
Tn — o = f(an) — a.

If the right-side limit of f at xo exists and is equal to o, we write limg ., f(x) = a.

(ii) Let xg € RU {00}, and suppose (xo—h,xo) C A for some h € Ry . The left-side limit of f at xg
exists and is equal to « if and only if, for all monotone nondecreasing sequences {x,} such that x, € A
for allm € IN,

Tpn — o = f(an) — a.

If the left-side limit of f at xo exists and is equal to o, we write limy1q, f(z) = a.

(iii) Let xo € IR, and suppose (xg — h, zo) U (2o, o+ h) C A for some h € IRy ;. The limit of f at xg
exists and is equal to a if and only if the right-side and left-side limits of f at xo exist and are equal to
a. If the limit of f at x exists and is equal to o, we write lim,_,,, f(z) = .

For finite values of zp and «, an equivalent definition of a limit can be given directly (that is, without
using sequences). We obtain

Theorem 3.1.4 Let A C IR, and let f : A — IR be a function. Furthermore, let xg € IR, a € IR, and
suppose (xo — h,zo) U (zg, 20 + h) C A for some h € IR1. The limit of f at zq exists and is equal to «
if and only if

Vd € Ryy,3e € Ry such that f(z) € Us(a) YV € U:(x0).

Analogous results are valid for one-sided limits.
For interior points of the domain of a function, continuity at these points can be formulated in terms
of limits. We obtain

Theorem 3.1.5 Let A C IR be an interval, and let f : A — IR be a function. Furthermore, let xo be an
interior point of A. f is continuous at zo if and only if lim,_, ., f(x) exists and lim,_,,, f(x) = f(zo).

Theorem 3.1.5 can be proven by combining Theorem 3.1.2 and Definition 3.1.3.
Analogously, for boundary points of A, we obtain

Theorem 3.1.6 Let A = [a,b] with a,b € IR and a < b. Furthermore, let f : A~ IR be a function.

(i) f is continuous at a if and only if lim, |, f(z) exists and limg, f(x) = f(a).
(i) f is continuous at b if and only if limyyy, f(x) exists and limgyy, f(z) = f(b).
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To illustrate the application of Theorem 3.1.5, consider the following examples. Let
fR—R, z+— 2z.
We use Theorem 3.1.5 to prove that f is continuous at zog = 1. We obtain

lxl%rllf(m) = E%rlﬁm =2
and

lim f(x) = lim 2z = 2,
and therefore, lim,_,; f(z) exists and is equal to 2. Furthermore, f(1) = 2, and therefore, according to
Theorem 3.1.5, f is continuous at xg = 1.

Now let
0 ifz<0

f:]RH]R’mH{ 1 ifo>0.

Let o = 0. We have
lim f =lim0 =
ITO (m) IT() 0 0

and
li =liml=1
lim /() = lim :
and therefore, lim,_,o f(x) does not exist. By Theorem 3.1.5, f is not continuous at xg = 0.
Finally, consider the function given by

0 ifz=0

f:IRHIR,mH{ 1 ifz 0.

For zy = 0, we obtain

lgr&f(m) = %11 =1
and

laclﬂ)lf(m) = lxiﬁ)ll =1

Therefore, lim,_,o f(z) exists and is equal to 1. But we have f(0) = 0 # 1, and hence, f is not continuous
at g = 0.

The following definition introduces some notation for functions that can be defined using other func-
tions.

Definition 3.1.7 Let A C IR be an interval, and let f: A~ IR and g : A — IR be functions. Further-
more, let o € IR.

(i) The sum of f and g is the function defined by
f+g: A= R,z f(z)+g(z).
(ii) The function af is defined by
af : A= R, z— af(x).
(iii) The product of f and g is the function defined by
fo: A R oo f(@)g(a).
(i) If g(x) # 0 for all x € A, the ratio of f and g is the function defined by
f f(=z)

“: A= R, x+— —/=.
g

g9(z)

Some useful results concerning the continuity of functions are summarized in
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Theorem 3.1.8 Let A C IR be an interval, and let f : A — IR and g : A — IR be functions. Furthermore,
let a € R. If f and g are continuous at xg € A, then

(i) f + g is continuous at xg.

(ii) af is continuous at xg.

(iii) fg is continuous at xg.

(iv) If g(x) # 0 for allx € A, f/g is continuous at xg.

The proof of this theorem follows from the corresponding properties of sequences and Theorem 3.1.2.
Furthermore, if two functions f : A — R and g : f(A) — R are continuous, then the composite
function g o f is continuous. We state this result without a proof.

Theorem 3.1.9 Let A C IR be an interval. Furthermore, let f: A — IR and g : f(A) — IR be functions,
and let xg € A. If f is continuous at xg and g is continuous at yo = f(xo), then go f is continuous at
Zg.

If the domain of a continuous function is an interval, the inverse of this function is continuous.

Theorem 3.1.10 Let A C IR be an interval, let B C IR, and let f : A — B be bijective. If f is continuous
on A, then f=1 is continuous on B = f(A).

The assumption that A is an interval is essential in this theorem. For some bijective functions f with
more general domains A C IR, continuity of f does not imply continuity of f~!. To illustrate that,
consider the following example. Let

22 ifz €[0,1]

f:10,17U(2,3] = [0,2], JJH{ z—1 ifze (23]

The domain of this function is A = [0,1] U (2, 3], which is not an interval. The function f is continuous
on A and bijective (Exercise: show this). The inverse of f exists and is given by

1. Vy ifye0,1]
Frpgsbyoesy-{ Y] R )
Clearly, f~! is not continuous at 3y = 1.
Some important examples for continuous functions are polynomials.

Definition 3.1.11 Let A C IR be an interval, and let f : A — IR be a function. Furthermore, let
n € INU {0}. f is a polynomial of degree n if and only if there exist ay,...,an € R with oy, # 0 if
n € IN such that

n

f(z) = Zaimi Vo € A.

i=0
For example, the function
f R—R, 2+ —2+x—22°

is a polynomial of degree three. Other examples for polynomials are constant functions, defined by
fTR—R, z— «
where a € IR is a constant, affine functions
fTR—=R, 2~ a+fz
where a, 3 € R, 8 # 0, and quadratic functions
f:R—R, z+— a+ Bz +yz?

where «, 3,7 € IR, v # 0. Constant functions are polynomials of degree zero, affine functions are
polynomials of degree one, and quadratic functions are polynomials of degree two.
Because the function
fR—=R, z— 2"

is continuous for any n € IN (Exercise: prove this), Theorem 3.1.8 implies that all polynomials are
continuous.

Analogously to monotonic sequences, monotonicity properties of functions can be defined. We con-
clude this section with the definitions of these properties.
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o xo+h zo+h T

Figure 3.3: The difference quotient.

Definition 3.1.12 Let A C IR be an interval, and let B C A. Furthermore, let f : A — IR be a function.

(i) f is (monotone) nondecreasing on B if and only if

z>y= f(z) > f(y) Vz,yeB.
(ii) f is (monotone) increasing on B if and only if

x>y= f(z) > fly) Vz,y € B.
(iii) f is (monotone) nonincreasing on B if and only if

z>y= f(z) < fly) Va,y€ B.
(iv) f is (monotone) decreasing on B if and only if

x>y= f(z) < fly) Vz,y € B.

If f is nondecreasing (respectively increasing, nonincreasing, decreasing) on its domain A, we will some-
times simply say that f is nondecreasing (respectively increasing, nonincreasing, decreasing).

3.2 Differentiation

An important issue concerning real-valued functions of one real variable is the question how the value of a
function changes as a consequence of a change in its argument. We first give a diagrammatic illustration.
Consider the graph of a function f : IR — IR as illustrated in Figure 3.3.

Suppose we want to find the rate of change in the value of f as a consequence of a change in the
variable z from zy to 2o + h. A natural way to do this is to use the slope of the secant through the points
(0, f(z0)) and (xg + h, f(zo + h)). Clearly, this slope is given by the ratio

fxo +h) — f(xo)
- :

(3.2)

The quotient in (3.2) is called the difference quotient of f for xg and h. This slope depends on the
number h € IR we add to zo (h can be positive or negative). Depending on f, the values of the difference
quotient for given z( can differ substantially for different values of h—consider, for example, the difference
quotients that are obtained with h and with h in Figure 3.3.
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In order to obtain some information about the behaviour of f “close” to a point xg, it is desirable
to find an indicator that is independent of the number h which represents the deviation from xg. The
natural way to proceed is to use the limit of the difference quotient as h approaches zero as an indicator
of the change in f at (. If this limit exists and is finite, we say that the function is differentiable at the
point zg. Formally,

Definition 3.2.1 Let A C IR, and let f : A~ IR be a function. Furthermore, let xo be an interior point
of A. The function f is differentiable at zq if and only if

lim f(xo+h) — f(xo0)

h—0 h

(3.3)

exists and is finite. If f is differentiable at xo, we call the limit in (3.3) the derivative of f at zo and
denote it by f'(xo).

Definition 3.2.1 applies to interior points of A only. We can also define “one-sided” derivatives at the
endpoints of the interval A, if these points are elements of A.

Definition 3.2.2 Let f : [a,b] — R with a,b € IR and a <b.
(i) f is (right-side) differentiable at a if and only if

o fla k)~ f(a)

i W (3.4)

exists and is finite. If f is (right-side) differentiable ot a, we call the limit in (3.4) the (right-side)
derivative of f at a and denote it by f'(a).

(ii) f is (left-side) differentiable at b if and only if

o L0 1)~ £(8)

lixn h (3.5)

exists and is finite. If f is (left-side) differentiable at b, we call the limit in (8.5) the (left-side) derivative
of f at b and denote it by f'(b).

A function f : A — R is differentiable on an interval B C A if f'(x) exists for all interior points zg of
B, and the right-side and left-side derivatives of f at the endpoints of B exist whenever these endpoints
belong to B. If f : A+— IR is differentiable on A, the function

AR, oz f(x)

is called the derivative of f. If the function f’ is differentiable at z¢o € A, we can find the second derivative
of f at xg, which is just the derivative of f' at xg. Formally, if f' : A — IR is differentiable at zo € A, we

call
f'(@o + h) — f'(20)
h

the second derivative of f at xg. Analogously, we can define higher-order derivatives of f, and we write
™ (z0) for the n** derivative of f at x (where n € IN), if this derivative exists.

For a function f which is differentiable at a point zg in its domain, f'(z¢) is the slope of the tangent
to the graph of f at xy. The equation of this tangent for a differentiable function f: A+ R at zg € A is

[ (o) = lim

y = f(zo) + f'(z0)(z — z9) Vz € A.
As an example, consider the following function
fiR—=R, z—2+z+42°

To determine whether or not this function is differentiable at a point g in its domain, we have to find
out whether the limit of the difference quotient as h approaches zero exists and is finite. For the above
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function f and x¢ € R, we obtain

f(zo +h) — f(xo)

CHAPTER 3. FUNCTIONS OF ONE VARIABLE

2+ 20+ h+4(xo +h)? — 2 — 20 — 4(20)?

h h
. h+ 4((230)2 + 2xoh + h2) — 4(330)2
B h
4 2
- W =1+ 8z + 4h.

Clearly,
lim (1 + 8z + 4h) = 1 + 8z,
h—0

and therefore, f is differentiable at any point xg € R with f'(x¢) = 1 + 8.
Differentiability is a stronger requirement than continuity. This is shown in the following theorems.

Theorem 3.2.3 Let A C IR be an interval, and let f : A — IR be a function. Furthermore, let xo be an
interior point of A. If f is differentiable at xq, then f is continuous at xg.

Proof. For h € R such that (xg + h) € A and h # 0, we obtain

f($0+h)—f($0)>h'

oo +1) = flan) = (120

Because f is differentiable at x,

lim ((zo + h) — f(z0)) = f'(zo) Jim h =0,

This implies
lim f(zo + h) = f(z0).
h—0

Defining = := xo + h, this can be written as

lim f(z) = f(zo),

Tr—xo

which proves that f is continuous at xo. I
Again, we can extend the result of Theorem 3.2.3 to boundary points of A.

Theorem 3.2.4 Let f : [a,b] — R with a,b € IR and a < b.

(i) If f is right-side differentiable at a, then f is continuous at a.
(is) If f is left-side differentiable at b, then f is continuous at b.

The proof of this theorem is analogous to the proof of Theorem 3.2.3 and is left as an exercise.
Continuity does not imply differentiability. Consider, for example, the function

f R—=R, z— |z
This function is continuous at xy = 0, but it is not differentiable at zg = 0. To show this, note that

li =1li =0, li =lim—x =
aclﬁ)lf(m) lin. 0, ;%f(m) lizn — 0,

and f(0) = 0. Therefore, lim,_,o f(z) exists and is equal to f(0) = 0, which shows that f is continuous
at g = 0.

Now note that
fO+h)—f(0) h

i S
nio h h
and 0+h) — £(0 h
i JOHR) = fO) _—h

ht0 h h
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Clearly,
i LOEW = F0) O+ 1) = 1)
hl0 h h10 h

and therefore,

Lo SO+ 1)~ £(0)

h—0 h
does not exist, which implies that f is not differentiable at o = 0.

The following theorem introduces some rules of differentiation which simplify the task of finding the

derivatives of certain differentiable functions. It states that sums, multiples, products, and ratios of
differentiable functions are differentiable, and shows how these derivatives are obtained.

Theorem 3.2.5 Let A C IR be an interval, and let f: A— IR, g : A IR be functions. Furthermore,
let a € IR. Let xy be an interior point of A, and suppose f and g are differentiable at xg.

(i) f + g is differentiable at xq, and (f + g)'(xo0) = f'(x0) + ¢’ (20)-

(ii) af is differentiable at xg, and (af) (zo) = af’(xo).

(i11) fg is differentiable at zo, and (fg)'(zo) = f'(z0)g(z0) + f(z0)g (x0).

(iv) If g(xg) # 0, then f/g is differentiable at zq, and

Y ooy = (@0)g(x0) — f(z0)g'(x0)
(7) o= 9@ '

Proof. (i) Because f and g are differentiable at xq, f'(z¢) and ¢'(xo) exist. Now it follows that
f(xo +h) + g(zo + h) — fxo) — g(xo)

lim = lim fl@o+h) — f(wo) + lim
h—0 h h—0 h h—0
= f'(zo) +¢'(20)-

g(zo +h) — g(xo)
h

(i1) lim af(zo + h}i —af(zo) _ o lim flzo + h}i — flzo) _ of (z0).
(i) Tim f(@o +h)g(xo + h) — f(xo)g(z0) lim f(@o +h)g(xo + ) — f(x0)g(z0 + h)
h—0 h h—0 h

. f(zo)g(zo +h) — f(z0)g(0)

-

_ }ILI_I% f(mo_'_h]i—f(mO)g(mO‘Fh)
. g(zo +h) — g(z0)

+  lim f(zo) h

= f'(z0)g(xo) + f(x0)g' (o).

(iv) Because g is differentiable at xg, g is continuous at . Therefore, g(xg) # 0 implies that there
exists a neighborhood of zg such that g(z) # 0 for all x € A in this neighborhood. Let h € IR be such
that (z¢ + h) is in this neighborhood. Then we obtain

L fmo+W)gleo + 1) — f@o)o@) _ . flzo-+Wglan) = flrolaleo +h) _
h—0 h h—0 hg(zo + h)g(xo)
g 220 1) = )] = flenloteo +1) = glon)] _ Ganlgte) = flanlg'Gan) |
h—0 hg(zo + h)g(zo) [9(z0)]? '

Replacing the limits in the above proof by the corresponding one-sided limits, we obtain analogous results
for boundary points of A. The formulation of these results is left as an exercise.
We now find the derivatives of some important functions. First, consider affine functions of the form

fTR—=R, 2~ a+fz
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with o, 6 € R and 8 # 0. Let € IR. Then
LSt f() et fath) - fr
h—0 h h—0 h h h

Therefore, f'(x) = ( for all z € RR.
Now consider the linear function

fR—=R, z— fz
with 8 € IR, 8 # 0. For any = € IR, we obtain
LS @) e th) - fe
h—0 h h—0 h

and therefore, f'(z) = g for all x € R.
If f is a constant function

= 1. =
h%ﬁ B,

fTR—=R, z— «
with a € R, we can write f as
fTR—=R, 2~ a+ pz— Pz

with 8 € R, 8 # 0. Parts (i) and (ii) of Theorem 3.2.5 imply, together with the above results for affine
and linear functions,

f'(z)=0 VzeRR. (3.6)

Next, let
fR—=R, z—a"

where n € IN. For z € R, we obtain the difference quotient

fe+h) - flz) _(z+h)" -

h h
The binomial formula (which we will not prove here) says that, for z,y € R and n € I,

n
n!
n = n—k, k
(m+y) _kzzok!(n—k)'m Y
Therefore, we obtain
! —kpk
e g S e
h—0 h T RS0 L
| —
b T
n h—0 h
— lim nz" th+ Y1 _, Wik)!mn_khk
B h—0 h
= nz"? Ln—kpk—1
B + }ILIE%)Z Kl(n — h
= nz" L
Therefore,
f'(z) =na"! VreR. (3.7)

If we have a polynomial

n
fR~—~R, mHZaimi
i=0
with n € IN, Theorem 3.2.5, (3.6), and (3.7) can be applied to conclude

n
"(z) = Zz’aimi_l vz € R.

A very useful rule for differentiation that applies to composite functions is the chain rule, which is
described in the following theorem.
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Theorem 3.2.6 Let A C IR be an interval, and let f : A — IR, g: f(A) — IR be functions. Let xqy be
an interior point of A. If f is differentiable at xo and g is differentiable at yo = f(xo), then go f is
differentiable at xqy, and

(g0 f) (wo) = g'(f(20)) f' (o).

Proof. Let yo = f(xo). For r € IR such that (yo +r) € f(A), define

g9(yo+7r)—9g(yo) ifr 0

e DT

Because g is differentiable at g,
lim k(o + 1) = g/ (y0)-
Furthermore, by definition,
9o +7) = g(yo) = rk(yo + 7).
Therefore, for h € R\ {0} such that (xo + h) € A,

9(f(zo +h)) = g(f(z0)) = [f(zo + h) = f(z0)|k(f(z0 + h)),

and hence,

ol £ 1) —g(F(@n) _ fzo + W)= J@n)y gy

Taking limits, we obtain

g9(f(zo + 1)) = g(f(x0)) _ .~ f(xo+h)— f(x0)

(99 ) (20) = lim ; — lim 280k (f(ao + h)
= g (@) @o)- |

Again, it is straightforward to obtain analogous theorems for boundary points of A by considering one-
sided limits.
As an example for the application of the chain rule, let

f:R—TR, z+ 2z — 32°

and
g R— 1R, y— y3.
Then
gof:R R, z+ (22 — 32?)3.
We obtain
fl(x)=2—-6z VzeR
and

J(y) =3y VyeR.

According to the chain rule,

(9o f) (@) =g (f(2)f (x) = 3(2x — 32%)*(2 — 62) Vz € R.

The following theorem (which we state without a proof) provides a relationship between the derivative
of a bijective function and its inverse.

Theorem 3.2.7 Let A, B C IR, where A = (a,b) with a,b € IR, a < b. Furthermore, let f : A+ B be
bijective and continuous. If f is differentiable at zo € A = (a,b) and f'(xo) # 0, then f~1 is differentiable

at yo = f(zo), and
1

(f_ )/(y()) = f/(mo)'
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To conclude this section, we introduce some important functions and their properties. First, we define
the exponential function.

Definition 3.2.8 The function
X .n
x
EZIR'—)]R++, T +— EOH
n—

is called the exponential function.

The definition of F involves an infinite sum, but it can be shown that this sum converges for all z € IR,
and therefore, F is a well-defined function. Another (equivalent) definition of E is given by the following
theorem, which is stated without a proof.

Theorem 3.2.9 For all x € IR,
n
E(z) = lim (1—!— E) .
n

n—oo

The exponential function is used, for example, to describe certain growth processes. Before discussing
an application, we introduce some important properties of E and related functions. We only prove part
(i) of the following theorem.

Theorem 3.2.10 (i) The function E is differentiable on IR, and E'(x) = E(x) Vz € R.
(i1) E is increasing, limgroo E(z) = 00, limg|_ oo E(z) =0, and E(IR) = R, 4
(iii) E(0) = 1.
(iv) E(1) = e = 2.71828.. ..
(v) E(x+vy)=E(x)E(y) Y=,y € R.

Proof of (i). For z € IR, we obtain (using the rules of differentiation for polynomials)
n—1 > pn—1

N N oz
P@ =3 =3 oy = 2 = F@) |

n=1

Part (i) of this theorem is quite remarkable. It states that for any z € R, the derivative of E at z is
equal to the value of E at x.
Parts (iv) and (v) of Theorem 3.2.10 imply

E(2)=E(1+1)=E1)E(1) =€,

and, in general, for n € IN,

E(n)=¢e"
Furthermore, we obtain
1
E(-n)=——=¢e" VYnelN.
(—n) B e n

Now let y € R. For a rational number x = p/q with p € Z and ¢ € IN, we obtain

(E(ry))? = E(qzy) = E(py) = (E(y))",

and therefore,
E(zy) = /(E@y) = (E(y))"* = (E(y))".

For y = 1, this implies
E(z)=(E())" =" VreQ.

More generally, we can define
.= FE(x) VreR,

that is, e” is defined by E(z), even if x is an irrational number.

The graph of the exponential function can be illustrated as in Figure 3.4.

Part (ii) of Theorem 3.2.10 implies that F is bijective, and therefore, E has an inverse. We call the
inverse of the exponential function the natural logarithm.
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Figure 3.4: The exponential function.

Definition 3.2.11 The natural logarithm In : IRy, — IR is defined as the inverse function of the
exponential function, that is, In = E~1.

By definition of an inverse, we have
E(n(z)) =@ =g Vze Ry,

and
In(E(z)) =1n(e®) =z V€ R.

From the properties of F, it follows that In must have certain properties. Some of them are summarized
in the following theorem.

Theorem 3.2.12 (i) The function In is differentiable on Ry, and In'(x) = 1/x Vz € Ry, .
(#) In is increasing, limgz4oo In(z) = 00, limy o In(z) = —oco, and In(IR+) = R.
(iii) In(1) = 0.
(iv) In(e) = 1.
(v) In(zy) = In(z) +In(y) Vo,y € Ri4.

The natural logarithm can also be written as an infinite sum, namely,

(cy

In(z) =) (@ —1)" VreRgy.
n=1

An important implication of part (v) of Theorem 3.2.12 is
In(z™) =nln(z) Vze Ry, ¥neN.

L we obtain

Because In = E—
2" = E(In(z")) = E(nln(z)) Vz € R4y, Yne NN

Therefore, the power function z™ can be expressed in terms of exponential and logarithmic functions.
More generally, we can define generalized powers in the following way. For z € Rt and y € IR, we define

z¥ := E(yln(z)).
This allows us to define generalizations of power functions such as

f Ry — R, z—z°
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where o € R (note that « is not restricted to natural or rational numbers). Functions of this type are
called generalized power functions. Similarly, we can define functions such as

fF ReRiy, z—a”

where a € R ;. Note that the variable z appears in the ezponent. These functions are called generalized
exponential functions. Clearly, a special case is the function F, which is obtained by setting o = e.

Using the properties of £ and In, it is now easy to find the derivatives of generalized power functions
and generalized exponential functions. Let

f Ry — R, z—z°

with a € R. By definition,
f(z) = E(aln(z)) Vz e Rqiq.
Using the chain rule, we obtain, for x € R4,
! ! 1 1 « 1 a—1
fi(z)=F (aln(m))oz; = E(aln(m))oz; =% =az®,

and therefore, the differentiation rule for power functions generalizes naturally.
For the function
fF ReRiy, z—a”

with o € Ry, we have
f(z) = E(x1n(a)) Vz €.

Applying the chain rule, it follows that
() = E'(zIn(a))In(a) = E(z1n(a)) In(a) = o” In(a)

for all z € RR.
The inverse of a generalized exponential function is a logarithmic function, which generalizes the
natural logarithm.

Definition 3.2.13 Let o € IR \ {1}, and let E, : IR — IRy be a generalized exponential function.
The logarithm to the base a, log, : R4+ — IR, is the inverse of E,, that is, log, = E;!.

By definition of the generalized exponential functions, we obtain, for all x € R,
z = E(In(z)) = E4(log, (z)) = /%@ = E(log,, (z) In()).
Taking logarithms on both sides, we obtain
In(z) = In(E(log,, (z) In(a))) = log,,(z) In(a),
and therefore,

log, (z) = EEB Ve e Ryy.

Therefore, the logarithm to any base a € Ry \ {1} can be expressed in terms of the natural logarithm.
As was mentioned earlier, exponential functions play an important role in growth models. Suppose,
for example, the real national income in an economy is described by a function

YIINU{O}'—)IR.;._H t'—)Y(t)

where t is a variable that represents time, and hence, Y (¢) is the national income in period t =0, 1,2, .. ..
A standard formulation of a model describing economic growth is to use functions involving exponential

growth. For example, define
Y: INU{O} |—>IR++, t'—)yo(l—FT)t

where yo € Ry, and r € Ry is the growth rate. By setting ¢t = 0, we see that yo = Y(0), that is, yo is
the initial value for the growth process described by Y.
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In discussing economic growth, one should keep in mind that exzponential growth (that is, growth
involving a growth rate at or above a given positive rate) cannot be expected to be sustainable in the
long run. Consider the following example. Suppose the annual growth rate is 5%. How long will it take,
given this growth rate, to double the initial national income? To answer this question, we have to find
t € IN such that

Y (t) > 2Y(0). (3.8)

For an exponential growth process with r = 0.05, we obtain
Y (t) = Y(0)(1.05)",

and therefore, (3.8) is equivalent to
(1.05)! > 2.

Taking logarithms on both sides, we obtain
tIn(1.05) > In(2),

o In(2)

t>
~ In(1.05)

= 14.2067.

Therefore, if a growth process is described by an exponential function with a growth rate of 5%, it takes
only 14 years to double the existing national income. If no further assumptions on how and in which
sectors this growth comes about are made, this clearly could lead to rather undesirable results (such as
irreparable environmental damage), and therefore, the growth rate of real national income alone is not a
useful indicator for the societal well-being in an economy.

We conclude this section with a discussion of the two basic trigonometric functions.

Definition 3.2.14 The function

m2n+1

(oo}
sin : IR — IR, T+ Z(—l)nm

n=0

1s called the sine function.

Definition 3.2.15 The function

(o)
cos: R— IR, z+ Z(—l)”

n=0

(2n)!
1s called the cosine function.

A geometric interpretation of those two functions is provided in Figure 3.5. Consider a circle around
the origin of R? with radius » = 1. Starting at the point (1,0), let = be the distance travelled counter-
clockwise along the circle. The first coordinate of the resulting point is the value of the cosine function
at = and its second coordinate is the value of the sine function at z.

The following theorem states some important properties of the sine and cosine functions.

Theorem 3.2.16 (i) The function sin is differentiable on IR, and sin’(z) = cos(z) Vz € IR.
(i) The function cos is differentiable on IR, and cos’'(x) = —sin(z) Vz € IR.
(iii) (sin(z))? + (cos(z))? =1 Vz € R.
(iv) sin(z 4+ y) = sin(z) cos(y) + cos(z) sin(y) Vz,y € R.
(v) cos(z +y) = cos(z) cos(y) — sin(z) sin(y) Vz,y € R.

Proof. (i) and (ii) follow immediately from applying the rules of differentiation for polynomials to the
definitions of sin and cos.
(iii) Define
f:R— R, z+ (sin(x))? + (cos(z))?.
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)

cos(z) I =1

Figure 3.5: Trigonometric functions.

Using parts (i) and (ii), differentiating f yields
f'(x) = 2sin(x) cos(x) — 2 cos(x) sin(z) =0 Vz € R.
This means that the function f is constant, and we obtain
f(x) = £(0) = (sin(0))?* + (cos(0))* =0+1=1 Vz € R.

To prove (iv) and (v), an argument analogous to the one employed in the proof of (iii) can be employed,;
as an exercise, provide the details. I

Given the geometric interpretation illustrated in Figure 3.5, part (iii) of the above theorem is a variant
of Pythagoras’s theorem.

In order to provide an illustration of the graphs of sin and cos, we state (without proof) the following
theorem which summarizes how some important values of those functions are obtained.

Theorem 3.2.17 (i) sin(n/2) = 1 and cos(n/2) = 0.
(ii) sin((n + 1/2)7) = cos(nm) = (—=1)" and sin(nw) = cos((n +1/2)7) =0 Vn € IN.
(i4) sin(xz + 7/2) = cos(x) and cos(x + 7/2) = —sin(z) Vz € R.
(iv) sin(z + nw) = (—=1)"sin(x) and cos(z + nmw) = (—=1)" cos(z) Vx € R, ¥Yn € IN.
(v) sin(—x) = —sin(z) and cos(—z) = cos(z) Vz € R.
(vi) sin(z) € [—1,1] and cos(x) € [-1,1] Vz € R.

Using Theorem 3.2.17, the graphs of sin and cos are illustrated in Figures 3.6 and 3.7.

3.3 Optimization

The maximization and minimization of functions plays an important role in economic models. We will
discuss an economic example at the end of the next section.

To introduce general optimization methods, we first define what is meant by global and local maxima
and minima of real-valued functions.

Definition 3.3.1 Let A C IR be an interval, let f : A— IR, and let xy € A.
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sin(z)
1e
—7/2 /2 & 3m/2 27
—1e
Figure 3.6: The graph of sin.
cos(z)
1
—7/2 /2 7T 3m/2 27
—1e

Figure 3.7: The graph of cos.
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f(l“o)

f(yo) \

a g Yo b z
Figure 3.8: Local and global maxima.

(i) f has a global maximum at z¢ < f(xo) > f(x) Vx € A.
(i) f has a local maximum at xg < Je € Ri4 such that f(zo) > f(x) Ve € U (xo) N A.
(iii) f has a global minimum at z¢g < f(x0) < f(x) Vx € A.
() f has alocal minimum at zg < Je € R4 such that f(xo) < f(z) Vo € U (xo) N A.

If a function has a global maximum (minimum) at a point ¢ in its domain, the value of f cannot be larger
(smaller) than f(zo) at any point in its domain. For a local maximum (minimum), 2, leads to a maximal
(minimal) value of f within a neighborhood of zq. Clearly, if f has a global maximum (minimum) at xg,
then f has a local maximum (minimum) at zg, but a local maximum (minimum) need not be a global
maximum (minimum).

As an example, consider the function f : [a,b] — IR with a graph as illustrated in Figure 3.8.

The function f has a global maximum at zg, because f(zg) > f(z) for all z € A = [a,b]. Clearly, f
also has a local maximum at zo—if f(z¢) > f(z) for all z € A, it must be true that f(z¢) > f(z) for all
x € A that are in a neighborhood of xg. Furthermore, f has a local maximum at g, but this maximum
is not a global maximum, because f(zo) > f(yo).

It should be noted that a global (local) maximum (minimum) need not exist, and if a local (global)
maximum (minimum) exists, it need not be unique. For example, consider the function

fR—R, z~ =

This function has no local maximum and no local minimum (and therefore, no global maximum and no
global minimum). To show that f cannot have a local maximum, suppose, by way of contradiction, there
exists g € R and ¢ € R4 such that

f(zo) = f(z) Va € U:(xo). (3.9)

Let Z := 9 + ¢/2. Clearly, Z € U.(x0) and T > xg. By definition of f, f(Z) = Z > xo = f(z0), and
therefore, we obtain a contradiction to (3.9). That f cannot have a local minimum is shown analogously.
Now consider the function
fTR—R, z— 1.

This function is constant, and it has infinitely many maxima and minima—f has a maximum and a
minimum at all points zg € IR, because

flxo)=1>1=f(x) VzeeR and f(zg)=1<1= f(z) VzeR.

Therefore, f has a maximum and a minimum, but not a unique maximum or a unique minimum.

A very important theorem concerning maxima and minima states that a continuous function f must
have a global maximum and a global minimum, if the domain of f is closed and bounded. To prove this
theorem, we first state a result concerning bounded functions. Bounded functions are defined in
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Definition 3.3.2 Let A C IR be an interval, and let B C A. Furthermore, let f : A— IR. f is bounded
on B if and only if the set

{f(z) |z € B} (3.10)

18 bounded.

Note that boundedness of f on B implies that the set given by (3.10) has an infimum and a supremum.
We obtain

Theorem 3.3.3 Let A = [a,b] with a,b € IR and a <b, and let f: A— IR. If f is continuous on [a,b],
then f is bounded on [a,b].

Proof. Because f is continuous on A = [a,b], for any § € IRy, there exists ¢ € R4 such that
f(z) e Us(f(a)) for all € [a,a+ €). Letting & € (a,a + ¢), it follows that f is bounded on [a, £]. Now
define

X :={v € (a,b] | f is bounded on [a,~]}.

We have already shown that there exists & € (a,b] such that f is bounded on [a, £], and therefore, X is
nonempty. Clearly, if £ € X, it follows that v € X for all v € (a,&]. We now show that b € X, and
therefore, f is bounded on [a, b].

By way of contradiction, suppose b ¢ X. Let § := sup(X). This implies that £ € X for all £ € (a, 8).
First, suppose 3 < b. Because f is continuous on [a, b, for any é € R, we can find ¢ € R 1 such
that f(x) € Us(f(B)) for all x € (B8 —e,8 + €). This means that f is bounded on [3 — &, + £] for
some & € (0,¢). Because 8 — ¢ < (3, it follows that f is bounded on [a, 3 — §) and on [5 — &, 8 + €], and
therefore, on [a, B+ ¢&]. Therefore, (6+¢) € X. But we assumed § = sup(X), and therefore, (6+¢&) ¢ X,
a contradiction. If 8 = b, the above argument can be applied with 3 + £ replaced by b. I

Now we can prove

Theorem 3.3.4 Let A = [a,b] with a,b € IR and a <b, and let f: A— IR. If f is continuous on [a,b],
then there exist xg,yo € A such that f has a global maximum at xo and f has a global minimum at yq.

Proof. By Theorem 3.3.3, f is bounded on [a,b]. Let M = sup({f(z) | z € [a,b]}) and m = inf({f(z) |
z € [a,b]}). We have to show that there exist 2°,y° € [a, b] such that f(z°) = M and f(y°) = m.
We proceed by contradiction. Suppose there exists no z° € [a, b] such that f(z°) = M. By definition
of M, this implies
flx) <M Yz € [a,b]. (3.11)

Because f is continuous, for any § € IRy, there exists o € [a,b] such that M — f(a) < §. Because
f(a) < M, this is equivalent to

Therefore, the function
1

M — f(z)
is not bounded (because we can choose § arbitrarily close to zero). Note that (3.11) guarantees that g
is well-defined, because M — f(x) > 0 for all = € [a, b]. It follows that g cannot be continuous (because
continuity of g would, by Theorem 3.3.3, imply boundedness of g). But continuity of f implies continuity
of g, a contradiction. Therefore, there must exist z° € [a, b] such that f(z°) = M.

The existence of y° € [a, b] such that f(y°) = m is proven analogously. |

The assumption that A is closed and bounded is essential for Theorem 3.3.4. For example, consider
the function

g:la,bl—Ryy, v

f:0,1)» R, z— =z

f is continuous on A = (0,1), but A is not closed. It is easy to show that f has no local maximum and no
local minimum (Exercise: prove this), and therefore, f has no global maximum and no global minimum.
That boundedeness is important in Theorem 3.3.4 can be illustrated by the example

fR—=R, z— =

We have already shown earlier that this continuous function has no maximum and no minimum. The
domain of f is closed, but not bounded.
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If the domain of a function is closed and bounded but f is not continuous, maxima and minima need
not exist. Consider the function

] 1/xz ifx#0
f:[-1,1]— R, m»—>{ 0 ifx—o0.
Clearly, this function has no global maximum and no global minimum (Exercise: provide a proof).
Theorem 3.3.4 allows us to show that the image of [a, b] under a function f : [a,b] — IR must be a
closed and bounded interval. This result is called the intermediate value theorem.

Theorem 3.3.5 Let A = [a,b] with a,b € IR and a < b, and let f : A IR. If f is continuous on A,
then

f(A) = [a, 8],
where a := min(f(A)) and B := max(f(A)).

Proof. Note that, by Theorem 3.3.4, f has a global minimum and a global maximum, and therefore, a
and [ are well-defined. Let ¢y € [a, ]. We have to show that there exists xg € [a, b] such that f(zg) = co.
For ¢y = a or ¢g = 3, we are done by the definition of @ and §. Let ¢y € (o, ). Let z,y € [a, b] be such
that f(z) = @ and f(y) = (. Define the sequences {z,}, {yn}, {zn} by

1+

T1i=x, Y=Y, 2= —
and, for n > 2,

o Tp—1 if f(zn—l

e Zn—1 if f(zn_l

{ Zn—1 if f(zn_l

) > co
) < co,
) > co
) < co

I = g i f(zna
o Tn + Yn
L =

By definition, {z,} is monotone nondecreasing, and {y,} is monotone nonincreasing. Furthermore,

flzn) <co < flyn) VneN (3.12)
and | |
T —
20—yl = T YnEN.

This implies |z, — yn| — 0, and therefore, the sequences {z,} and {y,} converge to the same limit
Zo € [a,b]. Because f is continuous, f(z¢) = limy, 0o f(2n) = limy 00 f(yn). By (3.12), limy, o0 f(2n) <
co < limy, 00 f(yn), and therefore, f(zg) = co. I

The intermediate value theorem can be generalized. In particular, if A is an interval (not necessarily
closed and bounded) and f is continuous, then f(A) must be an interval.

If a function is differentiable, the task of finding maxima and minima of this function can become
much easier. The following result provides a necessary condition for a local maximum (minimum) at an
interior point of A.

Theorem 3.3.6 Let A C IR be an interval, and let f : A — IR. Furthermore, let xg be an interior point
of A, and suppose [ is differentiable at xg.

(i) f has a local mazimum at xg = f'(x9) = 0.
(ii) f has a local minimum at xo = f'(x9) = 0.

Proof. (i) Suppose f has a local maximum at an interior point zg € A. Then there exists € € IRy such
that f(xzo) > f(z) for all x € U.(x). Therefore,

f(zo+h) = f(zo) <0 (3.13)

for all h € R such that (xg + h) € U:(z0).
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First, let A > 0. Then (3.13) implies
f(zo +h) — f(xo)
h

<0.

Because f is differentiable at x(, we obtain

lim f(xo+h) — f(x0)
R0 h

<0 (3.14)

(note that differentiability of f at x¢ ensures that this limit exists).
Now let h < 0. By (3.13), we obtain

fzo +h) — f(x0)
h

>0

)

and hence,
lim f(@o +h) — f(z0)
ht0 h

> 0. (3.15)
Because f is differentiable at x,

limf($0+h) — f(zo) :hmf(mo+h) — f(z0) — lim f(@o +h) — f(z0)
hl0 h h10 h h—0 h

= f'(zo).

Therefore, (3.14) implies f'(xo) < 0, and (3.15) implies f’(xo) > 0, which is only possible if f'(xq) = 0.
The proof of (ii) is analogous and is left as an exercise. I
Theorem 3.3.6 says that if f has a local maximum or minimum at an interior point xzg, then we
must have f/(xg) = 0. Therefore, this theorem provides a necessary condition for a local maximum or
minimum, but this condition is, in general, not sufficient. This means that if we find an interior point
xo € A such that f/(zg) = 0, this does not imply that f has a local maximum or a local minimum at .
To illustrate that, consider the function

f R—R, z— 2

We have f'(z) = 32?2 for all x € IR, and therefore, f/(0) = 0. But f does not have a local maximum or
minimum at zg = 0, because, for any € € R4, we have €/2 € U:(0) and —¢/2 € U(0), and furthermore,

f(g) - % >0 = £(0) (3.16)
and
f (;) - —% < 0= f(0). (3.17)

(3.16) implies that f cannot have a local maximum at zg = 0, and (3.17) establishes that f cannot have
a local minimum at zg = 0.

Theorem 3.3.6 applies to interior points of A only. If f is defined on an interval including one or both
of its endpoints, a zero derivative is not necessary for a maximum at an endpoint. For example, consider
a function f : [a,b] — R with a graph as illustrated in Figure 3.9.

Clearly, f has local maxima at a and at b. Because a and b are not interior points, Theorem 3.3.6
cannot be applied. However, if the right-side derivative of f exists at a, we can conclude that this
derivative cannot be positive if f has a local maximum at a. Analogously, if f has a local maximum at
b and the left-side derivative of f exists at b, this derivative must be nonnegative. Similar considerations
apply to minima at the endpoints of [a, b]. This is summarized in

Theorem 3.3.7 Let A = [a,b], where a,b € R and a < b. Furthermore, let f : A — IR.

(i) If f has a local mazimum at a and the right-side derivative of f at a exists, then f'(a
(ii) If f has a local mazimum at b and the left-side derivative of f at b exists, then f'(b
(iii) If f has a local minimum ot a and the right-side derivative of f at a exists, then f'(a
(iv) If f has a local minimum at b and the left-side derivative of f at b exists, then f'(b

INIVIVIA
cocoo
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Figure 3.9: Maxima at endpoints.

The proof of Theorem 3.3.7 is analogous to the proof of Theorem 3.3.6 and is left as an exercise.

The necessary conditions for local maxima and minima presented in Theorems 3.3.6 and 3.3.7 are
sometimes called first-order conditions for local maxima and minima, because they involve the first-order
derivatives of the function f. Points xg € A satisfying these first-order conditions are called critical
points.

As was mentioned earlier, the first-order conditions only provide necessary, but not sufficient con-
ditions for local maxima and minima. Once we have found a critical point satisfying the first-order
conditions, we have to do some more work to find out whether this point is a local maximum, minimum,
or neither a maximum nor a minimum.

Next, we formulate some results that will be useful in determining the nature of critical points. The
following result is usually referred to as Rolle’s theorem.

Theorem 3.3.8 Let [a,b] C A, where A C IR is an interval, a,b € IR, and a < b. Furthermore, let
f: A~ IR be continuous on [a,b] and differentiable on (a,b). If f(a) = f(b), then there exists xo € (a,b)
such that f'(xo) = 0.

Proof. Suppose f(a) = f(b). By Theorem 3.3.4, there exist xg, yo € [a, b] such that

f(zo) = f(z) > f(yo) Yz € [a,b]. (3.18)

If f(xo0) = f(yo), (3.18) implies that f has a local maximum and a local minimum at any point = € (a, b).
By Theorem 3.3.6, it follows that f'(x) = 0 for all z € (a, b).

Now suppose f(zo) > f(yo). If f(xzo) > f(a), it follows that o # a and xg # b (because, by
assumption, f(a) = f(b)). Therefore, z € (a,b), and by Theorem 3.3.6, f'(xg) = 0.

If f(zo) = f(a), it follows that f(yo) < f(a), and therefore, yo # a and yo # b. This implies that
Yo is an interior point, that is, yo € (a,b). Because f has a local minimum at yo, Theorem 3.3.6 implies
f'(yo) = 0, which completes the proof. |

The next theorem is the mean-value theorem.

Theorem 3.3.9 Let [a,b] C A, where A C IR is an interval, a,b € IR, and a < b. Furthermore, let
f: A IR be continuous on [a,b] and differentiable on (a,b). There exists xo € (a,b) such that

1) ~ f(a)

fl(zo) = =p—

The mean-value theorem can be generalized. The following result is the generalized mean-value theorem.
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a Zo b z
Figure 3.10: The mean-value theorem.

Theorem 3.3.10 Let [a,b] C A, where A C IR is an interval, a,b € IR, and a < b. Furthermore, let
f:A—~ R and g: A — IR be continuous on [a,b] and differentiable on (a,b), and suppose ¢'(x) # 0 for
all z € (a,b). There exists xo € (a,b) such that

f'(zo) _ f(b) = f(a)

g (xo)  g(b) —gla)’

Proof. Because ¢'(z) # 0 for all € (a,b), we must have g(a) # g(b)—otherwise, we would obtain a
contradiction to Rolle’s theorem. Therefore, g(b) — g(a) # 0, and we can define the function

f(b) — f(a)
9(b) — g(a)
Because f and g are continuous on [a, b] and differentiable on (a, b), k is continuous on [a, b] and differ-

entiable on (a,b). Furthermore, k(a) = k(b) = f(a). By Theorem 3.3.8, there exists z¢ € (a,b) such
that

k:la,b) = R, z— f(z)— (9(z) — g(a)).

k' (zo) = 0. (3.19)
By definition of k,

and therefore, (3.19) implies

f/(m()) _ f(b) _f(a) H

g(xo)  g(b) —gla)
The mean-value theorem is obtained as a special case of Theorem 3.3.10, where g(x) = « for all z € A.
See Figure 3.10 for an illustration of the mean-value theorem. The mean-value theorem says that there
must exist a point z¢ € (a,b) such that the slope of the tangent to the graph of f at z¢ is equal to the
slope of the secant through (a, f(a)) and (b, (b)), given that f is continuous on [a, b] and differentiable
on (a,b).

The mean-value theorem can be used to provide criteria for the monotonicity properties introduced

in Definition 3.1.12.

Theorem 3.3.11 Let A, B C IR be intervals with B C A, and let f : A IR be differentiable on B.

(i) f'(z) > 0Vx € B & f is nondecreasing on B.
(ii) f'(x) > 0Vx € B = f is increasing on B.
(iii) f'(x) < 0Vz € B < f is nonincreasing on B.
(iv) f'(z) < OVz € B= f is decreasing on B.
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Proof. (i) “=”: Suppose f'(z) > 0 for all x € B. Let z,y € B with > y. By the mean-value theorem,
there exists xo € (y, x) such that
flx) — fy)

f'(xo) = pr—

Because f’(zg) > 0 and x > y, this implies f(x) > f(y).
“<”: Suppose f is nondecreasing on B. Let zg € B be such that (zg,zo+¢) C B for some € € R ;.
For h € (0,¢), nondecreasingness implies f(zg + h) — f(zo) > 0, and therefore,

f(@o +h) — f(z0) >0
o > 0.

This implies
lim f(xo+h) — f(xo0)
R0 h

> 0.

Because f is differentiable at x,

fzo +h) — f(xo)
h

If 29 € B is the right-side endpoint of B, there exists € € IR such that (zg —¢,2) C B, and the same
argument as above can be applied with h € (—¢,0).

(ii) Suppose f'(z) > 0 for all z € B. Let z,y € B with z > y. As in part (i), the mean-value theorem
implies that there exists z¢ € (y, z) such that

> 0.

/ T
[ (o) —1}3301

Because f’(z¢) > 0 and x > y, we obtain f(z) > f(y).
The proofs of parts (iii) and (iv) are analogous. I
Note that the reverse implications of (ii) and (iv) in Theorem 3.3.11 are not true. For example,
consider the function
f R, z— z3.
This function is increasing on its domain, but f’(0) = 0.

Furthermore, the assumption that B is an interval is essential in Theorem 3.3.11. To see this, consider
the function
x ifx € (0,1)
z—1 ifxe(1,2).
This function is differentiable on its domain A = (0,1) U (1, 2). Furthermore, f'(z) =1 > 0 for all z € A,
but f is not increasing (not even nondecreasing) on A, because, for example, f(3/4) = 3/4 > 1/4 =

f(5/4).

The next result can be very useful in finding limits of functions. It is called I’Hépital’s rule.

Theorem 3.3.12 Let AC IR, and let f: A— IR and g : A— IR be functions. Let o € RU {—00, 00}.

(i) Let zg € RU{—o00}, and suppose (xo,xo+ h) C A for some h € IR, . Furthermore, suppose f
and g are differentiable on (zg,xo + h), and g(z) #0, ¢'(z) # 0 for all x € (xg, o + h). If

f:(0,1)U(1,2) » IR, m»—>{

lim f(z) = lim g(z) =0 V lim g(z) = —oo V lim g(x) = oo,
zlxo zlxo zlxo zlxo

e (@) @)

im = =a = lim ——=

ey A o)

(ii) Let o € IRU {o0}, and suppose (xg — h,xo) C A for some h € IR, . Furthermore, suppose f
and g are differentiable on (zg — h, o), and g(z) #0, ¢'(z) # 0 for all x € (xg — h,xo). If

lim f(z) = lim g(z) =0 V lim g(z) = —oo V lim g(x) = oo,
zTxo zTxo zTxo

zTxo

fhen f'(z) f(z)
x . x -
M T T ey T
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Proof. We provide a proof of (i) in the case where o € R, o € R, and lim, ., f(z) = limg 4, g(x) = 0;
the other cases are similar. Suppose

lim f(z) = lim g(z) = 0. (3.20)
Tlxo zlzo
Let 6 € R4 4. Because
f'(x)

)

im
alxo g'(x)

there exists € € R4 such that
f'(x)
g'(z)

S u5/2(a) Vx € (mo,mo +E).

Let y € (xo,z0 + €). By (3.20),
1) _ ) - 1@

9(y)  =lzo g(y) —g(x)

By the generalized mean-value theorem, for any = € (zo, y), there exists yo € (x, y)—which may depend

on r—such that
(o) _ fly) — f(=)
9' (o)  9(y) —g(x)

Therefore,
/
5) _ £
9(y)  wlzo g'(Yo)
Because o)
Yo
€ Us o (a),
g’ (yo) (@)
it follows that )
Y
—= € Us(a),
gy )
and therefore,
f(@)

11m =
alxo g(x)

To illustrate the application of I’Hopital’s rule, consider the following example. Let
f:(1,2) =R, z—2° -1

and
g:(L2)—» R, z—z—1
We obtain lim, )1 f(z) = limgy1 g(x) = 0. Furthermore, f'(z) = 2z and ¢'(z) = 1 for all z € (1,2).

Therefore,
!
im F(@) = lim2x = 2.
zl1 g/(li) zl1

According to ’Hopital’s rule,
im M = 2.
zi1 g(x)
Next, we present a result that can be used to approximate the value of a function by means of a
polynomial. For functions with a complex structure, this can be a substantial simplification, because the

values of polynomials are relatively easy to compute. We obtain

Theorem 3.3.13 Let A C IR, and let f : A— IR. Letn € IN, and let x¢ be an interior point of A. If f
is n+ 1 times differentiable on U (zo) for some e € IRy, then

"L ) (o) (x — o))"
£(@) = fao) + 30 T ENE 220y

k=1 k
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for all x € U.(x0), where
_ S© @ — wo)m !

R 3.21
(z) (n+1)! (3.21)
for some £ between x and xg.
Proof. For x € U-(xp), let
— — [ (o) (z — xo)*
R(z) := f(z) = fzo) = > 5 :
k=1
We have to show that R(z) must be of the form (3.21). By definition, R(zo) = 0, and
" k(x — x0)*?
R(ao) = ') = 3 10 (o) HE=20 o,
k=1
and analogously, R*¥)(z) = 0 for all k = 1, ..., n. Furthermore,
ROV (z) = f0F ) (2) Va € U (o). (3.22)

We obtain
R(z) _ R(z) - R(zo)

(x — o)+t (z — xo)" Tl =0

By the generalized mean-value theorem, it follows that there exists 3 between zy and z such that

R(z) — R(zo) _ R'(&1)
(z—z0)"™ =0  (n+1)(& —zo)"

Again, by definition of R,
R'(&1) __ R(&) - R(zo)
(n+1)(& —z0)®  (n+1)(& —zo)" =0’

and by the generalized mean-value theorem, there exists £, between zy and &; such that

RI(&) — R(xo) R"(£2)
(n+1)(& —x0)" =0 n(n+1)(& —zo)" 1

By repeated application of this argument, we eventually obtain

R™ (&) — R™(zg)  RMH(€)
(n+ )& —20) =0 (n+1)

where £ is between xy and &,. Combining all these equalities, we obtain

R(z) _ RU"D(g)
(x —zo)" ™t (n+1)!

and, using (3.22),

_ ) (m — mo)m !
B (n+1)! '
Theorem 3.3.13 says that, in a neighborhood of a point zg, the value of f(x) can be approximated

with a polynomial, where R(x)—the remainder—describes the error that is made in this approximation.
The polynomial

R(z)

"B () (z — 0)*
o) + 30 L0 a0 = a0

Pt k!

is called a Taylor polynomial of order n around xy. The approximation is a “good” approximation if the
error term R(z) is “small”. If lim, _,o R(z) = 0, the approximation approaches the true value of f(z) as
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n approaches infinity. If R(x) approaches zero as n approaches infinity and the n‘*-order derivative of f
at xq exists for all n € IN, it follows that

0 R (@) (2 — z0)F
f($)=f(mo)+zf (0)(, ) (3.23)

Pt k!

for all x € U-(xp). (3.23) is a Taylor series expansion of f around xg.
Consider the following example. Let

f R—R, z+— 23+ 322+2.

To find Taylor polynomials of f around zg = 1, note first that we have f'(z) = 322 + 6z, f”(z) = 6z +6,
f®)(z) = 6, and f)(x) = 0 for all n > 4, for all z € R. Therefore, f(1) = 6, f'(1) =9, f’(1) = 12,
f® (1) =6, and f™ (1) = 0 for all n > 4. Furthermore, R(z) = 0 for all z € R and all n > 3. The
Taylor polynomial of order one around z¢y =1 is

f(@o) + f'(zo)(z — 20) = 6+ 9(z — 1),
and the Taylor polynomial of order two is

"o (@ — wo)*

fxo) + f'(z0)(z — x0) + 5

=6+9(x—1)+6(x—1)%

For n > 3, the Taylor polynomial of order n gives the exact value of f at x because, in this case, R(x) = 0.
We now return to the problem of finding maxima and minima of functions. The following theorem

provides sufficient conditions for maxima and minima of differentiable functions.

Theorem 3.3.14 Let A C IR be an interval, let f : A — IR, and let xyg € A. Suppose there exists
€ € Ry such that f is continuous on Uz (z9) N A and differentiable on U (o) N A\ {xo}.

(i) If f'(z) >0 for all z € (xg — &,20) N A and f'(x) <0 for all x € (zg,z0 +¢) N A, then f
has a local marimum at xg.
(is) If f'(z) <0 for all x € (xg — &, 20) N A and f'(x) > 0 for all x € (xg,x0+¢) N A, then f
has a local minimum at xq.

Proof. (i) First, we show
f(xo) = f(z) V€ (zo—€,20)NA. (3.24)

If (zg —&,m0) NA =0, (3.24) is trivially true. Now let = € (zg — &, z9) N A. By the mean-value theorem,
there exists y € (z, o) such that
f(zo) — f(=)

=f(y) >0

pa— f'y) =0,

and therefore, because x¢ > x, f(z¢) — f(z) > 0, which completes the proof of (3.24).
Next, we prove

f(xo) > f(z) Ve (xo,z0+¢)NA. (3.25)

If (zg,mo +€)NA =0, (3.25) is trivially true. Now let = € (zg, o +¢€) N A. By the mean-value theorem,
there exists y € (zg, x) such that
f(x) — f(@o)

r — X
and therefore, because = > zg, f(z) — f(zo) < 0. This proves (3.25). Combining (3.24) and (3.25), the
proof of (i) is complete.
Part (ii) is proven analogously. I
Note that Theorem 3.3.14 only requires f to be continuous at xo—f need not be differentiable at x.
Therefore, this result can be applied to functions such as

=f'(y) <0,

f R—=R, z— |z
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This function is not differentiable at zo = 0, but it is continuous at z¢o = 0 and differentiable at all points
in R\ {0}. We obtain

roN 1 ifz>0
f(m)—{ 1 ifz <o,

and therefore, according to Theorem 3.3.14, f has a local minimum at zy = 0.
For boundary points of A, the following theorem provides further sufficient conditions for maxima
and minima.

Theorem 3.3.15 Let A = [a,b], where a,b € IR and a <b. Furthermore, let f : A — IR.

(i) f is right-side differentiable at a and f'(a) <0 = f has a local mazimum at a.
(i1) f is right-side differentiable at a and f'(a) >0 = f has a local minimum at a.
(iii) f is left-side differentiable at b and f'(b) >0 = f has a local mazimum at b.
(iv) f is left-side differentiable at b and f'(b) <0 = f has a local minimum at b.

Proof. (i) Suppose

f'(a) =1lim < 0.

h10

fla+h) - f(a)
h

Then there exists € € R4 such that

fla+h) - f(a)

A <0 Yhe(0,¢).

Because h > 0, this implies f(a + h) — f(a) < 0 for all h € (0,¢), and therefore,

f(z) < f(a) Vz € (a,a+¢),

which implies that f has a local maximum at a.

The proofs of parts (ii) to (iv) are analogous. I

If f is twice differentiable at a point zq, the following conditions for local maxima and minima at
interior points can be established. We already know that at a local interior maximum (minimum) of a
differentiable function, the derivative of this function must be equal to zero. If we combine this condition
with a condition involving the second derivative of f, we obtain another set of sufficient conditions for
local maxima and minima.

Theorem 3.3.16 Let A C IR be an interval, let f : A — IR, and let xy be an interior point of A. Suppose
f is twice differentiable at xq, and there exists € € IRy such that f is differentiable on U.(xg).

(i) f'(x0) =0A f'(z0) <0 = f has a local mazimum at xg.
(i) f'(zo) =0A f"(z0) >0 = f has a local minimum at xo.
Proof. (i) Let f'(xz¢) =0 and f’(xo) < 0. Then

0> ["(ao) = im TN ZT@0) _ 0 21).

Therefore, there exists ¢ € (0,¢) such that, with z = z¢ + h,
f'(z) >0 Ve (zg— 6, x0)

and
f/(m) <0 Vz € (xg,x0+9).

By Theorem 3.3.14, this implies that f has a local maximum at zg.
The proof of part (ii) is analogous. |
Analogous sufficient conditions for maxima and minima at boundary points can be formulated.
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Theorem 3.3.17 Let A = [a,b], where a,b € IR and a <b. Furthermore, let f : A — IR.

(i) Suppose f is twice right-side differentiable at a, and there exists € € IRy such that f is differen-
tiable on (a,a+¢€). If f'(a) <0 and f"’(a) <0, then f has a local mazimum at a.

(ii) Suppose f is twice left-side differentiable at b, and there exists e € IRy such that f is differentiable
on (b—eg,b). If f'(b) > 0 and f"(b) < 0, then f has a local maximum at b.

(iii) Suppose f is twice right-side differentiable at a, and there exists € € IRy such that f is differ-
entiable on (a,a+¢). If f'(a) >0 and f"’(a) > 0, then f has a local minimum at a.

(iv) Suppose f is twice left-side differentiable at b, and there existse € IRy such that f is differentiable
on (b—eg,b). If f'(b) <0 and f"(b) > 0, then f has a local minimum at b.

The proof of Theorem 3.3.17 is analogous to the proof of Theorem 3.3.16 and is left as an exercise.
The above theorems provide sufficient conditions for local maxima and minima. These conditions are
not necessary. For example, consider

f ReR, z— zt

The function f has a local minimum at 2o = 0, but f”(0) = 0.

The conditions formulated in Theorems 3.3.16 and 3.3.17 involving the second derivatives of f are
called sufficient second-order conditions.

For maxima and minima at interior points, we can also formulate necessary second-order conditions.

Theorem 3.3.18 Let A C IR be an interval, let f : A — IR, and let xy be an interior point of A. Suppose
f is twice differentiable at xq, and there exists € € IRy such that f is differentiable on U.(zg).

(i) f has a local mazimum at xg = f"(x9) <0.

(ii) f has a local minimum at xg = f"(x9) > 0.

Proof. (i) Suppose f has a local maximum at an interior point zg. Then there exists € € R such that

f(zo) > f(z) Va € U:(zo).

By way of contradiction, suppose f”(z¢) > 0. Therefore,

lim f'(xo +h) — f'(z0) - 0.
h10

This implies that we can find § € (0,¢) such that
f'(z) > f'(xo) Vz € (x0, 20+ 9).

Because f has a local maximum at the interior point xg, it follows that f'(z¢) = 0, and therefore, we
obtain
() >0 Vz € (zo,z0+9). (3.26)

Let z € (zg, 2o + d). By the mean-value theorem, there exists y € (g, z) such that

f(@) — f(zo)

r — X

= f'(y).

By (3.26), f'(y) > 0, and because = > xg, we obtain f(z) > f(zo), contradicting the assumption that f
has a local maximum at x.

The proof of (ii) is analogous. ||

Theorem 3.3.18 applies to interior points of A only. For boundary points, the second derivative
being nonpositive (nonnegative) is not necessary for a maximum (minimum). For example, consider the
function

f:00,1] =R, z— 2>

This function has a local maximum at ¢ = 1, but f”(1) =2 > 0.
To conclude this section, we work through an example for finding local maxima and minima. Define

f:00,3 =R, 2z (z—1)%
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f is twice differentiable on its domain A = [0, 3], and we obtain
fl(x)=2(z-1), f'(z) =2 VzeA

Because f/(0) = —2 < 0, f has a local maximum at the boundary point 0 (see Theorem 3.3.15). Similarly,
because f'(3) =4 > 0, f has a local maximum at the boundary point 3. Furthermore, the only possibility
for a local maximum or minimum at an interior point is at ¢y = 1, because this is the only interior point
xo such that f'(xzo) = 0. The function f has a local minimum at o = 1, because f”(1) =2 > 0.
Because the domain of f is a closed and bounded interval, f must have a global maximum and a
global minimum (see Theorem 3.3.4). The global minimum must be at zo = 1, because this is the only
local minimum, and a global minimum must be a local minimum. There are two local maxima of f. To
find out at which of these f has a global maximum, we calculate the values of f at the corresponding
points. We obtain f(0) =1 and f(3) = 4, and therefore, the function f has a global maximum at z¢ = 3.

3.4 Concave and Convex Functions

The conditions introduced in the previous section provide criteria for local maxima and minima of func-
tions. It would, of course, be desirable to have conditions that allow us to determine whether a point is
a global maximum or minimum. This can be done with the help of concavity and convezity of functions.
The definition of these properties is

Definition 3.4.1 Let A C IR be an interval, and let f : A — IR.

(i) f is concave if and only if

fOz+ (1 =Ny) > Af(x)+ (1= Nf(y) Yo,y € A such that z #y, Y\ € (0,1).
(ii) f is strictly concave if and only if

FOz+ (1= A)y) > Af(x) + (1= N f(y) Va,y € A such that x #y, YA € (0,1).
(iii) f is convex if and only if

fOz+ (1 =Ny) <Af(z)+ (1= Nfly) Yo,y € A such that © #y, YA € (0,1).
(iv) f is strictly convex if and only if

FOz+ (1 =Ny <Af(z)+ (1 =N f(y) Vz,y € A such that z #y, VA € (0,1).

Be careful to distinguish between the convexity of a set (see Chapter 1) and the convexity of a function
as defined above. Note that the assumption that A is an interval is very important in this definition.
Because intervals are convex sets, this assumption ensures that f is defined at points Az + (1 — A)y for
z,y € Aand A € (0,1).

Figure 3.11 gives a diagrammatic illustration of the graph of a concave function.

Concavity requires that the value of f at a convex combination of two points z,y € A is greater than
or equal to the corresponding convex combination of the values of f at these two points. Geometrically,
concavity says that the line segment joining the points (z, f(z)) and (y, f(y)) can never be above the
graph of the function.

Convexity has an analogous interpretation—see Figure 3.12 for an illustration of the graph of a convex
function.

Clearly, a function f is concave if and only if the function —f is convex (Exercise: prove this).

Concavity and convexity are global properties of a function, because they apply to the whole domain
A rather than a neighborhood of a point only.

There are several necessary and sufficient conditions for concavity and convexity that will be useful
for our purposes. First, we show
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FOa + (1= A)y) —T

Af() + (1= f(y)

z A+ (1-Ny Y z

Figure 3.11: A concave function.

Af(z) + (1 =N f(y)
fOz+ (1= Ny s

z Ax+(1-Ny Y z

Figure 3.12: A convex function.
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Theorem 3.4.2 Let A C IR be an interval, and let f: A — IR.
(i) f is concave if and only if

fly) = fx) _ f(z) = f)

y—=x B 2y

Ve,y,z € A such that ¢ < y < z.

(ii) f is strictly concave if and only if

fly) = f(@) _ f(z) = f(y)
y—x z—y

Ve,y,z € A such that ¢ < y < z.

(iii) f is convex if and only if

fly) = fx) _ f(z) = f)
y—r T~ z-y

Ve,y,z € A such that ¢ < y < z.

(iv) f is strictly convez if and only if
fly) = fl@) _ f&) = f@)

y—=x 2y

Ve,y,z € A such that ¢ < y < z.

Proof. (i) “Only if”: Suppose f is concave. Let z,y,z € A be such that < y < z. Define

A= - y.
z—
Then it follows that

1-a=¥4"7

)
zZ—X

and y = Az + (1 — \)z. Because f is concave,

) = @)+ L1, (3.27)

Z—T Z—x

This is equivalent to

(z=2)f(y) = (z—y)f(x) + (y —2)f(2)

& ( y)(fly) — ( ) = (y—2)(f(2) — f(y))

“If”: Let A € (0,1) and z, z € A be such that x # z. Define y := Ax 4+ (1 — \)z. Then we have

Z—y:)\/\ y—x
Z—x Z—x

=1-A

As was shown above, (3.27) is equivalent to (3.28), and therefore,
FOw + (1= X)2) 2 M) + (1 - V().

The proofs of (ii) to (iv) are analogous. I

A diagrammatic illustration of Theorem 3.4.2 is given in Figure 3.13.

The slope of the line segment joining (z, f(z)) and (y, f(y)) is greater than or equal to the slope
of the line segment joining (y, f(y)) and (z, f(z)) whenever z < y < z for a concave function f. The
interpretation of parts (ii) to (iv) of the theorem is analogous.

For differentiable functions, there are some convenient criteria for concavity and convexity.

Theorem 3.4.3 Let A C IR be an interval, and let f: A — IR be differentiable.
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Figure 3.13: The secant inequality.

(i) f is concave < f' is nonincreasing.
(ii) f is strictly concave < f' is decreasing.
(iii) f is convex < f' is nondecreasing.
(iv) f is strictly convex < f' is increasing.

Proof. (i) “=”: Suppose f is concave. Let z,y € A be such that z < y. Let 2o € (x,y). For
ke (0,20 —x) and h € (xg —y,0), we have

r<zrt+k<zo<y+h<uy.
By Theorem 3.4.2,

Fo+K)— f(a) _ floo)~ Fla+ k) _ flu+h) — Flan) _ fy+h) — @)
k - xo—z—k = yt+h—xo - h '

(3.29)

Because f is differentiable, taking limits as k and h approach zero yields

Fle) i 1R @) | S@0) = S@) ) = fao) | S )~ )
- h

k10 k - To— T - Yy — X h10

=f'(y), (3.30)

and therefore, f/'(x) > f’(y), which proves that f’ is nonincreasing.
“<”: Suppose f’ is nonincreasing. Let z,y,z € A be such that r < y < z. By the mean-value
theorem, there exist zo € (x,y) such that

y—x
and yo € (y, ) such that
z—y
Because xg < 19, nonincreasingness of f’ implies
f'(zo) > f'(yo), (3.31)
and therefore,
f) ~ 1) - 1)~ 1) 32
y—2z z—y '

which, by Theorem 3.4.2, shows that f is concave.
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(ii) The proof of (ii) is similar to the proof of part (i). To prove “=7”, note that in the case of strict
concavity, the inequalities in (3.29) are strict, and therefore, (3.30) becomes
fl@+ k)= f@) _ flwo) = flz) _ fly) — flxo) fly+h)—fy)

"(z) =i > > lim &t —~2 L —
F'(@) klﬂ)l k - To— T - TR —h%l h F'w),

which implies f'(x) > f'(y).
To establish “<”, note that decreasingness of f’ implies that (3.31) is replaced by

f'(xo) > f'(yo),

and hence, the weak inequality in (3.32) is replaced by a strict inequality, proving that f is strictly
concave.

The proofs of (iii) and (iv) are analogous. I

If f is twice differentiable, Theorem 3.4.3 can be combined with Theorem 3.3.11 to obtain

Theorem 3.4.4 Let A C IR be an interval, and let f : A — IR be twice differentiable.

(i) f'(x) <0 Vr € A & f is concave.
(i) f"(z) <0 Yoz € A = f is strictly concave.
(i) f"(x) >0 Ve € A & f is conver.
() f'(x) >0 Yz € A = f is strictly convex.

As in Theorem 3.3.11, it is important to note that the reverse implications in parts (ii) and (iv) of
Theorem 3.4.4 are not true.

For concave functions, any local maximum must also be a global maximum. Similarly, a local minimum
of a convex function must be a global minimum.

Theorem 3.4.5 Let A C IR be an interval, and let f : A+ IR. Furthermore, let xg € A.
(i) If f is concave and f has a local maximum at xq, then f has a global mazimum at xg.

(ii) If f is convex and f has a local minimum at xo, then f has a global minimum at x.

Proof. (i) Suppose f is concave and has a local maximum at zo € A. By way of contradiction, suppose
f does not have a global maximum at zy. Then there exists y € A such that

fy) > f(zo). (3.33)
Because f has a local maximum at xg, there exists € € Ry such that
flxo) > f(x) Vel (xo)NA. (3.34)
Clearly, there exists A € (0,1) such that
z:=Ay+ (1 —XNzo €U (xo) NA (3.35)
(just choose A sufficiently close to zero for given £). By concavity of f,

f(2) =2 Af(y) + (1= A) f(zo),

and by (3.33),
Af(y) + (1= A)f(xzo) > f(o),
and therefore, f(z) > f(zo). Because of (3.35), this is a contradiction to (3.34).
The proof of (ii) is analogous. ||
If a function f is strictly concave and has a (local and global) maximum, this maximum is unique.
Similarly, a strictly convex function has at most one (local and global) minimum.

Theorem 3.4.6 Let A C IR be an interval, and let f: A — IR.

(i) If f is strictly concave, then f has at most one local (and global) mazimum.
(is) If f is strictly convez, then f has at most one local (and global) minimum.



3.4. CONCAVE AND CONVEX FUNCTIONS 81

Proof. (i) Suppose f is strictly concave, and therefore concave. By Theorem 3.4.5, all local maxima of
f are global maxima. By way of contradiction, suppose f has two local, and therefore, global maxima
at © € A and at y € A, where x # y. By definition of a global maximum, we must have f(z) > f(y)
and f(y) > f(z), and therefore, f(z) = f(y). Let z := Az + (1 — A)y for some A € (0,1). Clearly,
z € A. Because f is strictly concave, it follows that f(z) > Af(z) + (1 — A\)f(y) = f(z), contradicting
the assumption that f has a maximum at x.

The proof of (ii) is analogous. |

For differentiable functions, we can use concavity and convexity to state sufficient conditions for global
maxima and minima.

Theorem 3.4.7 Let A C IR be an interval, and let f : A IR. Furthermore, let xg be an interior point
of A, and suppose [ is differentiable at xg.

(i) f'(xo) =0 A f is concave = f has a global mazimum at x.

(ii) f'(x0) =0 A f is conver = f has a global minimum at xg.

Proof. (i) Suppose f'(xzo) =0 and f is concave. Let y € A, y # x9. We have to show f(xq) > f(y).
First, suppose y > zy. Because f is concave,

fQy + (L= Nzo) = Af(y) + (1 = A)f(zo) VA€ (0,1).
This is equivalent to
f(zo + Ay — o)) — fwo) = A(f(y) — f(wo)) VA€ (0,1).

Because y > xo,

fl@o+ Ay —m0)) = fwo) _ fly) = fl=o)

> YA e (0,1).
Ay — o) T y—ao ©.1)
Defining h := A(y — o), this can be written as
flao+1) = f(o0) | f0) = F@) o
h Y — o
Because f is differentiable at x(, we obtain
. fl@o+h) — flzo) _ f(y) — fxo)
!/
= > .
f'(20) l}grol n = Y — o

Because f'(zg) = 0 and y > zo, this implies f(y) — f(zo) < 0, which proves that f(zo) > f(y) for all
y € A such that y > xo. The case y < x¢ is proven analogously (prove that as an exercise).

The proof of (ii) is analogous. ||

Theorem 3.4.7 applies to interior points only, but it is easy to generalize the result to boundary points.
We obtain

Theorem 3.4.8 Let A = [a,b], where a,b € R and a <b, and let f : A— RR.

(i) If f is right-side differentiable at a, f'(a) < 0, and f is concave, then f has a global
mazimum at a.

(ii) If f is left-side differentiable at b, f'(b) > 0, and f is concave, then f has a global
mazimum at b.

(iwi) If f is right-side differentiable at a, f'(a) > 0, and f is convex, then f has a global
minimum at a.

(iv) If f is left-side differentiable at b, f'(b) <0, and f is convez, then f has a global minimum
at b.

The proof of Theorem 3.4.8 is analogous to the proof of Theorem 3.4.7 and is left as an exercise.

As an economic example for the application of optimization techniques, consider the following profit
maximization problem of a competitive firm. Suppose a firm produces a good which is sold in a competitive
market. The cost function of this firm is a function

C:IR+'_>IR7 yHC(?J);
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where C(y) is the cost of producing y € IR units of output. The market price for the good produced by
the firm is p € R4 4. The assumption that the market is a perfectly competitive market implies that the
firm has to take the market price as given and can only choose the quantity of output to be produced
and sold.

Suppose the firm wants to maximize profit, that is, the difference between revenue and cost. If the
firm produces and sells y € R4 units of output, the revenue of the firm is py, and the cost is C(y).
Therefore, profit maximization means that the firm wants to maximize the function

m: Ry = R, y— py — C(y).
We denote this maximization problem by

mgx{py - C(y)},

where the subscript indicates that y is the choice variable of the firm. Note that the price p is a parameter
which cannot be chosen by the firm.

Suppose C is differentiable, which implies that 7 is differentiable. If C' is convex, 7 is concave, and
therefore, if a critical point can be found, the function 7 must have a global maximum at this point.

For example, let p = 1 and consider the cost function C : R, ~ R, y +— y?. We obtain the profit
maximization problem max,{y — y*}. Because n”(y) = —2 < 0 for all y € R, 7 is strictly concave.
If 7 has an interior maximum at a point yo € IRy, we must have 7’'(yy) = 0, which is equivalent to
1 — 2y = 0, and therefore, yo = 1/2. By Theorem 3.4.6, 7 has a unique global maximum at yo = 1/2,
and the maximal value of 7 is w(1/2) = 1/4.

More generally, consider the maximization problem max,{py —y*}. The same steps as in the previous
example lead to the conclusion that 7 has a unique global maximum at yo = p/2 for any p € R, 4. Note
that this defines the solution yy as a function
Y IR++ — IR, p = g
of the market price. We call this function a supply function, because it answers the question how much
of the good a firm with the above cost function would want to sell at the market price p € R4 4. If we
substitute yo = 7(p) into the objective function, we obtain the mazimal possible profit of the firm as a
function of the market price. In this example, we obtain the maximal possible profit

mo = w(e) == (2) =p2—c (2) =2~ (2)" = (2)".

Therefore, the maximal possible profit of the firm is given by the function

_ P2
7TIIR++|—>IR, p— (5) .
We call the function 7 a profit function.
Now suppose the cost function is C' : Ry — R, y — y. We obtain the profit maximization problem
max,{py — y}. The function to be maximized is concave, because 7"’ (y) = 0 for all y € R4 . For an
interior solution, the necessary first-order condition is

which means that we have an interior maximum at any yo € R4y if p = 1. To see under which
circumstances we can have a boundary solution at yo = 0, we have to use the condition

7' (0) <0,

which, in this example, leads to p — 1 < 0. Therefore, 7 has a global maximum at any yo € Ry if p =1,
7 has a unique maximum at yo = 0 if p < 1, and 7 has no maximum if p > 1.



Chapter 4

Functions of Several Variables

4.1 Sequences of Vectors

As is the case for functions of one variable, limits of functions of several variables can be related to limits
of sequences, where the elements of these sequences are vectors. This section provides an introduction to
sequences in IR".

Definition 4.1.1 Letn € IN. A sequence of n-dimensional vectors is a function a : IN— IR", m — a(m).
To simplify notation, we will write a™ instead of a(m) form € IN, and use {a™} to denote such a sequence.

Note that we use superscripts to denote elements of a sequence rather than subscripts. This is done to
avoid confusion with components of vectors.

The notion of convergence of a sequence of vectors can be defined analogously to the convergence of
sequences of real numbers, once we have a definition of distance in IR", which, in turn, can be used to
define the notion of a neighborhood in R".

There are several possibilities to define distances in IR™ which could be used for our applications.
One example is the Fuclidean distance defined in Chapter 2. For our purposes, it will be convenient
to use the following definition. For n € IN and z,y € IR", define the distance between z and y as
d(z,y) == max({|z; — yi| | ¢ € {1,...,n}}). Clearly, for n = 1, we obtain the usual distance between real
numbers. This distance function leads to the following definition of a neighborhood.

Definition 4.1.2 Let n € IN. For 2° € IR" and ¢ € IR, |, the e-neighborhood of z° is defined by

U (2°) := {m e R"

|z — 20 < e \ﬁe{1,...,n}}. (4.1)

Figure 4.1 illustrates the e-neighborhood of z° = (1,1) in IR? for ¢ = 1/2.

Once neighborhoods are defined, interior points, openness in IR", and closedness in IR" can be defined
analogously to the corresponding definitions in Chapter 1—all that needs to be done is to replace R with
R" in these definitions. The corresponding formulations of these definitions are given below.

Definition 4.1.3 Letn € IN, and let A C IR". z° € A is an interior point of A if and only if there exists
e € Ry such that U.(z°) C A.

Definition 4.1.4 Letn € IN. A set A C IR" is open in R" if and only if
x € A = x is interior point of A.
Definition 4.1.5 Letn € IN. A set A C IR" is closed in R™ if and only if A is open in IR".

Note that, as an alternative to Definition 4.1.2, we could define neighborhoods in terms of the Eu-
clidean distance. This would lead to the following definition of an e-neighborhood in R".
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12 1 32 2 52

Ty
Figure 4.1: A neighborhood in IR

Geometrically, a neighborhood U.(z°) as defined in (4.2) can be represented as an open disc with center
20 and radius ¢ for n = 2.

For our purposes, it does not matter whether (4.1) or (4.2) is used. This is the case because any set
A CIR"™ is open according to the notion of a neighborhood defined in (4.1) if and only if A is open if we
use (4.2) to define neighborhoods. That we use (4.1) rather than (4.2) is merely a matter of convenience,
because some proofs are simplified by this choice.

We can now define convergence of sequences in IR".

Definition 4.1.6 Let n € IN.

(i) A sequence of vectors {a™} converges to a € R" if and only if
Ve € Ry, ,3m® € IN such that a™ € U.(a) Ym > m°.
(i) If {a™} converges to a € IR", « is the limit of {a™}, and we write

lim a™ = a.
m—00

The convergence of a sequence {a™} to a = (a1,...,an,) € R" is equivalent to the convergence of the
sequences of the components {a]"} of {a™} to «; for all ¢ € {1,...,n}. This result—which is stated in
the following theorem—considerably simplifies the task of checking sequences of vectors for convergence,
because the problem can be reduced to the convergence of sequences of real numbers.

Theorem 4.1.7 Let n € IN, and let {a™} be a sequence in IR". If o € IR", then

lim ¢ =a & lim o' =q;Vi=1,...,n.
m— o0 m— o0

Proof. “=”: Suppose {a™} converges to o € R". Let ¢ € Ry . By the definition of convergence, there
exists m® € IN such that a™ € U.(«) for all m > m°. By Definition 4.1.2, this is equivalent to

o™ —ai| <e Ym>m® Vi=1,...,n,
which implies a* € U:(a;) for all m > m?, for all i = 1,...,n. This means that {a"} converges to «a;
foralli=1,...,n.
“<”: Suppose limy, o0 a]" = a; for all ¢ = 1,...,n. This means that, for any ¢ € R, there exist
mY,...,m% € N such that

la —a;| <e Ym>md, Vi=1,...,n.
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7

1 2 3 4 5 M1

Figure 4.2: The set A.

Let m® :=max({m? | i € {1,...,n}}). The we have
la* —a;| <e Ym>m® Vi=1,...,n,

which means that {a™} converges to . I
As an example, consider the sequence defined by

We obtain .

lim af" = lim — =0
m—o0 m—o0 M

and )
lim a3’ = lim (1 — —) =1,
m—oo m—oo m

and therefore, lim,, ,o a™ = (0,1).

4.2 Continuity

A real-valued function of several variables is a function f : A — B, where A C IR" with n € IN and
B C IR, that is, the domain of f is a set of n-dimensional vectors. Throughout this chapter, we assume
that the domain A is a convez set, and the range B will usually be the set IR.

Convexity of a subset of R" is defined analogously to the convexity of subsets of IR. We define

Definition 4.2.1 Letn € IN. A set A C IR" is convex if and only if
A+ (1-NyleA Ve,ye A, VA€ [0,1].

Here are some examples forn = 2. Let A={z €¢ R* | (1 <z, <2)A(0< 25 < 1)}, B={z € R?|
(£1)? +(22)2 <1}, C=AU{z € R? | (0 < z1 < 2)A(1 <3 < 2)}. The sets A, B, and C are illustrated
in Figures 4.2, 4.3, and 4.4, respectively. As an exercise, show that A and B are convex, but C' is not.

For functions of two variables, it is often convenient to give a graphical illustration by means of their
level sets.

Definition 4.2.2 Let n € IN, let A C IR" be convez, and let f : A — IR be a function. Furthermore, let
c € f(A). The level set of f for ¢ is the set {x € A| f(x) = c}.
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Z2

-1 / Z1

Figure 4.3: The set B.

Figure 4.4: The set C.
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Figure 4.5: A level set.

Therefore, the level set of f for ¢ € f(A) is the set of all points z in the domain of f such that the value
of f at x is equal to c.
For example, let

f:IRi+l—>IR,ml—>m1m2.

We obtain f(A) = f(R%,) =R, and, for any ¢ € R, the level set of f for c is given by {z € R?, |
122 = c}. Figure 4.5 illustrates the level set of f for ¢ = 1.

The definition of continuity of a function of several variables is analogous to the definition of continuity
of a function of one variable.

Definition 4.2.3 Let n € IN, let A C IR" be convez, and let f : A~ IR be a function. Furthermore, let
20 € A.

(i) The function f is continuous at z° if and only if
Vo € Ry, ,3e € Ry such that f(x) € Us(f(z°)) Vo € U-(2°) N A.

(ii) The function f is continuous on B C A if and only if f is continuous at each z° € B. If f is
continuous on A, we will often simply say that f is continuous.

A useful criterion for the continuity of a function of several variables can be given in terms of convergent
sequences.

Theorem 4.2.4 Let n € IN, let A C IR" be convez, and let f : A~ IR be a function. Furthermore, let
20 € A. f is continuous at x° if and only if, for all sequences {x™} such that x™ € A for all m € IN,

lim 2™ =2%= lim f(z™) = f(z°).

The proof of Theorem 4.2.4 is analogous to the proof of Theorem 3.1.2.
Analogously to Theorems 3.1.8 and 3.1.9, we obtain

Theorem 4.2.5 Letn € IN, let A C IR" be convez, and let f : A — IR and g : A — IR be functions.
Furthermore, let o € IR. If f and g are continuous at 2° € A, then

(i) f + g is continuous at z°.

(ii) af is continuous at z°.

(iii) fg is continuous at x°.

(iv) If g(z) # 0 for all z € A, f/g is continuous at z°.
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Theorem 4.2.6 Let n € IN, and let A C IR™ be convex. Furthermore, let f: A— IR and g : f(A) — R
be functions, and let x° € A. If f is continuous at z° and g is continuous at y° = f(z°), then go f is
continuous at x°.

Suppose f is a function of n > 2 variables. If we fix n — 1 components of the vector of variables x, we
can define a function of one variable. This function of one variable is continuous if the original function
f is continuous.

Theorem 4.2.7 Let n € IN, let A C IR" be convez, and let f : A~ IR be a function. Furthermore, let
20 € A. Forie{l,...,n}, let

Ai:={y € R|3x € A such that z; =y A z; =2 Vj € {1,...,n}\{i}},

and define a function .
fiiAi= R, e (29, .,x?_l,mi,m?H, oY), (4.3)

rn

If f is continuous at z°, then f* is continuous at x?.

Proof. Suppose f is continuous at z° € A. Let i € {1,...,n}, and let {zI"} be a sequence of real
numbers such that zI" € A; for all m € IN and lim,;, 0 27" = 2?. Furthermore, for j € {1,...,n}\ {i},
let z7" = mg for all m € IN. Therefore, lim,,_,o. 2™ = z°, and, because f is continuous at z°,
lim f(z™) = f(2°). (4.4)
m— o0

By definition, f(z™) = fi(z!") for all m € N, and f(z°) = f*(z). Therefore, equation (4.4) implies
lim,, 00 fH(2) = fi(2?), which proves that f¢ is continuous at z9. ||
It is important to note that continuity of the restrictions of f to its i** component as defined in

(4.3) does not imply that f is continuous. It is possible that, for z° € A, f is continuous at z? for all
i

=1,...,n, but f is not continuous at 2°. For example, consider the function
L2 if g £ (0,0)
‘R2— R @) +(z2)” ! ’
fRe ’mH{o if z = (0,0).

Let 2° = (0,0). We obtain f!(z1) = f(x1,0) =0 for all z; € R and f2(x3) = f(0,72) = 0 for all 75 € RR.
Therefore, f! is continuous at 20 = 0 and f? is continuous at xJ = 0. However, f is not continuous at
2% = (0,0). To see why this is the case, consider the sequence {z™} defined by

which implies

lim fz"™) = £ #0 = 7(0,0),

m—o0

and therefore, f is not continuous at z° = (0, 0).

4.3 Differentiation

In Chapter 3, we introduced the derivative of a function of one variable in order to make statements

about the change in the value of the function caused by a change in the argument of the function. If we

consider functions of several variables, there are basically two possibilities of generalizing this approach.
The first possibility is to consider the effect of a change in one variable, keeping all other variables at a

constant value. This leads to the concept of partial differentiation. Second, we could allow all variables to

change and examine the effect on the value of the function, which is done by means of total differentiation.
Partial differentiation is very similar to the differentiation of functions of one variable.
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Definition 4.3.1 Let n € IN, let A C IR" be convez, and let f : A — IR be a function. Furthermore,
let x° be an interior point of A, and let i € {1,...,n}. The function f is partially differentiable with
respect to z; at 20 if and only if

I f@, a2+ had . a2l) — f(20)
h—0 h

(4.5)

exists and is finite. If f is partially differentiable with respect to x; at x°, we call the limit in (4.5) the
partial derivative of f with respect to x; at xo and denote it by f.,(x°) or

0f (=)
8.1%' '

For simplicity, we restrict attention to interior points of A in this chapter. Let B C A be an open set.
We say that f is partially differentiable with respect to x; on B if and only if f is partially differentiable
with respect to xz; at all points in B. If f is partially differentiable with respect to z; on A, the function

fo, A= R, z— fo.(x)

is called the partial derivative of f with respect to x;.

Note that partial differentiation is very much like differentiation of a function of one variable, because
the remaining n — 1 variables are held fized. Therefore, the same differentiation rules as introduced in
Chapter 3 apply—we only have to treat all variables other than z; as constants when differentiating with
respect to x;. For example, consider the function

fR’— R, z— ml(m2)2 + 2(131)3. (4.6)
f is partially differentiable with respect to both arguments, and we obtain the partial derivatives
fo R R, x> (22)° + 6(z1)?
and
fao: R? — R, z+— 2z125.

Again, we can find higher-order partial derivatives of functions with partially differentiable partial deriva-
tives. For a function f : A — IR of n € IN variables, there are n? second-order partial derivatives at a
point 29 € A (assuming that these derivatives exist), namely,

0% f(z°) oy ._ 0fa.(2%)

—— = fo.(2°) = ——= Vi,je{l,...,n}.

If we arrange these second-order partial derivatives in an n x n matrix, we obtain the so-called Hessian
matriz of second-order partial derivatives of f at %, which we denote by H(f(z")), that is,

Jo1o (mg) Ja1as (mg) oo oz, (mg)
fone (mO) fznas (mO) cor Srpan (150)

As an example, consider the function f defined in (4.6). For any z € R?, we obtain the Hessian matrix

o 12271 2152
i) = (et 52 ).
Note that in this example, we have fy, 2, () = fa,a, (z) for all z € IR?, that is, the order of differentiation
is irrelevant in finding the mixed second-order partial derivatives f;,», and fz,z,. This is not the case
for all functions. For example, consider

(1) —(22)*
PR R, 2 { P1P2G0Ter L2 #(0,0)
0 if z = (0,0).
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For x5 € R, we obtain
h2—($2)2

h$2h272 (x )3
_ 1 +(f£2) _ 2 — _ )
for (0,2) = Jimy —= (w2)? %2
For z1 € R, it follows that
Ty 2—h2
f (ml 0) = hm mlh(wl)2+h2 = ($1)3 =21
T2imh h—0 h (21)? '

We now obtain fy,,(0,0) = =1 # 1 = f,,4,(0,0), and therefore, in this example, the order of differ-
entiation does matter. However, this can only happen if the second-order mixed partial derivatives are
not continuous. The following theorem (which is often referred to as Young’s theorem) states conditions
under which the order of differentiation is irrelevant for finding second-order mixed partial derivatives.
We will state this result without a proof.

Theorem 4.3.2 Let n € IN, let A C IR" be convez, and let f : A~ IR be a function. Furthermore, let
20 be an interior point of A, and leti,j € {1,...,n}. If there exists ¢ € IRy such that f,(x), Jz; (),
and fr,2,; () exist for all x € U-(2°) and these partial derivatives are continuous at x°, then fz;; (x0)
exists, and facjaci (mO) = faciacj (mO)

Therefore, if all first-order and second-order partial derivatives of a function f : A +— IR are continuous
at 0 € A, it follows that the Hessian matrix of f at ° is a symmetric matrix.

We now define total differentiability of a function of several variables. Recall that 0 denotes the origin
(0,...,0) of R™.

Definition 4.3.3 Let n € IN, let A C IR" be convez, and let f : A — IR be a function. Furthermore,
let x° be an interior point of A. f is totally differentiable at z° if and only if there exist € € IR, and
functions €; : R" — IR fori=1,...,n such that, for all h = (h1,..., h,) € U(0),

f@®+h) - f(2°) = qu (%) + Za(h)hi

and

For example, consider the function
f R’- R, z+— (m1)2 + (m2)2.
For 2° € R? and h € R?, we obtain

f@®+h) = f(2°) = (24 h)? + (23 + h2)® — (29)* — (29)°
= 229 + (h1)? + 223ho + (ho)?
= fu, (2°)h1 + fo,(2°)h2 + hihy + hoho
= fo, @)y + fo,(2°)ha +e1(R)hy + e2(h)ha

where €1(h) := hy and e2(h) := hp. Because lim, ,ge;(h) = 0 for i = 1,2, it follows that f is totally
differentiable at any point 2 in its domain.

In general, the partial differentiability of f with respect to all variables at an interior point z° in the
domain of f is not sufficient for the total differentiability of f at z°. However, if all partial derivatives
exist in a neighborhood of 2 and are continuous at z°, it follows that f is totally differentiable at z°. We
state this result—which is very helpful in checking functions for total differentiability—without a proof.

Theorem 4.3.4 Let n € IN, let A C IR" be convez, and let f : A~ IR be a function. Furthermore, let
20 be an interior point of A. If there exists ¢ € IRy, such that, for alli € {1,...,n}, f.,(z) exists for
all 7 € U:(2°) and f., is continuous at 2°, then f is totally differentiable at x°.
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The total differential is used to approrimate the change in the value of a function caused by changes
in its arguments. We define

Definition 4.3.5 Let n € IN, let A C IR" be convez, and let f : A~ IR be a function. Furthermore, let
20 be an interior point of A, let f be totally differentiable at z°, and let h = (h1,...,hy,) € IR"™ be such
that (z° + h) € A. The total differential of f at ° and h is defined by

df(z°, h) := zn:fx (x°)h;.
i=1

If f is totally differentiable, the total differential of f at 2° and h can be used as an approximation of the

change in f, f(z° 4+ h) — f(2°), for small hy, ..., hy, because, in this case, the values of the functions ;

(see Definition 4.3.3) approach zero, and therefore, df (x°, h) is “close” to the true value of this difference.
The following theorem generalizes the chain rule to functions of several variables.

Theorem 4.3.6 Let m,n € IN, and let A C IR" and B C IR™. Furthermore, let f/ : A— IR, j €
{1,...,m}, be such that (f'(z),...,f™(x)) € B forallx € A, let g: B+ IR, and let 2° € A. Define the

function k by
k:A—= R,z g(f'(z),..., f™(z)).

Leti e {1,...,n}. If g is totally differentiable at y° = (f1(2°),..., f™(x°)) and, for all j € {1,...,m},
17 is partially differentiable with respect to x; at x°, then k is partially differentiable with respect to x;,
and

krl(mo) = Zgy;’ (fl (.IIO), sy fm(mo)) ajcl (mO)

For example, consider the functions

R = R, z+— z120,
f2:R* = R, z+— e*' 4z,
g R R, y— (11 +12)°
We obtain
;1(13) = o, f;g(m) =1, fil(m) =", 22(13) =1 VzeR?
and
95:(¥) = 902 (y) = 2(31 +92) Vy € R
The function
k:R?— R, z— g(f'(z), f2(z))
is partially differentiable with respect to both variables, and its partial derivatives are given by
koy(2) = gy (f1 (@), £ (@) fs, (2) + 94 (F1 (), 2 (2)) £, ()

= 2(z1z2 + €' + z2)x2 + 2(x122 + €71 + 22)e™?
2(z1me + €7 + x2) (€™ + x2)

and
er(m) = gyl(fl(m),fQ(m)) ;g(m)_‘_ng(fl(m)?fQ(m)) zg(m)

2(z1me + €7 + x2)x1 + 2(2122 + €71 + 22)
2(z1ze + €7 + x2) (21 + 1)

for all z € R2.

Functions of several variables can be used to describe relationships between a dependent variable and
independent variables. If the relationship between a dependent variable y and n independent variables
T1,...,Tn is explicitly given, we can write

y=f(z1,...,zp) (4.7)
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with a function f: A — IR, where A C R". For example, the equation
—(z1)” + ((z2)* + Dy =0
can be solved for y as a function of z = (1, x2), namely, y = f(z) with

(1)

. 2
R |—>IR,m|—>7(m2)2+1.

However, it is not always the case that a relationship between a dependent variable and several
independent variables can be solved explicitly as in (4.7). Consider, for example, the relationship described
by the equation

—y+ 14 (21)* + (z2)> —e¥ = 0. (4.8)

This equation cannot easily be solved for y as a function of x = (z1,z2)—in fact, it is not even clear
whether this equation defines y as a function of x at all.

Under certain circumstances, it is possible to find the partial derivatives of a function that is implicitly
defined by an equation as in the above example, even if the function is not known explicitly. We first
define implicit functions.

Definition 4.3.7 Letn € IN, let BC R"™, AC R", and let F : B — IR. The equation
F(z1,...,2n,y) =0 (4.9)

defines an implicit function f: A = IR if and only if for all z° € A, there exists a unique y° € IR such
that (z9,...,29,4°) € B and F(29,...,2%,4°) = 0.

The implicit function theorem (which we state without a proof) provides us with conditions under which
equations of the form (4.9) define an implicit function and a method of finding partial derivatives of such
an implicit function.

Theorem 4.3.8 Letn € IN, let BC R, and let F: B IR. Let C C R" and D C IR be such that
C x D C B. Let 2° be an interior point of C' and let y° be an interior point of D such that F(x°,y°) = 0.
Let i€ {1,...,n}. Suppose the partial derivatives Fy,(x,y) and F,(z,y) exist and are continuous for all
z € C and ally € D. If F,(2°,y°) # 0, then there exists € € IRy such that, with A := U.(z°), there
exists a function f: A — IR such that

(i) f(z°) =",

(ii) F(z, f(£)) =0 Ve €A,
(iii) f is partially differentiable with respect to x; on A, and
B (e (@)

Note that (4.10) follows from the chain rule. By (ii), we have

fai(2) = Vo € A (4.10)

F(z,f(z))=0 Vze A,
and differentiating with respect to x;, we obtain

which is equivalent to (4.10).
For example, consider (4.8). We have

F(z1,22,y) = —y + 1+ (z1) + (z2)> — ¢,

and, for 2% = (0,0) and y° = 0, we obtain F(z°,3°) = 0. Furthermore, F,, (z,y) = 2x1, Fy,(z,y) = 222,
and F,(z,y) = —1 — ¥ for all (z,y) € R®. Because F,(z°,¢°) # 0, (4.8) defines an implicit function f
in a neighborhood of %, and we obtain

0 0
2z 2z5

o =0 fal) =g =0

fﬂcl (mO) =
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The implicit function theorem can be used to determine the slope of the tangent to a level set of a
function f : A — IR where A C R? is convex. Letting ¢ € f(A), the level set of f for ¢ is the set of all
points z € A satisfying

flx) —c=0.
Under the assumptions of the implicit function theorem, this equation defines x5 as an implicit function
of z1 in a neighborhood of a point z° in this level set, and the derivative of this implicit function at x°

is given by —fz, (mo)/fxz (mO)

4.4 Unconstrained Optimization

The definition of unconstrained maximization and minimization of functions of several variables is anal-
ogous to the corresponding definition for functions of one variable.

Definition 4.4.1 Letn € IN, let A C IR" be convez, and let f : A IR. Furthermore, let z° € A.

(i) f has a global maximum at 2° & f(2°) > f(z) Vx € A.
(ii) f has alocal maximum at z° < Je € Ry such that f(z°) > f(z) Vo € U-(2°) N A.
(iii) f has a global minimum at 2° & f(2°) < f(x) Vz € A.
(iv) f has alocal minimum at 2° < Je € R such that f(z°) < f(z) Vo € U.(2°) N A.

We will restrict attention to interior maxima and minima in this section. For functions that are partially
differentiable with respect to all variables, we can again formulate necessary first-order conditions for
local maxima and minima.

Theorem 4.4.2 Let n € IN, let A C IR" be conver, and let f : A — IR. Furthermore, let z° be an
interior point of A, and suppose f is partially differentiable with respect to all variables at z°.

(i) f has a local mazimum at z° = f,,(z°) =0 Vi=1,...,n.
(ii) f has a local minimum at 2° = f,,(z°) =0 Vi=1,...,n.
Proof. (i) Suppose f has a local maximum at an interior point 2° € A. For i € {1,...,n}, let f* be

defined as in (4.3). Then the function f* must have a local maximum at z? (otherwise, f could not have a
local maximum at z°). By Theorem 3.3.6, we must have (f)’(z°) = 0. By definition, (f*)"(2°) = f., (x°),
and therefore, f,,(2°) =0 foralli=1,...,n.

The proof of (ii) is analogous. ||

Note that, as is the case for functions of one variable, Theorem 4.4.2 provides necessary, but not
sufficient conditions for local maxima and minima. Points that satisfy these conditions are often called
critical points or stationary points.

To obtain sufficient conditions for maxima and minima, we again examine second-order derivatives
of f at an interior critical point x°. If all first-order and second-order partial derivatives of f exist in a
neighborhood of x° and these partial derivatives are continuous at 2%, the second-order changes in f can,
in a neighborhood of z°, be approximated by a second-order total differential

& f(a°, h) == d(df (2%, 1) =D > faia; (z0)hih;.
j=1i=1
Note that the above double sum can be written as
B H(f(x°))h (4.11)

where h' is the transpose vector of h and H(f(z°)) is the Hessian matrix of f at 2°. Analogously to
the case of functions of one variable, a sufficient condition for a local maximum is that this second-order
change in f is negative for small h. Because of (4.11), we therefore obtain as a sufficient condition for a
local maximum that the Hessian matrix of f at z° is negative definite. Similar considerations apply to
local minima, and we obtain

Theorem 4.4.3 Letn € IN, let A C IR™ be convex, and let f : A+ IR. Furthermore, let x° be an interior
point of A. Suppose [ is twice partially differentiable with respect to all variables in a neighborhood of
29, and these partial derivatives are continuous at z°.
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(i) If fr,(2°) = 0 for alli = 1,...,n and H(f(z°)) is negative definite, then f has a local
mazimum at z°.

(ii) If fr,(2°) = 0 for alli = 1,...,n and H(f(z°)) is positive definite, then f has a local
minimum at z°.

(iii) If fr,(2°) =0 for alli =1,...,n and H(f(x°)) is indefinite, then f has neither a local
mazimum nor a local minimum at z°.

The conditions formulated in Theorem 4.4.3 (i) and (ii) are called sufficient second-order conditions for
unconstrained maxima and minima.
Here is an example for an optimization problem with a function of two variables. Let

f:R?= R, z— (21)% 4 (22)% + (z1)3.
The necessary first-order conditions for a maximum or minimum at z° € IR? are
for(2%) = 229 + 3(21)* = 0

and
fao (mo) = ng =0.

Therefore, we have two stationary points, namely, (0,0) and (—2/3,0). For z € R?, the Hessian matrix
of f at x is

ae) = (55 Y.

Therefore,

nson=( 5 5 )

which is a positive definite matrix. Therefore, f has a local minimum at (0, 0). Furthermore,

a2 =( 3 5)

which is an indefinite matrix. This implies that f has neither a maximum nor a minimum at (—2/3, 0).
To formulate sufficient conditions for global maxima and minima, we define concavity and convezity
of functions of several variables.

Definition 4.4.4 Let n € IN, let A C IR" be convez, and let f : A — IR.

(i) f is concave if and only if

fOz+ (1 =Ny) > Mf(x)+ (1= Nf(y) Yo,y € A such that © #y, YA € (0,1).
(i) f is strictly concave if and only if

FOz+ (1 =Ny) > Af(x) + (1 =N f(y) Vz,y € A such that x #y, VA € (0,1).
(iii) f is convex if and only if

fOz+ (1 =Ny) <Af(z)+ (1= Nfly) Yo,y € A such that © #y, YA € (0,1).
() f is strictly convex if and only if

FOz+ (1 =Ny) < Af(x)+ (1 =N f(y) Vz,y € A such that x #y, VA € (0,1).

For open domains A, we obtain the following conditions for concavity and convexity if f has certain
differentiability properties (we only consider open sets, because we restrict attention to interior points in
this chapter).

Theorem 4.4.5 Let n € IN, let A C IR" be open and convez, and let f : A — IR. Suppose all first-order
and second-order partial derivatives of f exist and are continuous.
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(i) H(f(x)) is negative semidefinite Vr € A < f is concave.
(i) H(f(x)) is negative definite Vo € A = f is strictly concave.
(i13) H(f(x)) is positive semidefinite Yx € A < f is conver.
(i) H(f(x)) is positive definite Yx € A = f is strictly convet.

Again, note that the reverse implications in parts (ii) and (iv) of Theorem 4.4.5 are not true.

Now we can state results that parallel Theorems 3.4.5 to 3.4.7 concerning global maxima and minima.
The proofs of the following three theorems are analogous to the proofs of the above mentioned theorems
for functions of one variable and are left as exercises.

Theorem 4.4.6 Letn € IN, let A C IR" be convex, and let f : A — IR. Furthermore, let x° € A.

(i) If f is concave and f has a local maximum at z°, then f has a global mazimum at x°.
(ii) If f is convexr and f has a local minimum at x°, then f has a global minimum at z°.

Theorem 4.4.7 Let n € IN, let A C IR" be convez, and let f : A — IR.

(i) If f is strictly concave, then f has at most one local (and global) mazimum.
(ii) If f is strictly convez, then f has at most one local (and global) minimum.

Theorem 4.4.8 Let n € IN, let A C IR" be conver, and let f : A — IR. Furthermore, let x° be an
interior point of A, and suppose f is partially differentiable with respect to all variables at z°.

(i) fe;(wo) =0 Vi=1,...,n A f is concave = f has a global maximum at z°.
(i) fu;(z0) =0 Vi=1,...,n A f is convex = f has a global minimum at x°.

We conclude this section with an economic example. Suppose a firm produces a good which is sold
in a competitive market. The firm uses n € IN factors of production that can be bought in competitive
factor markets. A production function f : R, — IR is used to describe the production technology of
the firm. If we interpret x € IR, as a wector of inputs (or a factor combination), f(x) is the maximal
amount of output that can be produced with this factor combination according to the firm’s technology.

Suppose w € R, is the vector of factor prices, where w; is the price of factor i, i = 1,...,n.
Furthermore, suppose p € IR is the price of the good produced by the firm.

If the firm uses the factor combination z € IR"} |, the profit of the firm is pf(z) — wz, and therefore,
the profit maximization problem of the firm is

m;?x{pf(m) — wx}.

Suppose f is concave and partially differentiable with respect to all variables. Therefore, the objective
function is concave, and by Theorem 4.4.8, the conditions

Pfe; () —wi=0 Yi=1,...,n

are sufficient for a global maximum at z° € R ..
For example, let
I IR?}-+ — R, z— (m1m2)1/4.

We obtain the profit maximization problem

mgx{p(mlmg)l/‘l — w1x1 — Wala}.

First, we show that the function f is concave. The Hessian matrix of f at x € IR?|r L is

1)_7/4($2)1/4 11—6($1$2)_3/4
m1m2)—3/4 _13_6 $1)1/4($2)_7/4

T
—
~
—

&
S—
S—

Il

N
|
—
|H?-\
—~ H

The leading principal minor of order one is

3
—1—6(331)_7/4(332)1/4,
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which is negative for all z € IRi 4, and the determinant of the Hessian matrix is

()| = 35 (1) 2 > 0

for all z € R%,, and therefore, H(f(z)) is negative definite for all z € IR%,. This implies that f is
strictly concave, and therefore, the objective function is strictly concave. Hence, the first-order conditions

P, o
D)) = 0 (1.12)
P _

2@V @) —wy = 0 (4.13)

are sufficient for a global maximum at 20 € IRi 4 From (4.13), it follows that

e /DN\A/3
2§ = (wp) ™/ (B) 7 @) /2. (4.14)
Using (4.14) in (4.12), we obtain
/4
Do B P\ 4/3 !
Bt 2/ (w22 (B) " @) w0 (1.15)
Solving (4.15) for 9, we obtain
0 (p)*
= 4.16
U7 16w )32 (wa) 2 (4.16)

and using (4.16) in (4.14), it follows that

0 (p)?
— . 4.17
332 16(w1)1/2(w2)3/2 ( )
(4.16) and (4.17) give us the optimal choices of the amounts used of each factor as functions of the prices,
namely,
(p)®

16(w1)3/2(w2)l/2
(p)®
16(w1) /2 (wg)3/2

These functions are called the factor demand functions corresponding to the technology described by
the production function f. By substituting z° into f, we obtain the optimal amount of output to be
produced, 3°, as a function § of the prices, namely,

1R, = R, (p,w)

T2 : R, = R, (p,w)—

p

4~ /W1 W2 '

7 is the supply function corresponding to f. Finally, substituting z° into the objective function yields the
mazimal profit of the firm 7% as a function 7 of the prices. In this example, this profit function is given

by
(p)?
8« /W1W2 '

gj:IRi+b—>IR, (p, w) —

ﬁtIRi+l—>IR, (p, w) —

4.5 Optimization with Equality Constraints

In many applications, optimization problems involving constraints have to be solved. A typical economic
example is the cost minimzation problem of a firm, where production costs have to be minimized subject
to the constraint that a certain amount is produced. We will discuss this example in more detail at the
end of this section. First, general methods for solving constrained optimization problems are developed.

We will restrict attention to maximization and minimization problems involving functions of n > 2
variables and one equality constraint (it is possible to extend the results discussed here to problems with
more than one constraint, as long as the number of constraints is smaller than the number of variables).
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Suppose we have an objective function f : A — IR such that A C IR" is convex, where n € IN and
n > 2. Furthermore, suppose we have to satisfy an equality constraint that requires g(z) = 0, where
g : A— R. Note that any equality constraint can be expressed in this form. We now define constrained
maxima and minima.

Definition 4.5.1 Let n € IN, n > 2, let A C IR" be convex, and let f : A — IR and g : A — IR.
Furthermore, let z° € A.

(i) f has a global constrained maximum subject to the constraint g(z) =0 at 2° if and only
if 9(z°) =0 and f(2°) > f(x) for all x € A such that g(x) = 0.

(ii) f has a local constrained maximum subject to the constraint g(z) = 0 at 2° if and only
if there exists € € IR,y such that g(z°) = 0 and f(2°) > f(x) for all z € U.(x°) N A such that
g(x) =0.

(iii) f has a global constrained minimum subject to the constraint g(z) = 0 at 2° if and only
if 9(z°) =0 and f(2°) < f(x) for all x € A such that g(x) = 0.

(iv) f has a local constrained minimum subject to the constraint g(x) = 0 at 2° if and only
if there exists € € IRy such that g(z°) = 0 and f(2°) < f(x) for all z € U.(x°) N A such that

g(x) =0.

Again, we only discuss interior constrained maxima and minima in this section. To obtain necessary
conditions for local constrained maxima and minima, we first give an illustration for the case of a function
of two variables. Suppose a function f : A — IR has a local constrained maximum (or minimum) subject
to the constraint g(x) = 0 at an interior point z° of A, where A C R? is convex, f and g are twice
partially differentiable with respect to all variables, and all partial derivatives are continuous at x°.
Furthermore, suppose g.,(z°) # 0 (assuming g, (z°) # 0 would work as well). We will see shortly
why such a condition—sometimes called a constraint qualification condition—is needed. We now derive
an unconstrained optimization problem from this problem and then use the results for unconstrained
optimization to draw conclusions about the solution of the constrained problem.

Because g,,(z°) # 0, the implicit function theorem implies that the equation g(z) = 0 defines, in a
neighborhood U (2?), an implicit function k : U.(29) — R, where z2 = k(z1) for all z1 € U(2?). Because
f has a local constrained maximum at 2, it follows that the function

f: U(29) = R, x1 > f(x1, k(21)) (4.18)

has a local unconstrained maximum at z9. Note that the constraint g(x1,x2) = 0 is already taken into
account by definition of the (implicit) function k. Because f has a local interior maximum at z9, it
follows that

Fad) =0
which, by definition of f and application of the chain rule, is equivalent to
for (29, k(20)) + fu, (2, k(29))K (27) = 0. (4.19)
By the implicit function theorem,
1, k(2?))
K (a)) = —IulT1 k@) 4.20)
) = = 0, R@D) (
Defining
fao (29, k(7))
D e L 4.21)
Gon (0, K(D)) (

(4.19) and (4.20) imply
f, (.11(1), k(m(l))) - )‘Ogacl (.11(1), k(m(l))) =0,
and (4.21) is equivalent to
Jzs (1:(1), k(m(l))) - )\ng2 (.11(1), k(m(l))) =0.
Because z9 = k(z9) and g(x°) = 0 (which is equivalent to —g(z") = 0), we obtain the following necessary
conditions for an interior local constrained maximum or minimum at z°.

—g(2%,25) = 0 (4.22)
fﬂcl (15(1),.13(2)) - )‘Ogrl (15(1),.13(2)) =0 (423)
fﬂcQ (m(1)7$0) - )\Og«TQ (15(1),.13(2)) 0. (424)
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Therefore, if f has an interior local constrained maximum (minimum) at z°, it follows that there exists
a real number \° such that (A%, 29, z9) satisfies the above system of equations. We can express these
conditions in terms of the derivatives of the Lagrange function of this optimization problem.

The Lagrange function is defined by

L:RxA—R, (\z)— f(z)— Ag(z),

and the conditions (4.22), (4.23), and (4.24) are obtained by setting the partial derivatives of L with
respect to its arguments A\, x1, T2, respectively, equal to zero. The additional variable A € IR is called
the Lagrange multiplier for this problem. Therefore, at a local constrained maximum or minimum, the
point (A%, 2°) must be a stationary point of the Lagrange function L.

This procedure generalizes easily to functions of n > 2 variables. We obtain

Theorem 4.5.2 Letn € IN, n > 2, let A C IR" be convez, and let f : A— IR, g : A— IR. Furthermore,
let 20 be an interior point of A. Suppose f and g are partially differentiable with respect to all variables in a
neighborhood of x°, and these partial derivatives are continuous at z°. Suppose there existsi € {1,...,n}
such that g, (x°) # 0.

(i) If f has a local constrained mazimum subject to the constraint g(z) = 0 at x°, then there exists
A0 € IR such that

g(z®) =0 A fo,(2°) = N0, (2°) =0 Vi=1,...,n.

(ii) If f has a local constrained minimum subject to the constraint g(z) = 0 at 2°, then there exists
A0 € IR such that

g(x®) =0 A fo,(2°) = Xg,, (%) =0 Vi=1,...,n.

Figure 4.6 provides a graphical illustration of a solution to a constrained optimization problem. Sup-
pose we want to maximize f : IR?}-+ — IR subject to the constraint g(z) = 0, where g : IR?}-+ — RR.
The unique solution to this problem is at the point z°. Note that, at that point, the level set of the
objective function f passing through z° is tangent to the level set of g passing through z°. Therefore,
the slope of the tangent to the level set of f has to be equal to the slope of the tangent to the level
set of g at °. Applying the implicit function theorem, these slopes are given by — f,, (z°)/ fz, (z°) and
—gz, (29)/g2,(2%), respectively. Therefore, we obtain the condition

ffﬁl(mo) _ gfﬁl(mo)
far (20) Yo ($0)7

in addition to the requirement that g(z°) = 0. For solutions where the value of the Lagrange multiplier
A0 is different from zero, the above conditions are an immediate consequence of the first-order conditions
stated in Theorem 4.5.2.

To obtain sufficient conditions for local constrained maxima and minima at interior points, we again
have to use second-order derivatives. Whereas the definiteness properties of the Hessian matrix are
important for unconstrained optimization problems, the so-called bordered Hessian matrix is relevant for
constrained maxima and minima. The bordered Hessian matrix is the Hessian matrix of second-order
partial derivatives of the Lagrange function L. By definition of the Lagrange function, the bordered
Hessian at (A%, z2°) is given by

0 0 o_gxlg\gogo) oy o_gx”)(\goco) 0
H(L()\O,J?O)) — _gﬂclz(m ) fwlwl (JI )_: Gay2, (JI ) fﬂclﬂcn (JI )_: 9z1z, (JI )
—9z, (mO) fone (mO) - )‘ngnacl (150) oo Jrpza (1:0) - )\Ogacnacn (150)

The sufficient second-order conditions for local constrained maxima and minima can be expressed in
terms of the signs of the principal minors of this matrix. Note that the leading principal minor of order
one is always equal to zero, and the leading principal minor of order two is always nonpositive. Therefore,
only the higher-order leading principal minors will be of relevance.
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Figure 4.6: A constrained optimization problem.

To state these second-order conditions, we introduce the following notation. For r € {2,...,n}, let
0 —Yz, (mO) e —Yx. (mO)

T Jz 0 r1T1 0 _)‘0 r1T1 0 1Ty 0 —)\0 T1Tp 0
HT(L()\O,J:O)) — g (JT) f (JT) ' g (.13) f (.13) | g (JI)

0o () frran (1%) = Xga o (20) . farm (2°) — Mgy 4 (2°)

The following theorem (which is proven for the case n = 2) gives sufficient conditions for local constrained
optima at interior points.

Theorem 4.5.3 Letn € IN, n > 2, let A C IR" be convez, and let f : A+— IR, g : A+ IR. Let 2° be
an interior point of A. Suppose f and g are twice partially differentiable with respect to all variables in a
neighborhood of z°, and these partial derivatives are continuous at z°. Suppose there existsi € {1,...,n}
such that g.,(x°) # 0. Furthermore, suppose g(z°) = 0 and f,, (2°) — Ng,,(2°) =0 for alli =1,...,n.

(i) If (=1)"|H"(L(X°,2°))| > 0 for all7 =2,...,n, then f has a local constrained mazimum
subject to the constraint g(z) = 0 at x°.

(ii) If [H"(L(A\°, 29))| < 0 for allr = 2,...,n, then f has a local constrained minimum subject
to the constraint g(z) = 0 at z°.

Proof (for n = 2). Theorem 4.5.3 is true for any n > 2, but for simplicity of exposition, we only prove
the case n = 2 here. R
(1) Consider the function f defined in (4.18). The sufficient second-order condition for a local maximum
of f at 29 is
(=) <o. (4.25)

Recall that f'(z?) is given by the left side of (4.19). Using (4.20), we obtain

P = Fos 0 b)) — S8, ) 2R,

Differentiating again and using (4.20) and (4.21), we obtain

0 20 k(a 0 k(a0 9m @R\
P = foun (oK) + frums o hGaD) (L2 )

9, (29, k(7)) 9, (29, k(7))
Jrras (29, k(m?))m — foou (23, k(m?))m
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_ O 0 0y _ 0 9u, (29, k(29))
0 (gr1es (a8 D) = grsnala?, aD) 2

+ A gm(ml,k(ml)) (gaczacl( 17k( 1)) gngg( 1,k( 1)) ? )7

which is equivalent to

F'@) = oo (@2 E(@9) = A0fsras (22, k(29))
 (Jaaes @8 5@9) = Ao (08, b(2)) (%)
— (frres (@, B(22) = Ny (2, k(29))) %
— (fram (23, K@) = Ny (a3, k(29))) %-

Because go, (29, k(29)) # 0, (g, (29, k(as(l))))2 is positive, and therefore, multiplying the inequality (4.25)
0 N2
by (gz, (%, k(21)))" yields

0 > (foron (@9 k(@) = A°Garas (28, k(@) (922 (a3, k(a?)))’
T (Frara (@] B(@9) = Xgue, (2, k(@) (g2 (00, k(@9)”
= (forma (28, k(29)) = X010, (21, k(1)) go: (27, k(1)) ga (27, K(27))
= (foama (28, K(29)) = XGas0, (21, k(1)) g (27, k(21)) gos (27, k(7)) (4.26)
The right side of (4.26) is equal to —|H (L(\°, 2°))|, and therefore, (4.25) is equivalent to

[H(L(®, 2%)[ > 0,

which, for n = 2, is the second-order sufficient condition stated in (i).
The proof of (ii) is analogous. ||
For example, suppose we want to find all local constrained maxima and minima of the function

f:IR?Hb—HR, T 122
subject to the constraint x; + o2 = 1. The Lagrange function for this problem is
LR x IR?}-+ —~ R, (A\z)— x120 — AMa1 + 22 — 1).

Differentiating the Lagrange function with respect to all variables and setting these partial derivatives
equal to zero, we obtain the following necessary conditions for a constrained optimum.

—x1—220+1 = 0
1?2—)\ =
.1?1—)\ = 0.

The unique solution to this system of equations is \° = 1/2, 2° = (1/2,1/2). To determine the nature of
this stationary point, consider the bordered Hessian matrix

0 -1 -1
HLA,z%) = -1 0 1
-1 1 0

The determinant of this matrix is |[H(L(A°,z2%))| = 2 > 0, and therefore, according to Theorem 4.5.3,
f has a local constrained maximum at 2°. The maximal value of the objective function subject to the
constraint is f(z°) = 1/4.

As an economic example, consider the following cost minimization problem of a competitive firm.
Suppose f : R" | — IR is the production function of a firm. The firm wants to produce y € IR units



4.5. OPTIMIZATION WITH EQUALITY CONSTRAINTS 101

of output in a way such that production costs are minimized. If all factors are variable and the factor
prices are w € IR} |, the costs to be minimized are given by

n
wr = E W;iZ;
=1

where z € IRi 4 is a vector of factors of production. The constraint requires that z is chosen such that

f(z) =y, or, equivalently, f(z) —y = 0.
Suppose the production function is given by

R, » R,z (z122) M

(this is the same production function as in Section 4.4). Therefore, the firm wants to minimize the
production costs wyx; + weze subject to the constraint (111.1?2)1/ 4 _y = 0. The Lagrange function for
this problem is

L:RxRY, » R, (\z)— wiz + wazy — A ((m1m2)1/4 _ y) '

According to Theorem 4.5.2, the necessary first-order conditions for a minimum at x° € IR?|r | are

—(@z) +y = 0 (4.27)
0 _
wy — (@)@ =0 (4.28)
A0 _
wg — Z(m?)l/‘l(mg) 84— . (4.29)
(4.28) and (4.29) are quivalent to
A0 _
wy = -(af) 4 (f) (4.30)
and 30
wy = 5 @) Ha) (4.31)
respectively. Dividing (4.30) by (4.31) yields
w1 _ %3
we )’
and therefore,
20 = Z—;m?. (4.32)

Using (4.32) in (4.27), we obtain

which implies

¥ = (y)2\/3:j. (4.33)

Substituting (4.33) in (4.32), it follows that

xy = (y)2\/%- (4.34)

Substituting (4.33) and (4.34) into (4.28) (or (4.29)), we obtain \° = 4y,/wiwz > 0. The bordered
Hessian matrix at (A\°, 20) is given by

0 .0 1 0 4/,.0\1/4 3_%(33? _3;44333)11/44 _%Em? 1/4(13(2))_3{14
H(EW,27) = _%(m?l))l_i/ (gg)s/4 E)\01 mg)_o/o mgs) 4/ 3_%)_6)\2(f(1)4m(2))0_3/7 4
—3(z7) ()= — e\ (z]T3)” / 16 (21) ()~
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The determinant of H(L(\?, %)) is |[H(L(A\°,z°))| = —A\%(2929)~5/4/32 < 0, and therefore, the sufficient
second-order conditions for a constrained minimum are satisfied.

The components of the solution vector (z9,x9) can be written as functions of w and y, namely,

2 W2

. . [w
1R, = R, (w,y) —~ (y) o and i2:RY, - R, (w,y) —~ (y)° w—;

These functions are the conditional factor demand functions for the technology described by the produc-
tion function f. Substituting z° into the objective function, we obtain the cost function

C: Ri+ ~ R, (w,y) — 2(y)2\/w1w2

of the firm, which gives us the minimal cost of producing y units of output if the factor prices are given
by the vector w. The profit of the firm is given by

py — C(w,y) = py — 2(y)* wrwz,

which is a concave function of y (Exercise: prove this). If we want to maximize profit by choice of the
optimal amount of output 3°, we obtain the first-order condition

P — 4y0\/w1w2 = 0,

and it follows that
0 p

¥y = 4«/w1w2'
This defines the same supply function as the one we derived in Section 4.4 for this production function.
Substituting y° into the objective function yields the same profit function as in Section 4.4.

4.6 Optimization with Inequality Constraints

The technique introduced in the previous section can be applied to many optimization problems which
occur in economic models, but there are others for which a more general methodology has to be employed.
In particular, it is often the case that constraints cannot be expressed as equalities, and inequalities have
to be used instead. In particular, if there are two or more inequality constraints, it cannot be expected
that all constraints are satisfied with an equality at a solution. Consider the example illustrated in Figure
4.7. Assume the objective function is f : R? — IR, and there are two constraint functions g' and g2
where ¢/ : R? — IR for all i = 1,2. The straight lines in the diagram represent the points z € IR? such
that g'(x) = 0 and g?(x) = 0, respectively, and the area to the southwest of each line represents the
points z € IR? such that g'(x) < 0 and g%(z) < 0, respectively. If we want to maximize f subject to the
constraints g'(z) < 0 and g?(z) < 0, we obtain the solution z°. It is easy to see that ¢g*(z°) < 0 and,
therefore, the second constraint is not binding at this solution—it is not satisfied with an equality.

First, we give a formal definition of constrained maxima and minima subject to m € IN inequality
constraints. Note that the constraints are formulated as ‘<’ constraints for a maximization problem and
as ‘>’ constraints for a minimization problem. This is a matter of convention, but it is important for the
formulation of optimality conditions. Clearly, any inequality constraint can be written in the required
form.

Definition 4.6.1 Let n,m € IN, let A C IR" be convez, and let f : A+ IR and ¢ : A — IR for all
j=1,...,m. Furthermore, let x° € A.

(i) f has a global constrained maximum subject to the constraints g’(x) < 0 for all j =
1L,...,m at 2° if and only if ¢ (z°) <0 for all j = 1,...,m and f(x°) > f(x) for allz € A
such that ¢/ (z) <0 for all j=1,...,m.

(ii) f has a local constrained maximum subject to the constraints g/ (z) < 0 for all j =
1,...,m at 2° if and only if there exists € € IR,y such that ¢/ (z°) < 0 for all j = 1,...,m
and f(z°) > f(z) for all x € U-(x°) N A such that ¢’ (x) <0 for all j =1,...,m.

(iii) f has a global constrained minimum subject to the constraints ¢’(z) > 0 for all j =
1,...,m at 2° if and only if g’ (z°) > 0 for all j = 1,...,m and f(z°) < f(x) for allz € A
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Figure 4.7: Two inequality constraints.

such that g7 (z) >0 for all j =1,...,m.

(iv) f has alocal constrained minimum subject to the constraints g/(x) > Oforallj =1,...,m
at 29 if and only if there exists ¢ € IR,y such that ¢/(z°) > 0 for all j = 1,...,m and
f(@°) < f(x) for all x € U(z°) N A such that ¢/ (z) >0 for all j=1,...,m.

To solve problems of that nature, we transform an optimization problem with inequality constraints
into a problem with equality constraints and apply the results of the previous section. For simplicity, we
provide a formal discussion only for problems involving two choice variables and one constraint and state
the more general result for any number of choice variables and constraints without a proof. We focus on
constrained maximization problems in this section—as usual, minimization problems can be viewed as
maximization problems with reversed signs and thus can be dealt with analogously (see the exercises).

Let A C IR? be convex, and suppose we want to maximize f : A — IR subject to the constraint
g(z) <0, where g : A~ R. As before, we assume that the constraint-qualification condition g,, (z°) # 0
for at least one i € {1,2} is satisfied at an interior point z° € A which we consider a candidate for a
solution. Without loss of generality, suppose g.,(z") # 0. The inequality constraint g(z) < 0 can be
transformed into an equality constraint by introducing a slack variable s € IR. Given this additional
variable, the constraint can equivalently be written as g(z) + (s)> = 0. Note that (s)? = 0 if g(x) = 0
and (s)? > 0 if g(z) < 0. We can now use the Lagrange method to solve the problem of maximizing f
subject to the constraint g(x) + (s)? = 0. Note that the Lagrange function now has four arguments—the
multiplier A, the original choice variables z; and x2, and the additional choice variable s. The necessary
first-order conditions for a local constrained maximum at an interior point 2° € A are

—g(z°%) = (s°)? =

f, (mO) - )‘ngl (mO) =

Jzs (mO) - )\ng2 (mO) =
—2X%°

o o o o

Now we can eliminate the slack variable from these conditions in order to obtain first-order conditions
in terms of the original variables. (4.35) is, of course, equivalent to the original constraint g(z%) < 0.
Furthermore, if g(x) < 0, it follows that (s)? > 0, and (4.38) requires that \° = 0. Therefore, if the
constraint is not binding at a solution, the corresponding value of the multiplier must be zero. This can
be expressed by replacing (4.38) with the condition

Ng(z%) = 0.

Furthermore, the multiplier cannot be negative if we have a maximization problem with an inequality
constraint (note that no sign restriction on the multiplier is implied in the case of an equality constraint).
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To see why this is the case, suppose A\’ < 0. Using our constraint qualification condition, (4.37) implies
in this case that 0
far (2°)

Gas (2°)
This means that the two partial derivatives f.,(z%) and g,,(2°) have opposite signs. If f.,(z%) > 0 and
gz, (2°) < 0, it follows that if we increase the value of zo from 29 to 29 + h with h € R, sufficiently
small, the value of f increases and the value of g decreases. But this means that f(z9, 23 + h) > f(z°)
and g(z9, 23 + h) < g(z") < 0. Therefore, the point (29,29 + h) satisfies the inequality constraint and
leads to a higher value of the objective function f, contradicting the assumption that we have a local
constrained maximum at z°. Analogously, if f.,(z°) < 0 and g,,(z°) > 0, we can find a point satisfying
the constraint and yielding a higher value of f than 2% by decreasing the value of 3. Therefore, the
Lagrange multiplier must be nonnegative. To summarize these observations, if f has a local constrained

maximum subject to the constraint g(x) < 0 at an interior point z° € A, it follows that there exists
A% € R such that

=X <o.

0

IN

g(z”)

Xg(z)

fﬂcl (‘1:0) - )‘ngl (mO)
fﬂcQ (‘1:0) - )\ng2 (mO)

This technique can be used to deal with nonnegativity constraints imposed on the choice variables
as well. Nonnegativity constraints appear naturally in economic models because the choice variables are
often interpreted as nonnegative quantities. For example, suppose we want to maximize f subject to the
constraint x5 > 0. We can write this problem as a maximization problem with the equality constraint
—z5 + (5)2 = 0, where, as before, s € IR is a slack variable. The Lagrange function for this problem is
given by

o o o o

L:RxAxR—TR, (\z,s)— f(x) = M—z2 + (5)?).

We obtain the necessary first-order conditions

95— (59?2 = 0 (4.39)
for (@%) = 0 (4.40)
fea(29) + 2% = 0 (4.41)
—2X%% = 0. (4.42)

Again, it follows that A’ € Ry. If \° < 0, (4.41) implies f,,(z°) = =A% > 0. Therefore, we can increase
the value of the objective function by increasing the value of x3, contradicting the assumption that we
have a local constrained maximum at z°. Therefore, (4.41) implies f., (z°) < 0.

If 29 > 0, (4.39) and (4.42) imply A° = 0, and by (4.41), it follows that f,,(2z°) = 0. Note that, in this
case, we simply obtain the first-order conditions for an unconstrained maximum—the constraint is not
binding. Therefore, in this special case of a single nonnegativity constraint, we can eliminate not only
the slack variable, but also the multiplier A°. For that reason, nonnegativity constraints can be dealt
with in a more simple manner than general inequality constraints. We obtain the conditions

mg > 0

fe, (%) = 0
fea (%) <0
Tofe, (%) = 0.

The above-described procedure can be generalized to problems involving any number of variables and
inequality constraints, and nonnegativity constraints for all choice variables. In order to state a general
result regarding necessary first-order conditions for these maximization problems, we first have to present
a generalization of the constraint qualification condition.

Let A C IR" be convex, and suppose we want to maximize f : A — IR subject to the nonnegativity
constraints z; > 0 foralli = 1,...,n and m € N constraints g' () <0,...,¢g™(x) <0, where ¢ : A — R
for all j = 1,...,m. The Jacobian matriz of the functions g',..., g™ at the point 2° € A isan m x n



4.6. OPTIMIZATION WITH INEQUALITY CONSTRAINTS 105

matrix J(g'(z?),..., g™ (x?)), where, forall j =1,...,mand all i =1,...,n, the element in row j and
column ¢ is the partial derivative of g with respect to x;. Therefore, this matrix can be written as
9, (%) gp,(27) .. g an (@)
TG ). ... g () = gxlfm ) g@fﬂs ) g mn:(m )
) gn) . gaa(e)

Let J(g'(2°),...,9™(z%)) be the submatrix of J(g*(z?),...,¢g™(z%)) which is obtained by removing all
rows j such that ¢/(z°) < 0 and all columns ¢ such that 0 = 0. That is, J(g'(2°),...,g™ (%)) is
the matrix of partial derivatives of all constraint functions such that the corresponding constraint is
binding at x° with respect to all variables whose value is positive at £°. The constraint qualification
condition requires that J(g*(z%),...,¢g™(z%)) has its maximal possible rank. Notice that, in the case of
a single constraint satisfied with an equality and no nonnegativity constraint, we get back the constraint
qualification condition used earlier—at least one of the partial derivatives of the constraint function at
2% must be nonzero.

The method to obtain necessary first-order conditions for a problem involving one inequality constraint
can now be generalized. This is done by introducing a Lagrange multiplier for each constraint (except
for the nonnegativity constraints which can be dealt with as described above), and then defining the
Lagrange function by subtracting, for each constraint, the product of the multiplier and the constraint
function from the objective function. Letting A = (A1,...,A\n) € R™ be the vector of multipliers, the
Lagrange function is defined as

L:R™x A—R, (\z)+— f(z) Z)\Jg

The necessary first-order conditions for a local constrained maximum at an interior point z° € A require
the existence of a vector of multipliers A\’ € R™ such that

Ly,(X% 2% > 0 Vi=1,....m
ALy, (A0, 2% = 0 Vj=1,....,m
L,,(\,2% < 0 Vi=1,...,n
2;L,,(\0,2%) = 0 Vi=1,...,n
N> 0 Vi=1,...,m
2 > 0 Vi=1,...,n.

Substituting the definition of the Lagrange function into these conditions, we obtain the following result.

Theorem 4.6.2 Let n,m € IN, let A C IR" be convexr, and let f : A — IR, ¢ : A — IR for all
j =1,...,m. Furthermore, let ° be an interior point of A. Suppose f and g',...,g™ are partially
differentiable with respect to all variables in a neighborhood of x°, and these partial derivatives are con-
tinuous at z°. Suppose J(g'(x°),...,g™(x°)) has maximal rank. If f has a local constrained mazimum
subject to the constraints ¢’ (x) <0 forall j=1,...,m and z; > 0 for alli =1,...,n at 2°, then there
exists \Y € IR™ such that

P’ < 0 Vi=1,...,m

Ng (% = 0 Vji=1...,m

foi(x Z)\ngl < 0 Vi=1,...,n

m fui(z Z)\ngl = 0 Vi=1,...,n
0 .

A =2 0 Vi=1,....m

m? > 0 Vi=1,...,n



106 CHAPTER 4. FUNCTIONS OF SEVERAL VARIABLES

The conditions stated in Theorem 4.6.2 are call the Kuhn-Tucker conditions for a maximization problem
with inequality constraints.

Note that these first-order conditions are, in general, only necessary for a local constrained maxi-
mum. The following theorem states sufficient conditions for a global maximum. These conditions involve
curvature properties of the objective function and the constraint functions. We obtain

Theorem 4.6.3 Let n,m € IN, let A C IR" be convexr, and let f : A — IR, ¢ : A — IR for all
j=1,...,m. Let 2° be an interior point of A. Suppose f and g', ..., g™ are twice partially differentiable
with respect to all variables in a neighborhood of z°, and these partial derivatives are continuous at x°.
Suppose J(g* (x°),...,g™(z°)) has mazimal rank. If f is concave and ¢’ is convex for all j = 1,...,m,
then the Kuhn-Tucker conditions are necessary and sufficient for a global constrained mazimum of f
subject to the constraints ¢’ (x) <0 forall j=1,...,m and z; >0 for alli=1,...,n at 2°.

If the objective function f is strictly concave and the constraint functions are convex, it follows that f
must have a unique global constrained maximum at a point satisfying the Kuhn-Tucker conditions. This
is a consequence of the following theorem.

Theorem 4.6.4 Let n,m € IN, let A C IR" be convexr, and let f : A — IR, ¢ : A — IR for all

j=1,...,m. Let z° € A. If f is strictly concave and ¢’ is convex for all j = 1,...,m and f has a
global constrained maximum subject to the constraints g’(x) < 0 for all j = 1,...,m and x; > 0 for all
i=1,...,n at 2°, then f has a unique global constrained mazimum at z°.

Proof. Suppose f has a global constrained maximum at z°. By way of contradiction, suppose f has a
global constrained maximum at y € A with y # x°. By definition of a global constrained maximum, it
follows that

fz%) > f(x) VrecA
P < 0 Vi=1,....m
) > 0 Vi=1,...,n
and
fly) = f(z) vae A
Fly) < 0Vi=1...m
Yi 2 0 Vi=1,...,n.

Therefore, f(z°) > f(y) and f(y) > f(2°) and hence f(z°) = f(y). Let z = 2°/2+y/2. By the convexity
of A, 2 € A. Because 9 > 0 and y; > 0 for all s = 1,...,n, it follows that z; > 0 for alli = 1,...,n.
Furthermore, because g’ is convex, we obtain ¢’ (2) < ¢?(2°)/2 + ¢’ (y)/2 and, because ¢/ (z°) < 0 and
¢ (y) <0, ¢7(z) <0forall j =1,...,m. Therefore, all required constraints are satisfied at 2. Because f
is strictly concave, it follows that f(z) > f(2°)/2+ f(y)/2 = f(2°), contradicting the assumption that f
has a global constrained maximum at x°. I



Chapter 5

Difference Equations and
Differential Equations

5.1 Complex Numbers
It is often desirable to have a richer set of numbers than IR available. For example, the equation
2 +1=0 (5.1)

does not have a solution in IR: there exists no real number x such that the square of z is equal to —1.
In order to obtain solutions to equations of that type, we introduce the complex numbers. The idea is
to define a number such that the square of this number is equal to —1. We call this number ¢ and it is
characterized by the property

i? = (—i)? = —1.

Now we can define the set of complex numbers C as
C:={z|3a,b € R such that z = a + bi}.

The number a in this definition is the real part of the complex number z and b is the imaginary part.
Clearly, IR C C because a real number is obtained whenever b = 0. Addition and multiplication of
complex numbers is defined as follows.

Definition 5.1.1 Let z = (a+ bi) € C and 2’ = (o’ + i) € C.
(i) The sum of z and 2’ is defined as z + 2’ := (a + a') + (b+ V')i.
(ii) The product of z and z is defined as zz' := (aa’ — bb') + (ab’ + a'b)i.

For any complex number z € C, there exists a conjugated complex number Z, defined as follows.
Definition 5.1.2 Let z = (a + bi) € C. The conjugated complex number of z is defined as zZ := a — bi.

The absolute value of a complex number is defined a the Euclidean norm of the two-dimensional vector
composed of the real and the imaginary part of that number.

Definition 5.1.3 Let z = (a + bi) € C. The absolute value of z is defined as |z| := /a2 + b2.
As an immediate consequence of those definitions, we obain, for all z = (a + bi) € C,
2Z = (a + bi)(a — bi) = a® + b* = |2|*.
In particular, this implies that |Z| = |z| for all z € C and
1 1 _
PRRPE

for all z € C with z # 0.

107
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z| sin(9)

- |z| cos(f) roa

Figure 5.1: Complex numbers and polar coordinates.

Figure 5.1 contains a diagrammatic illustration of complex numbers. Using the trigonometric functions
sin and cos, a representation of a complex number in terms of polar coordinates can be obtained. Given
a complex number z # 0 represented by a vector (a,b) € IR? (where a is the real part of z and b is the
imaginary part of z), there exists a unique 6 € [0, 27) such that a = |z| cos(f) and b = |z|sin(f). This 6
is called the argument of z # 0. We define the argument of z = 0 as § = 0. With this definition of 8, we
can write z = (a + bi) € C as

z = |z|(cos(8) + isin(h)). (5.2)

The formulation of z in (5.2) is called the representation of z in terms of polar coordinates.
Using the properties of the trigonometric functions, we obtain

zZ = |z|(cos(8) —isin(h))
= |z|(cos(#) + isin(—0))
= |z|(cos(—0) — isin(—0))

for all z € C, where 6 is the argument of z. Thus, for any complex number z, the argument of its
conjugated complex number Z is obtained by multiplying the argument of z by —1.

We conclude this section with some important results regarding complex numbers, which we state
without proofs. The first of those is Moivre’s theorem. It is concerned with powers of complex numbers
represented in terms of polar coordinates.

Theorem 5.1.4 For all § € [0,27) and for all n € IN,

(cos(f) + isin(f))™ = cos(nf) + isin(nb).

FEuler’s theorem establishes a relationship between the exponential function and the trigonometric
functions sin and cos.

Theorem 5.1.5 For all x € IR, .
e = cos(x) + isin(x).
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The final result of this section returns to the question of the existence of solutions to specific equations.
It turns out that any polynomial equation of degree n € IN has n (possibly multiple) solutions in €. This
result is called the fundamental theorem of algebra.

Theorem 5.1.6 Letn € IN, and let ag, .. .,a, € C be such that a,, # 0. The equation

n
E ajzj = 0
j=0

has n solutions 27, ...,z €C.

Multiple solutions are not ruled out by Theorem 5.1.6: it is possible to have 27 = z for some j,k €
{1,...,n} with j # k.

5.2 Difference Equations

Many economic studies involve the behavior of economic variables over time. For example, macroeconomic
models designed to describe changes in national income, in interest rates or in the rate of unemployment
have to employ techniques that go beyond the static analysis carried out so far. If time is thought of
as a discrete variable (that is, the values of the variables in question are measured at discrete times),
difference equations can be used as important tools. If time is represented as a continuum, techniques
for the solution of differential equations are essential. We discuss difference equations in this section and
postpone our analysis of differential equations until the end of the chapter because the methods involved
in finding their solutions make use of integration, to be discussed in the following section.

Suppose we observe the value of a variable in each period (a period could be a month or a year, for
instance) starting at an initial period which we can, without loss of generality, call period zero. Formally,
the development of this variable over time can then be expressed by means of a function y : Ny — R
where, for each period ¢ € INg, y(t) is the value of the variable in period ¢t. Now we can define the notion
of a difference equation.

Definition 5.2.1 Let n € IN. A difference equation of order n is an equation
y(t+n) =F(tyt),yt+1),...,yt+n—-1)) (5.3)

where F : INyg X IR"™ — IR is a given function which is non-constant in its second argument. A function
y: INg — IR is a solution of this difference equation if and only if (5.8) is satisfied for all t € INy.

In some sources, more general differential equations are considered, where the equation cannot necessarily
be solved explicitly for the value y(t+n) and, instead, the relationship between the different values of y is
expressed in implicit form only. However, the special case introduced in the above definition is sufficient
for our purposes.

Note that the function F' is assumed to be non-constant in its second argument y(t). This is to ensure
that the equation is indeed of order n. If F' is constant in y(¢), the function is at most of order n — 1
because, in this case, the value of y at ¢ + n depends (at most) on the values attained in the previous
n — 1 periods rather than in the previous n periods.

We begin with a simple observation regarding the solutions of difference equations. If we have a
difference equation of order n and the n initial values y(0),...,y(n — 1) are given, there exists a unique
solution that can be obtained recursively.

Theorem 5.2.2 If the values y(0),...,y(n — 1) are determined, then (5.3) has a unique solution.
Proof. Substituting y(0),...,y(n — 1) into (5.3) for t = 0, we obtain

Now that y(n) is determined, we have all the information necessary to calculate y(n+1) and, substituting
into (5.3) for t = 1, we obtain

y(n + 1) = F(17y(1)7 o '7y(n - 1)7y(n))
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This procedure can be repeated for n+2,n+3, ... and the entire function y is uniquely determined. I

The recursive method illustrated in the above theorem is rather inconvenient when it comes to finding
the function y explicitly—note that an infinite number of steps are involved. Moreover, it does not allow
us to get a general idea about the relationship between ¢ and the values of y described by the equation.
For these reasons, it is desirable to obtain general methods to obtain solutions of difference equations in
analytical form. Because this can be a rather difficult task for general functions F', we restrict attention
to specific types of equations. First, we consider the case where F' has a linear structure.

Definition 5.2.3 Let n € IN. A linear difference equation of order n is an equation
yt+n) =0b(t) +aot)y(t) +a1@)yE+ 1)+ ...+ an—1@t)y(t +n—1) (5.4)

where b : INg — IR and a¢ : INg — IR for allt € {0,...,n — 1} are given functions, and there exists
t € INy such that ag(t) # 0. If b(t) = 0 for all t € INy, the equation is a homogeneous linear difference
equation of order n. If there exists t € INy such that b(t) # 0, the equation (5.4) is an inhomogeneous
linear difference equation of order n.

The assumption that the function ag is not identically equal to zero ensures that the equation is indeed
of order n.
The homogeneous equation associated with (5.4) is the equation

y(t+n) =ao@)y(t) + ar(t)y(t + 1) + ...+ an1(t)y(t +n - 1). (5.5)

The following result establishes that, given a particular solution of a linear difference equation, any
solution of this equation can be obtained as the sum of the particular solution and a suitably chosen
solution of the homogeneous equation associated with the original equation. Conversely, any sum of the
particular solution and an arbitrary solution of the associated homogeneous equation is a solution of the
original equation.

Theorem 5.2.4 (i) Suppose § is a solution of (5.4). For each solutiony of (5.4), there exists a solution
z of the homogeneous equation (5.5) associated with (5.4) such that y =z + §.

(ii) If § is a solution of (5.4) and z is a solution of the homogeneous equation (5.5) associated with
(5.4), then the function y defined by y = z + § is a solution of (5.4).

Proof. (i) Suppose § is a solution of (5.4). For an arbitrary solution y of (5.4), define the function
z:INg — R by
z(t) :=y(t) — 9(t) Vt e N,. (5.6)

This implies

zt+n) = ylt+n)—gt+n)
= b(t)+ao(t)y(t) +ar()yt + 1)+ ...+ a1yt +n—1)

b(t) + ao(t)g(t) + ar(t)g(t + 1) + ...+ an—1 (D)t + n — 1))

ao(t)(y(t) — 4(t)) + a1 () (y(t +1) — (t+ D)+...+ana@®)t+n—-1) -9t +n-1))

(t)z(t) + ar1(t)z(t +1) + ...+ an-1(t)2(t + n— 1)

|
—

ao

for all ¢ € IN. Therefore, z is a solution of the homogeneous equation associated with (5.4). By (5.6), we
have y = z + ¢, which completes the proof of (i).

(ii) can be proven by substituting into (5.4). I

The methodology employed to identify solutions of linear difference equations makes use of Theorem
5.2.4. According to this theorem, it is sufficient to find one particular solution of the equation (5.4) and
the general solution (that is, the set of all solutions) of the associated homogeneous equation (5.5)—all
solutions of the (inhomogeneous) equation (5.4) can then be obtained according to the theorem. Our

next result establishes that with any n solutions z, .. ., z, of the homogeneous equation (5.5), all linear
combinations of z1, ..., z, are solutions of (5.5) as well.
Theorem 5.2.5 If z1,...,2, are n solutions of (5.5) and ¢ = (c1,...,¢,) € IR" is a vector of arbitrary

coefficients, then the function z defined by z = > i, ¢;2; is a solution of (5.5).
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Proof. Suppose zi,...,z, are n solutions of (5.5) and ¢ = (¢1,...,¢,) € R™ is a vector of arbitrary
coefficients. Let z ="' | ¢;z;. Using this definition and (5.5), we obtain

NE

z(t+n) = cizi(t+n)

1

-
Il

I
M=

cilao(t)z:;(t) +a1(t)zi(t+ 1)+ ...+ an—1(t)zi(t + n—1))

= ao(t) Zcizi(t) + al(t) Zcizi(t + 1) + ...+ an_l(t) Zcizi(t—l— n— 1)

-
Il

7

= ao(t)z;f +a(t)zEt+1)+...+an1(t)z(t+n—-1)

for all t € INy and, therefore, z is a solution of (5.5). ||

Conversely, we can establish a necessary and sufficient condition under which the entire set of solutions
of the homogeneous equation (5.5) can be obtained as a linear combination of n solutions. That is, given
this condition, finding n solutions of a homogeneous linear difference equation of order n is sufficient to
identify the general solution of this homogeneous equation. The condition requires that the n known
solutions z1, ..., 2z, are linearly independent in the sense specified in the following theorem.

Theorem 5.2.6 Suppose z1, ..., z, aren solutions of (5.5). The following two statements are equivalent.
(i) For every solution z of (5.5), there exists a vector of coefficients ¢ € R™ such that z = ., ¢;z;.

(i)

Zl(?) Z2(?) Zn(?)
ZlF ) ZQ? ) : ( ' .o (5.7)
zin—1) z(n—1) ... z,(n—-1)

Proof. Suppose z1,..., 2, are n solutions of (5.4). We first prove that (i) implies (ii). Suppose (ii) is
violated, that is, the determinant in (5.7) is equal to zero. This implies that the row vectors of this matrix
are linearly dependent and, thus, we can express one of them as a linear combination of the remaining
row vectors. Without loss of generality, suppose the first row vector is such a linear combination of the
others. Hence, there exist n — 1 coefficients a4, ..., a,_1 € IR such that

zi(0) = z_:oztzi(t) Vie{l,...,n}. (5.8)

We complete the proof of this part by showing that (i) must be violated as well, that is, there exists a

solution z of (5.5) that cannot be expressed as a linear combination of the n solutions z1, ..., z,. Define
z(0) =1 and 2z(t) =0 for all t € {1,...,n — 1}, and let z(t + n) be determined by (5.5) for all ¢ € INy.
By definition, this function is a solution of (5.5). In order for z to be a linear combination of z1, ..., 2y,

there must exist n coefficients c1, ..., ¢, € R such that z(t) = 1 ; ¢;2;(¢) for all ¢ € INy. This implies,
in particular, that

Zcizi(O) =1 (5.9)

and .
Zcizi(t)zo vte{l,...,n—1}. (5.10)
i=1

Now successively add —a; times (5.10) with ¢ = 1, —ap times (5.10) with ¢ = 2,..., —ay,—1 times (5.10)

with t =2 to (5.9). By (5.8) and the definition of z, (5.9) becomes
0=1,

which means that the system given by (5.9) and (5.10) cannot have a solution and, hence, z cannot be
expressed as a linear combination of z1, ..., z,.
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To prove that (ii) implies (i), suppose (5.7) is satisfied, and let z be an arbitrary solution of (5.5).
By Theorem 5.2.2, the values z(0), ..., z(n — 1) are sufficient to determine all values of z. Thus, (i) is
established if we can find a vector ¢ = (c1,...,¢,) € R™ such that

z(t) zzn:cizi(t) vt e {0,...,n—1}. (5.11)

(5.11) is a system of n linear equations in the n variables ¢y, ..., ¢,, where the matrix of coefficients is
given by the entries in (5.7). By assumption, the determinant of this matrix of coefficients is different
from zero, which means that the matrix has full rank n. By Theorem 2.3.5, this implies that the system

of equations (5.11) has a unique solution (ey,...,¢,). By definition, these coefficients are such that
Z=>" Ciz. I
We now turn to a special case of linear difference equations, where the functions ag, ..., an—1 in (5.4)

are constant.

Definition 5.2.7 Let n € IN. A linear difference equation with constant coefficients of order n is an
equation
y(t+n) =b(t) + aoy(t) + ary(t+ 1)+ ...+ an—1y(t +n—1) (5.12)

where b : INg — IR, ag € R\ {0} and a1,...,an_1 € R. If b(t) = 0 for all t € INy, the equation is
a homogeneous linear difference equation with constant coefficients of order n. If there exists t € INy
such that b(t) # 0, the equation (5.12) is an inhomogeneous linear difference equation with constant
coeflicients of order n.

We only consider linear difference equations with constant coefficients of order one and of order two.
Moreover, in the case of equations of order two, we restrict attention to specific functional forms of
the inhomogeneity b. This is the case because solving higher-order equations is a complex task and
general methods are not easy to formulate. Using Theorem 5.2.4, we employ the following strategy. We
determine the general solution of the associated homogeneous equation and then find a particuar solution
of the inhomogeneous equation. By Theorem 5.2.4, this yields the general solution of the inhomogeneous
equation: any solution can be obtained as the sum of the particular solution and a suitably chosen solution
of the homogeneous equation.

We begin with equations of order one. As mentioned above, we first discuss methods for determining
all solutions of a homogeneous linear equation with constant coefficients of order one. Thus, the equations
to be solved at this stage are of the form

y(t +1) =apy(t) Vte Ny (5.13)

where ap € R\ {0}.

An obvious solution is the function that assigns a value of zero to all ¢ € INg. According to Theorem
5.2.6, in the case of an equation of order n = 1, it is sufficient to obtain one solution z;, provided that
the determinant in the theorem statement is mon-zero for this solution. Clearly, this is not the case for
the solution that is identically equal to zero and, thus, it cannot be used to obtain the general solution
of (5.13). Therefore, we have to search for a solution with the independence property stated in Theorem
5.2.6.

Due to the nature of the equation, a generalized-exponential function turns out to be suitable. That
is, we assume that we have a solution z; with z;(t) = M for all t € INg and determine whether we can
find a value of the parameter A € R\ {0} such that (5.13) is satisfied. In that case, the equation requires
that

Zl(t + 1) = )\t+1 = aozl(t) = ao)\t Vvt € INg.

Thus, we must have
)\t+1 — ao)\t =0 Vte Ny. (514)

Because A # 0 by assumption, we can divide both sides of (5.14) by A! to obtain
A — ag = 0. (515)

The left side of (5.15) is the characteristic polynomial of the equation (5.13), and (5.15) is the corre-
sponding characteristic equation. Solving, we obtain A = a¢ and, substituting into (5.13), it is easy to
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verify that the function z; defined by 21(t) = af for all ¢ € Ny is indeed a solution of the homogeneous
equation. Furthermore, the determinant of the 1 x 1 matrix (z1(0)) is equal to one and, by Theorem
5.2.6, a function z : INg — R is a solution of (5.13) if and only if there exists a constant ¢; € R such that

2(t) = c121(t) = c1al, Vt € N,. (5.16)

Now we consider inhomogeneous equations with constant coefficients of order one. The general form
of the equation is
y(t+1) =b(t) + aoy(t) ¥Vt € Ny (5.17)

where ap € R\ {0} and b : INg — IR is such that there exists ¢t € INy with b(t) # 0. Because we already
have the general solution of the associated homogeneous equation, it is sufficient to find one particular
solution of (5.17). This is the case because, according to Theorem 5.2.4, any solution can be expressed
as the sum of this particular solution and a solution of the corresponding homogeneous equation.

We now verify that the function g : INg — IR defined by

" ift=0,
0§ 21y iien

satisfies (5.17). For t = 0, we obtain
gt +1) = §(1) = b(0) = b(0) + ao - 0 = b(0) + aoP(0) = b(t) + aof(t)

and, thus, (5.17) is satisfied. For ¢ € IN, substitution into the definition of § yields

t+1 i+l
gie+1) = Y ag bk Zaoat “b(k 1)
k=1

= aOZat kb k—1)+aoay o (t)

= b()+a0y()

and, again, (5.17) is satisfied. We have therefore found a particular solution of (5.17) and, according
to Theorem 5.2.4, we obtain the general solution as the sum of § and the solution of the associated
homogeneous equation (5.16). Thus, we have established

Theorem 5.2.8 A function y : INg — IR is a solution of the linear difference equation with constant
coefficients of order one (5.17) if and only if there exists ¢c; € IR such that

_Ja ift=0,
y(t) = { Claé + 2221 aé_kb(k o 1) ift cIN Vt € INy. (518)

If an initial value yo for y(0) is specified, we obtain a unique solution because this initial value determines
the value of the parameter c;; see also Theorem 5.2.2. In particular, if the initial value is given by
y(0) = yo € IR, substitution into (5.18) yields ¢; = yo and, thus, we obtain the unique solution

Yo if t =0,
_ INy.
V0= oot 4ot urot) itren W EN

This covers all possibilities that can arise in the case of linear difference equations with constant coefficients
of order one.

To solve linear difference equations with constant coeflicients of order two, we again begin with a
procedure for finding the general solution of the associated homogeneous equation. Thus, we consider
equations of the form

y(t +2) = aoy(t) + ary(t +1) Vte Ny (5.19)

where ap € R\ {0} and a; € R. Because n = 2, we now have to search for two solutions of (5.19) such
that the independence condition of Theorem 5.2.6 is satisfied. Again, a generalized exponential function
can be employed in the first stage. That is, we consider functions z of the form z(t) = A for all t € Ny
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and determine whether we can find values of the parameter A € R\ {0} such that (5.19) is satisfied. We
obtain
2(t +2) = A2 = o\ + ) A = ag2(t) +arz(t +1) Vt € N,.

Thus, we must have
)\t+2 — ao)\t — al)\t“ =0 Vte Np.

Dividing both sides by A, we obtain
)\2 —apg — al)\ =0. (520)

Again, (5.20) is called the characteristic equation and the left side of (5.20) is the characteristic polynomial
for the homogeneous differential equation under consideration. Because we have an equation of order
two, this polynomial is of order two as well.

Using the standard technique for finding the solution of a quadratic equation, we can distinguish three
cases.

Case I: a2/4 + ag > 0. In this case, the characteristic polynomial has two distinct real roots given

by A1 = a1/2+ \/a?/4+ ap and Ay = a1/2 — \/a?/4 + ag. Substituting back into the expression for a

possible solution, we obtain the two functions z; and z, defined by

a(t) = <a1/2+ \/m>t Wt € N
2(t) = <a1/2— \/MY vt € No.

We obtain z1(0) = 22(0) =1, 2z1(1) = a1/2 + /a3 /4 + ap and 22(1) = a1/2 — \/a?/4 + ag. Therefore,
1

1
= —9,/a2/4
a1/2++/a?/4+ay ai/2—+/a?/4+ ag ai/4+ao

which, by assumption, is negative and thus different from zero. Thus, according to Theorem 5.2.6, a
function z : INg — R is a solution of the homogeneous equation (5.19) if and only if there exist constants
c1,c2 € R such that

and

t

z(t) = c121(t) + caz2(t) = 1 <a1/2+\/a%/4+ao>t+62 <a1/2—\/a%/4+a0> vVt € Ng. (5.21)

Case II: a?/4 + ag = 0. Now the characteristic polynomial has a double root at A = a;/2, and the
corresponding solution is given by z1(t) = (a1/2)! for all t € INg. Because n = 2, we need a second
solution (which, together with z;, satisfies the required independence condition) in order to obtain the
set of all solutions. Clearly, the approach involving a generalized exponential function cannot be used for
that purpose—only the solution z; can be obtained in this fashion. Therefore, we need to try another
functional form. In the case under discussion, it turns out that the product of ¢ and z; will work. By
substitution into (5.19), it can easily be verified that the function z» defined by

22(t) = t(a1/2)" Vt € Ny

is another solution. To verify that the two solutions z; and z, satisfy the required independence condition,
note that we have z1(0) = 1, 22(0) = 0 and 21 (1) = 22(1) = a1/2. Therefore,

1 0
a1/2 a1/2

21(0)  22(0) ‘:

‘=a1/2.

By assumption, a?/4 = —ag # 0 and, therefore, a;/2 # 0. Thus, according to Theorem 5.2.6, a function
z : INg — R is a solution of the homogeneous equation (5.19) if and only if there exist constants c;,ca € R
such that

2(t) = c121(t) + caza(t) = c1(a1/2)" + cat(ar/2)" ¥Vt € No. (5.22)

Case III: a2 /4 + ag < 0. The characteristic polynomial has two complex roots, namely, A\; = a1 /2 +
i\/—a3/4 — ag and Ay = a1 /2—i\/—a?/4 — ag. Note that s is the conjugated complex number associated
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with \;. Substituting back into the expression for a possible solution, we obtain the two functions 2; and

2o defined by
t
21(75)2 <a1/2+i\/—a%/4—ao> Vvt € Ny
t
2?2(75)2 <a1/2—i\/—a%/4—ao> Vvt € INp.

It would be desirable to obtain solutions that can be expressed without having to resort to complex
numbers. Especially if a solution represents the values of an economic variable, it is difficult to come up
with a reasonable interpretation of complex numbers. Fortunately, these solutions can be reformulated
in terms of real numbers by employing polar coordinates. Letting 6 € [0,27) be such that a;/2 =
Vv/—agcos(f) and /—a2/4 —ag = /—agsin(f), the first root of the characteristic polynomial can be
written as A\; = y/—ag(cos(f) + isin(f)). Analogously, we obtain Ay = A\ = /—ag(cos(f) — isin(h)).
Thus, using Moivre’s theorem (Theorem 5.1.4), we obtain

21(t) = (vV—=a0)! ((cos(0) +isin(8))" = (v/—ao)! ((cos(th) + isin(t0))

and

and

2(t) = (vV—a0)! ((cos(f) —isin(8))" = (v/—ao)! ((cos(th) — isin(t0))
for all t € INy. As can be verified easily, the result of Theorem 5.2.5 remains true if the possible values
of the solutions and the coefficients are extended to cover complex numbers as well. Thus, all linear
combinations (with complex coefficients) of the two solutions Z; and 2 are solutions of (5.19) as well. In
particular, choosing the vector of coefficients (1/2,1/2), we obtain that the function z; defined by

21(t) = 21(t) /2 + 22(t) /2 = V/—ag cos(tf) Vt € Ny
is a solution. Analogously, choosing the vector of coefficients (1/(27), —1/(2¢)), it follows that
2o(t) = £1(t)/(26) — 22(t)/(2i) = V/—agsin(th) Vt € Ny
is another solution. We have

z1(0)  22(0) | _ 1 0 = +/—ap sin
(1) () ‘—‘ J=agcos(8) =agsin(g) | — V- 0sn(0)

which, by assumption, is non-zero. Therefore, z is a solution of (5.19) if and only if there exist ¢1,c2 € R
such that

2(t) = c121(t) + caza(t) = c1(v/—ao)" cos(th) + ca(v/—ag) sin(td) Vt € Ny. (5.23)
We summarize our observations regarding the solution of homogeneous linear difference equations
with constant coefficients of order two in the following theorem.

Theorem 5.2.9 (i) Suppose ag € R\ {0} and a1 € IR are such that a3/4 + a9 > 0. A function
z: INyg — IR is a solution of the homogeneous linear difference equation with constant coefficients of order
two (5.19) if and only if there exist c¢1,ca € IR such that

t

) = a1 <a1/2+ \/m>t te <a1/2 - \/m> vt € INp.

(ii) Suppose ag € IR\ {0} and a1 € IR are such that a3/4 4+ ag = 0. A function z : INg — IR is a
solution of the homogeneous linear difference equation with constant coefficients of order two (5.19) if
and only if there exist c1,co € IR such that

Z(t) =1 (a1/2)t + Cgt(a1/2)t vt € IN.

(iii) Suppose ag € IR\ {0} and a1 € IR are such that a3/4 + a9 < 0. A function z : INy — IR is
a solution of the homogeneous linear difference equation with constant coefficients of order two (5.19) if
and only if there exist c1,co € IR such that

2(t) = c1(v/—ao)! cos(t0) + ca(v/—ap)' sin(th) Vt € INy
where 6 € [0,2m) is such that a1/2 = \/—ag cos(6).
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To illustrate the technique used to obtain the general solution of (5.19), we consider a few examples.

Let y(t+2) = —2y(t) +4y(¢ + 1) for all t € INg. We begin by trying to find two independent solutions
using a generalized-exponential functional form, that is, z(t) = ! for all t € Ny with A € R\ {0} to
be determined. Substituting into our equation, we obtain A\*2 = —2)\* + 4\!*1, Dividing by \! and
rearranging results in the characteristic equation A\?> — 4\ + 2 = 0. This quadratic equation has the two
real solutions A\; = 2+ v/2 and Ao = 2 — /2. Therefore, we obtain the solutions

z1(t) = (2+V2)' Vte N

and
z(t) = (2 —V2)" vt € No.

Because

z1(0)  22(0) | _ 1 1 B
a(l) () ‘_‘2+\/§ o3| = 2V2A0,

z is a solution if and only if there exist c1, co € R such that
2(t) = er21(t) + caz2(t) = e1(2 4+ V2)! + 2(2 — V2)' Vit € Ny,

In our next example, let y(t +2) = —y(t)/16 + y(t +1)/2 for all t € INy. The approach employing a
generalized exponential function now yields the characteristic polynomial A> —\/2+1/16 with the unique
root A = 1/4. Thus, two independent solutions of our homogeneous difference equation are given by

z1(t) = (1/4)" vVt € Ny

and
2o(t) = t(1/4)" Vt € N.

To prove that these solutions indeed satisfy the required independence property, note that

2050 = e

Thus, z is a solution if and only if there exist ¢1, co € IR such that

2(t) = c121(t) + caza(t) = c1(1/4)" + cat(1/4)F Vt € N,.

As a final example, let y(t + 2) = —4y(t) for all ¢ € IN;. We obtain the characteristic polynomial
A2 4 4 with the two complex roots A\; = 2i and Ay = —2i. Using polar coordinates, we obtain 6 = /2
and these solutions can be written as A; = 2(cos(w/2) + isin(7/2)) and A2 = 2(cos(7/2) — isin(7/2)).
The corresponding solutions of our difference equation are given by

z1(t) = 2" cos(tr/2) Vt € Ny

and
22(t) = 2'sin(tr/2) Vt € No.

We obtain

iR R

Thus, z is a solution if and only if there exist ¢1,co € R such that
2(t) = c121(t) + caza(t) = c12' cos(tm/2) + a2t sin(tm/2) Vt € Ny.
The general form of a linear difference equation with constant coefficients of order two is given by
y(t +2) =b(t) + aoy(t) + ary(t +1) V¢t € N (5.24)

where ap € R\ {0}, a; € R and b: INg — IR is such that there exists ¢ € INg with b(¢) # 0. Depending
on the form of the inhomogeneity b, finding the solutions of inhomogeneous equations with constant
coefficients of order two can be a quite difficult task; in fact, general solution methods for arbitrary
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inhomogeneities are not known. For that reason, we only consider specific functional forms for the
inhomogeneity b : INg — R.

First, we consider the case of a constant function b. That is, there exists by € IR\ {0} such that
b(t) = bp for all t € INg. The case by = 0 is ruled out because this reduces to a homogeneous equation.
Substituting this constant function b in (5.24), we obtain

y(t +2) = by + aogy(t) + a1yt + 1) Vt € No. (5.25)

Because we already have the general solution of the associated homogeneous equation, it is sufficient
to find one particular solution of (5.25). We try to obtain a particular solution by using a functional
structure that is analogous to that of the inhomogeneity. That is, in this case, we begin by attempting
to find a constant particular solution. Suppose ¢y € IR is a constant, and consider the function g defined
by §(t) = ¢o for all t € INg. Substituting into (5.25), we obtain

co = by + agcy + aicp. (526)

We can distinguish two cases.
Case I: ag+a; # 1. In this case, (5.26) can be solved for ¢y to obtain ¢g = by/(1 —ag —a1) and, thus,
§(t) =bo/(1 —ag — aq) for all t € INg. The general solution of (5.25) is thus

y(t) = z(t) + bo/(1 —ap —a1) Vi€ Ny

where z is a solution of the corresponding homogeneous equation.

Case II: ag + a1 = 1. In this case, there exists no ¢y € IR such that (5.26) is satisfied because by # 0.
Thus, we have to try another functional form for the desired particular solution ¢. Given that ag+a; =1,
(5.25) becomes

y(t+2) =bo +aoy(t) + (1 —ao)y(t +1) Vt € Ny. (5.27)

We now attempt to find a particular solution using the functional form §(t) = cot for all ¢ € INg with the
value of the constant ¢y € R to be determined. Substituting into (5.27), we obtain

Co(t + 2) = by + agcot + (1 - ao)CQ(t + 1) Vt € INp. (528)

There are two subcases.
Subcase II.A: ag # —1. In this case, we can solve (5.28) for ¢g to obtain ¢g = bg/(1 + ag) and, thus,
§(t) = bot/(1 + ag) for all t € INg. The general solution of (5.25) is

y(t) = Z(t) + bot/(l + (10) Vt € INg

where, again, z is a solution of the corresponding homogeneous equation.
Subcase II.B: ag = —1. Because we are in case II, this implies a; = 2 and our equation becomes

y(t+2)=by —y(t) +2y(t +1) Vte Ny

and the approach using a linear function given by § = cgt for all ¢ € INg does not work—mno ¢ such that
(5.28) is satisfied exists. We therefore make an alternative attempt by setting §(t) = cot? for all t € Ny,
where ¢y € R is a constant to be determined. Substituting, we obtain

Co(t + 2)2 =by — Cot2 + 2C0(t + 1)2 vVt € Ny

and, solving, ¢y = bo/2. This gives us the particular solution §(t) = bot?/2 for all t € Ny and, finally, the
general solution
y(t) = 2(t) + bot?/2 ¥Vt € Ny

where z is a solution of the corresponding homogeneous equation.
We summarize our observations in the following theorem.

Theorem 5.2.10 (i) Let by € R\ {0}, and suppose ap € IR\ {0} and a1 € IR are such that ag + a1 # 1.
A function y : INg — IR is a solution of the linear difference equation with constant coefficients of order
two (5.25) if and only if

y(t) = Z(t) + bo/(l —ag — al) Vvt € INy
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where z is a solution of the corresponding homogeneous equation (5.19).

(i) Let by € R\ {0}, and suppose ag € R\ {0} and a1 € IR are such that ag + a1 =1 and ag # —1.
A function y : INg — IR is a solution of the linear difference equation with constant coefficients of order
two (5.25) if and only if

y(t) = Z(t) + bot/(l + ao) YVt € INy

where z is a solution of the corresponding homogeneous equation (5.19).

(iii) Let by € IR\ {0}, ap = —1 and a1 = 2. A function y : INg — IR is a solution of the linear
difference equation with constant coefficients of order two (5.25) if and only if

y(t) = 2(t) + bot?/2 Vt € INy
where z is a solution of the corresponding homogeneous equation (5.19).

The second inhomogeneity considered here is such that the function b is a generalized exponential
function. Let dy € R\ {0} be a parameter, and suppose b : INg — IR is such that b(¢) = df, for all ¢t € IN,.
Substituting this function b into (5.24), we obtain

y(t +2) = df + aoy(t) + a1y(t + 1) Vvt € N. (5.29)

Our first attempt to obtain a particular solution proceeds, again, by using a functional structure that
is similar to that of the inhomogeneity. Suppose ¢y € IR is a constant, and consider the function § defined
by §(t) = codf for all t € INy. Substituting into (5.29), we obtain

Cod8+2 = dé + (IQCQdé + alcodé"’l. (530)

We can distinguish two cases.
Case I: d% — ap — a1dp # 0. In this case, (5.30) can be solved for cg to obtain ¢y = 1/(d3 — ag — a1dp)
and, thus, §(t) = df/(d? — ap — a1dp) for all t € INg. The general solution of (5.29) is thus

y(t) = 2(t) +db/(ds — ap — ardp) ¥t € Ny

where z is a solution of the corresponding homogeneous equation.

Case II: d3 — ag — a1do = 0. In this case, there exists no ¢y € IR such that (5.30) is satisfied because
dy # 0. Another functional form for the desired particular solution ¢ is thus required. Given that
d% — ap — a1dp = 0, (5.29) becomes

y(t +2) = db + (d — ardo)y(t) + ary(t +1) V¢ € Ny. (5.31)

We now attempt to find a particular solution using the functional form §(t) = cotd} for all t € Ny with
the value of the constant ¢y € IR to be determined. Substituting into (5.31) and dividing both sides by
db # 0, we obtain

Co(t + Q)dg =1+ (d(Q) — aydp)cot + alco(t +1)dy Vt € INp.

This can be simplified to
C0(2d0 — al)do =1 Vte ]NQ, (532)

and there are two subcases.
Subcase II.A: 2dy # a1. In this case, we can solve (5.32) for ¢ to obtain ¢y = 1/[do(2dy — a1)] and,
thus, §(t) = td ' /(2do — a1) for all t € INy. The general solution of (5.29) is

y(t) = 2(t) +tdi ™ /(2do — a1) Vt € Ny

where, again, z is a solution of the corresponding homogeneous equation.
Subcase I1.B: 2dy = ay. Because we are in case 11, this implies ag = —d3 and our equation becomes

y(t +2) = dy — doy(t) + 2doy(t + 1) Vt € Ny

and the approach using §(t) = codf for all ¢ € Ny does not work—no ¢y such that (5.32) is satisfied
exists. We therefore make an alternative attempt by setting §(t) = cot?d} for all t € INg, where cg € R
is a constant to be determined. Substituting, we obtain

co(t 4 2)2d5T? = db — d2eot®dl + 2doco(t + 1)%d5T vt € INg
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and, solving, ¢y = 1/(2d2). This gives us the particular solution (t) = t2d}2/2 for all t € INy and the
general solution
y(t) = 2(t) +t2d52/2 YVt € N

where z is a solution of the corresponding homogeneous equation.
Thus, we have established the following theorem.

Theorem 5.2.11 (i) Let dy € IR\{0}, and suppose ag € R\{0} and a1 € IR are such that di—ap—a1dy #
0. A function y : INyg — IR is a solution of the linear difference equation with constant coefficients of
order two (5.29) if and only if

y(t) = Z(t) + dé/(dg —ag — aldo) Vt € INy

where z is a solution of the corresponding homogeneous equation (5.19).

(ii) Let dy € R\ {0}, and suppose ag € R\ {0} and a; € IR are such that d3 — ap — a1do = 0 and
2dg # ay. A function y : INg — IR is a solution of the linear difference equation with constant coefficients
of order two (5.29) if and only if

y(t) = 2(t) +tdi ™ /(2do — ay) Yt € INy

where z is a solution of the corresponding homogeneous equation (5.19).
(iii) Let dy € R\ {0}, ap = —d3 and a1 = 2dy. A function y : INg — IR is a solution of the linear
difference equation with constant coefficients of order two (5.29) if and only if

y(t) = 2(t) +t2d52/2 YVt € IN,
where z is a solution of the corresponding homogeneous equation (5.19).

We conclude this section with some examples. Suppose a linear difference equation is given by
y(t +2) =2"+3y(t) — 2y(t +1) Vt € No.
The corresponding homogeneous equation is
y(t +2) =3y(t) — 2y(t +1) Vit e N,.

Using the generalized exponential approach, we attempt to find a solution z : Ny +— IR such that z(¢) = A\
for all t € INg, where A € R\ {0} is a parameter to be determined (if possible). Substituting, we obtain
the characteristic polynomial A2 — 3 4 2\ which has the two real roots A\; = 1 and A, = —3. Therefore,
we obtain the two solutions

Zl(t) =1 Vte Ny

and
z(t) = (=3)" Vvt € N,.

Because

S (= Sl

z is a solution if and only if there exist c¢1, co € R such that
Z(t) = clzl(t) + CQZQ(t) =c; + CQ(—S)t Vt € INp.

To solve the inhomogeneous equation with the generalized exponential inhomogeneity defined by
b(t) = 2t for all t € Ny, we begin by trying to find a particular solution § of the form §(t) = c¢2* for all
t € INp, where ¢y € R is a constant. Substituting into the original equation, we obtain

co2t1? = 28 4 302t — 202t Wt e N

and, solving, we obtain ¢y = 1/5. Therefore, thew particular solution is given by §(t) = 2!/5 for all
t € INg and, together with the solution of the associated homogeneous equation, we obtain the general
solution

y(t) = c1 + ca(=3)" +2/5 Vt € Ny
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f(z)

7
o

Figure 5.2: Geometric interpretation of integrals.

with parameters c1,co € RR.
Now consider the following modification of this example, given by the equation

y(t+2) = (=3)" + 3y(t) — 2y(t + 1) Vt € No.

The associated homogeneous equation is the same as before, so we only need to find a particular solution
to the inhomogeneous equation. Trying (t) = co(—3)* for all t € Ny and substituting yields the equation

co(—3)12 = (=3)" 4 3¢o(—3)" — 2¢o(—3)"™ WVt € Ny

which does not have a solution. Therefore, we use the new functional form §(t) = cot(—3)* for all
t € Ny and, substituting again, we now obtain ¢g = 1/12. Thus, our particular solution is given
by 4(t) = t(—=3)71/4 for all t € INy. Combined with the solution of the corresponding homogeneous
equation, we obtain the general solution

y(t) = c1 +ca(=3)  +t(=3)""1 /4 Vt € INy.

5.3 Integration

Integration provides us with a method of finding the areas of certain subsets of IR?. The subsets of IR?
that we will consider here can be described by functions of one variable. As an illustration, consider
Figure 5.2.

We will examine ways of finding the area of subsets of IR? such as

{(z,y) [z €la,b] Ay € [0, ()]}

where f: A+— R is a function such that [a,b] C A, a < b. In Figure 5.2, V denotes such an area.

There are two basic problems that have to be solved. We have to specify what types of subsets of IR
as discussed above can be assigned an area at all, and, for those subsets that do have a well-defined area,
we have to find a general method which allows us to calculate this area.

As a first step, we can try to approzimate the area of a subset of R? (assuming this area is defined)
by the areas of other sets which we are familiar with. Subsets of IR? that can be assigned an area
very easily are rectangles. Consider again Figure 5.2. To obtain an approximation of the area V that
underestimates the value of V, we could calculate the area of the rectangle formed by the points (a, 0),
(b,0), (a,inf{f(x) | =z € [a,b]}), (b,inf{f(x) | = € [a,b]}). Analogously, to get an approximation that
overestimates V', we could use the area of the rectangle given by the points (a,0), (b,0), (a,sup{f(z) |
x € [a,b]}), (b,sup{f(z) | = € [a,b]}). Clearly, the areas of these rectangles are given by

(b—a)inf{f(z) | x € [a,b]} and (b— a)sup{f(z) |z € [a,b]},
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Figure 5.3: Approximation of an area.

respectively. This gives us the inequalities

(b—a)inf{f(z) | z € [a,b]} <V < (b—a)sup{f(z) | = € [a,b]}.

These approximations of V' can, of course, be very inaccurate. One possibility to obtain a more precise
approximation is to divide the interval [a, b] into smaller subintervals, approximate the areas corresponding
to these subintervals, and add up these approximations for all subintervals. The following example
illustrates this idea. Consider the function

f:R—R, z+— 22
and let @ = 0, b = 1. Suppose we want to find the area V of the set {(z,y) | z € [0,1] Ay € [0,2?]}.
We have inf{z? | x € [0,1]} = 0 and sup{z? | z € [0,1]} = 1. Therefore, 0 < V < 1. To obtain a better
approximation, we divide the interval [0, 1] into the two subintervals [0,1/2] and [1/2, 1]. We now obtain
inf{z? |2 €10,1/2]} =0 and sup{z? |z € [0,1/2]} = 1/4,

inf{z? | z € [1/2,1]} =1/4 and sup{z? |z € [1/2,1]} = 1.

This gives us new approximations of V, namely, 1/8 <V < 5/8. See Figure 5.3 for an illustration.
In general, if we divide [0, 1] into n € IN subintervals [0,1/n],[1/n,2/n],...,[(n — 1)/n,1], we can
approximate V from below with the lower sum

L= =<n )mf{m |me[<z—1>/nz/n}=g%(“1) ,

K3
and an approximation from above is given by the upper sum

g( — ) supfa? [ € (= 1)/mifn]} =g%()

For any n € IN, we obtain L, <V < U,. We can rewrite L, as

1 & = 1 (n—1)n(2n—1)
Ln = —> (i-1) nsZJ ——3 5
=1

_ (m=D@n—-1) 20> -3n+1 1

1
6n2 6n2 T3 o

L1
6n2’
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and the upper sum is equal to

U - iiﬁ_in(n—kl)@n—l—l)_(n+1)(2n—|—1)_
"o n3z=1 T nd 6 n 6n2 n
o2n?2+3n+1 1 1 1
= T ez 3 ' en?

Note that {L,} and {U,} are convergent sequences, and we obtain lim, _,cc Ly, = lim, o, U, = 1/3.
Because {L,} and {U,} converge to the same limit, it is natural to consider this limit the area V/,
which is therefore obtained as the limit of an approximation process.
This procedure can be generalized. First, we define partitions of intervals.

Definition 5.3.1 Leta,b€ IR, a <b.

(i) A partition of the interval [a,b] is a finite set of numbers P = {xg,x1,...,Zn} such that
a=r9<x1<...<xy=0.
(ii) Suppose P and P are partitions of [a,b]. P is finer than P if and only if P C P.
Using the notion of a partition, we can define lower and upper sums for functions defined on an interval.

Definition 5.3.2 Let A C IR be an interval, and let a,b € IR be such that a < b and [a,b] C A.
Furthermore, let f : A — IR be bounded on [a,b], and let P = {xg,x1,...,Zn} be a partition of [a,b].
(i) The lower sum of f with respect to P is defined by

n

L(P) =Y (i — 1) inf{ f(z) | 2 € [w;_1, 73]}

i=1
(i) The upper sum of f with respect to P is defined by

n

U(P) := Z(mz —zi—1)sup{f(z) | ¢ € [zi—1, 2]}

i=1
If we replace a partition by a finer partition, the lower sum cannot decrease, and the upper sum

cannot increase.

Theorem 5.3.3 Let A C IR be an interval, and let a,b € IR be such that a < b and [a,b] C A. Further-
more, let f: A — IR be bounded on [a,b], and let P and P be partitions of [a,b].

P is finer than P = L(P) > L(P) A U(P) <U(P).

Proof. Suppose P is finer than P, that is, Pfg P. If P = P, the result follows trivially. Now suppose
P ={z,...,zn} and P = PU {y} with y ¢ P. Let k € {1,...,n} be such that 41 < y < z (such a
k exists and is unique by the definition of a partition). Then we obtain

-1

L(P) = (z; —2i—1) Inf{f(2) | @ € [Ti—1, 23]} + (y — 2p—1) nf{ f(2) | 2 € [21-1,9]}

S

-
Il

n

+ (m—y)inf{f(@) |z € [y, ml}+ Y (@i —zi1)inf{f(z) |z € [zi_1, ]}

i=k+1

By definition of an infimum,

(y —zx—1) nf{f(z) | z € [zr—1, 9]} + (2 — y) mf{f(2) [ = € [y, za]} =
(g — xp—1) Inf{f(x) | x € [xg—1, K]}
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Therefore,

L(P) > Z(mi — ;1) inf{f(x) | x € [xi_1, 2]} = L(P).

If P\ P contains more than one element, the above argument can be applied repeatedly to conclude

L(P) > L(P). B
The inequality U(P) < U(P) is proven analogously. I
For a given partition P, it is clear that

L(P) < U(P) (5.33)

(by definition of the infimum and the supremum of a set). In addition, Theorem 5.3.3 implies that this
inequality holds even for lower and upper sums that are calculated for different partitions.

Theorem 5.3.4 Let A C IR be an interval, and let a,b € IR be such that a < b and [a,b] C A. Fur-
<

thermore, let f : A — IR be bounded on [a,b]. If P and P are partitions of [a,b], then L(P) < U(P).

Proof. Let P := PU P. Then P is finer than P, and P is finer than P. Therefore, Theorem 5.3.3 and
(5.33) imply } } B
L(P) < L(B) < U(P) <U(P). |

An interesting consequence of Theorem 5.3.4 is that the set
L:={L(P)| P is a partition of [a,b]}

is bounded from above, because for any partition P of [a,b], U(P) is an upper bound for L. Similarly,
the set
U :={U(P)| P is a partition of [a,b]}

is bounded from below, because, for any partition P of [a,b], L(P) is a lower bound for U. Therefore, L
has a supremum, and U has an infimum. By Theorem 5.3.4, sup(L) < inf(U).
We now define

Definition 5.3.5 Let A C IR be an interval, and let a,b € IR be such that a < b and [a,b] C A.
Furthermore, let f : A — IR be bounded on [a,b].

(i) The function f is Riemann integrable on [a, b] if and only if sup(L) = inf(U).
(i) If f is Riemann integrable on [a,b], the integral of f on [a,b] is defined by

b
/ f(z)dz :=sup(L) = inf(U).

(i) We define . ) b
/a f@)dz =0 and /b F@)de = —/a f(z)da.

Because Riemann integrability is the only form of integrability discussed here, we will simply use the
term “integrable” when referring to Riemann integrable functions.

We can now return to the problem of assigning an area to specific subsets of IR?. Consider first
the case of a function f : A — IR such that f([a,b]) C Ry, that is, on the interval [a,b], f assumes
nonnegative values only. If f is integrable on [a, b], we define the area V (see Figure 5.2) to be given by
the integral of f on [a, b].

If f assumes only nonpositive values on [a, b], the integral of f on [a, b] is a nonpositive number (we
will see why this is the case once we discuss methods to calculate integrals). Because we want areas
to have nonnegative values, we will, in this case, use the absolute value of the integral of f on [a,b] to
represent this area.

Not all functions that are bounded on an interval are integrable on this interval. Consider, for example,

the function
0 ifzeQ

f:[0,1]|—>IR,ml—>{ | ifzd Q.
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This function assigns the number zero to all rational numbers in the interval [0, 1] and the number one to
all irrational numbers in [0, 1]. To show that the function f is not integrable on [0, 1], let P = {zq, ..., zn}
be an arbitrary partition of [0, 1]. Because any interval [a,b] with a < b contains rational and irrational
numbers, we obtain

inf{f(z) |z € [xi—1, 2]} =0 A sup{f(x) |z € [xs—1,z]} =1 Vi=1,...,n,

and therefore, because this is true for all partitions of [0,1], sup(L) = 0 and inf(U) = 1, which shows
that f is not integrable on [0, 1].

Integrability is a condition that is weaker than continuity, that is, all functions that are continuous
on an interval are integrable on this interval. Furthermore, all monotone functions are integrable. We
summarize these observations in the following theorem, which we state without a proof.

Theorem 5.3.6 Let A C IR be an interval, and let a,b € IR be such that a < b and [a,b] C A. Further-
more, let f: A — IR be bounded on [a,b].

(i) f is continuous on [a,b] = f is integrable on [a,b].
(ii) f is nondecreasing on [a,b] = f is integrable on [a,b].
(iii) f is nonincreasing on [a,b] = f is integrable on [a,b].

The process of finding an integral can be expressed in terms of an operation that, in some sense, is
the “reverse” operation of differentiation. We define

Definition 5.3.7 Let A C IR be an interval, and let f : A — IR. A differentiable function F : A — IR
such that F'(x) = f(x) for all x € A is called an integral function of f.

Clearly, if F' is an integral function of f and ¢ € IR, the function
G:A—R, z— F(x)+c

also is an integral function of f. Furthermore, if F' and G are integral functions of f, then there must
exist a constant ¢ € IR such that G(z) = F(z) + ¢ for all z € A. Therefore, integral functions—if they
exist—are unique up to additive constants. If an integral function F' of f exists, the indefinite integral of

fis
/f(a:)da: =F(z)+c¢

where ¢ € R is a constant. Integrals of the form

/a ' fla)de

with a,b € R are called definite integrals in order to distinguish them from indefinite integrals.
The following theorem is called the fundamental theorem of calculus. It describes how integral func-
tions can be used to find definite integrals. We state this theorem without a proof.

Theorem 5.3.8 Let A C IR be an interval, and let a,b € IR be such that a < b and [a,b] C A. Further-
more, let f: A — IR be continuous on [a,b].

(i) The function
H:la,b— R, yb—>/yf(m)dx

is differentiable on (a,b), and H'(y) = f(y) for all y € (a,b).
(ii) If F is an integral function of f, then

b
/ f(z)dz = F(b) — F(a).
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Theorem 5.3.8 (ii) shows how definite integrals can be obtained from indefinite integrals. Once an
integral function F of f is known, we just have to calculate the difference of the values of F' at the limits
of integration. It is also common to use the notations

b b
[t = Pl o [ fa)ia = (F ).

for definite integrals, where F' is an integral function of f.
We can now summarize some integration rules.

Theorem 5.3.9 Let c € IR be a constant.
(i) Let A C IR be an interval, and let n € IN. The integral function of

f:A— R, z+— 2"

is given by
n+1

F:A— R, x— +c.

n+1
(ii) Let A C IRyy be an interval, and let o € R\ {—1}. The integral function of

fiA— R, z+— z°

is given by
mOH'l
F:A— R, x—

a+1+&

(iii) Let A C IRy be an interval. The integral function of
1
fiA- R x+— —
x
is given by
F:A— R, x+—In(z)+c.

(iv) Let A C IR be an interval. The integral function of
f:A— R, x—€"

is given by
F:A—- R x— e +ec.

(v) Let A C IR be an interval, and let o € IRy \ {1}. The integral function of
A= R z— o

is given by
x

F:A»—>1R,mb—>a—+c.
In(c)

The proof of Theorem 5.3.9 is obtained by differentiating the integral functions.
Furthermore, we obtain

Theorem 5.3.10 Let A C IR be an interval, and let o € IR. Furthermore, let f: A~ IR and g : A— IR.

(i) If F is an integral function of f, then oF is an integral function of af.
(ii) If F is an integral function of f and G is an integral function of g, then F + G is an
integral function of f +g.
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The proof of Theorem 5.3.10 is left as an exercise.
Theorems 5.3.9 and 5.3.10 allow us to find integral functions for sums and multiples of given functions.
For example, for a polynomial function such as

f:R—TR, o+ 2+z— 327

we obtain the integral function
, 12 s
F.IR|—>IR,$'—>213+2J: z° +c.
Now we calculate the definite integral of the function f on [0, 1]. We obtain

1 L 1, ! 1 3
/f(m)dsz(m)szm—l——m —2 4 =24+ —-1=".
A 2 . 2 2

Theorem 5.3.8 only applies to continuous functions, but we can also find definite integrals involving
noncontinuous functions, if it is possible to partition the interval under consideration into subintervals
on which the function s continuous.

The following theorems provide some useful rules for calculating certain definite integrals.

Theorem 5.3.11 Let A C IR be an interval, and let a,b,c € IR be such that a < ¢ < b and [a,b] C A.
Furthermore, let f : A — IR be bounded on [a,b]. If f is integrable on [a,b], then f is integrable on [a, c]

and on [c,b], and
/ab f(z)dz = /: f(x)dz + /Cb f(z)dz.

Theorem 5.3.12 Let A C IR be an interval, and let a,b € IR be such that a < b and [a,b] C A.
Furthermore, let o, € IR, and let f : A — IR and g : A — IR be bounded on [a,b]. If f and g are
integrable on [a,b], then af + Bg is integrable on [a,b], and

/ab(ozf(m) + Bg(z))dx = a/ab f(z)dz + ﬁ/ab g(x)da.

As an example, consider the following function

22 ifz €|0,2]

f:IR"’HIR’mH{ z ifx e (2,00).

This function is not continuous at xg = 2. The graph of f is illustrated in Figure 5.4.
Suppose we want to find f04 f(x)dz. This can be achieved by partitioning the interval [0, 4] into [0, 2]

and [2,4]. We obtain
4
| s
0

/02 f(z)dz + /24 f(z)dx
1.2 4

Zx3

8
=-+8-2="2"
2 +

1 2
3,73 3

2

0

Some integral functions can be found using a method called integration by parts. This integration
rule follows from the application of the product rule for differentiation. It is illustrated in the following
theorem.

Theorem 5.3.13 Let A C IR be an interval. If f: A+ IR and g : A — IR are differentiable, then

/ f(@)g(x)de = f(z)g(z) - / (@) (@) + c. (5.34)
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Figure 5.4: Piecewise integration.

Proof. By the product rule (see Theorem 3.2.5), (fg) (z) = f'(z)g(x) + f(z)g' (z) for all x € A.
Therefore, [(fg)' (z)dz = [ f'(x)g(x)dx + [ f(x)g'(x)dz + ¢. By definition of an integral function,

]/(fg)’ﬁt)d1r==(fg)(m):= f(@)g(a).

Setting ¢ := —¢, (5.34) follows. I

As an example for the application of Theorem 5.3.13, we determine the indefinite integral [ In(z)dz
using integration by parts. Define f : Ry — R, 2 — z, and g : Ry — R, 2 — In(z). Then f'(z) =1
for all z € R4 4, and ¢'(x) = 1/ for all x € Ry . According to Theorem 5.3.13, we obtain

/ln(m)dm = /f’(m)g(m)dm =zln(z) — /da: =zln(z) —z+c=z(n(z) - 1) +ec
Another important rule of integration is the substitution rule, which is based on the chain rule for
differentiation (see Theorem 3.2.6).
Theorem 5.3.14 Let A C IR be an interval, and let f: Aw— IR, g: f(A) — IR. If f is differentiable

and G is an integral function of g, then

/@U@»f@Mmzaq@»+a (5.35)

Proof. By the chain rule, (G o f)'(z) = G'(f(z))f'(z) = g(f(x))f (x) for all z € A. Therefore,

/wﬂmﬁwmmz/«wfwmm+q

which is equivalent to (5.35). ||

To illustrate the application of the substitution rule, we use this rule to find the indefinite integral
J(z* + 1)2zdz. Define f: R~ R, — 2>+ 1,and g : R = R, y — y. We obtain f’'(z) = 2z for all
z € IR, and the integral function

1
G:R—R, y— §y2
for the function g. Using the substitution rule,

[+ 120t = [ (s @ = 5@ +e= 5417+
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So far, we restricted attention to functions that are bounded on a closed interval [a,b]. In some
circumstances, we can derive integrals even if these conditions do not apply. Integrals of this kind are

called improper integrals, and we can distinguish two types of them.

The first possibility to have an improper integral occurs if one of the limits of integration is not finite.

We define

Definition 5.3.15 (i) Let A C IR be an interval, and let a € IR be such that [a,00) C A. Suppose

f: A~ IR is integrable on [a,b] for all b € (a,00). If

lim / " Ha)da

btoo

exists and is finite, then f is integrable on [a, 00), and the improper integral

/ " f(wyde = Jim / ' fa)d

exists (or converges). If f:o f(z)dz does not converge, we say that this improper integral diverges.

(ii) Let A C IR be an interval, and let b € IR be such that (—oo,b] € A. Suppose f : A — IR is

integrable on [a,b] for all a € (—o0,b). If

lim / ' Ha)de

al—oo

exists and is finite, then f is integrable on (—oo, b], and the improper integral

al—oo

’ f(z)dz := lim ’ f(z)dz
/. /

exists (or converges). If f_boo f(z)dz does not converge, we say that this improper integral diverges.

For example, consider

1
fIIR++|—>IR,$|—>P.

To determine whether the improper integral floo f(z)dz exists, we have to find out whether flb fz)dz

converges as b approaches infinity. We obtain

b b dx 1

This implies
and hence,

As another example, define

1
fIIR++|—>IR,.II|—>E.

Now we obtain

b b dr
/1 flx)dz = : — = In(z)} = In(b) — In(1) = In(b).

T

Clearly, limptoo In(b) = 00, and therefore, floo df diverges.

Another type of improper integral is obtained if the function f is not bounded on an interval

possibility is described in

. This
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Definition 5.3.16 Let A C IR be an interval, and let a,b € IR be such that a < b.
(i) Suppose [a,b) C A, b A, and f: A — IR is integrable on [a,c| for all ¢ € (a,b). If

Jim / " f(2)da

ctb

exists and is finite, then f is integrable on [a,b), and the improper integral

/abf(m)dx = lcigl/:f(m)dx

exists (or converges). If fab f(z)dz does not converge, we say that this improper integral diverges.
(ii) Suppose (a,b) C A, a & A, and f: A — IR is integrable on [c,b] for all ¢ € (a,b). If
b
liin/ fz)dz

exists and is finite, then f is integrable on (a,b], and the improper integral

/ab fz)dx = lgigl/cb fz)dz

exists (or converges). If fab f(z)dz does not converge, we say that this improper integral diverges.

For example, consider the function

1
fZIR++|—>IR,,JI|—>—.

NG
For a € (0,1), we obtain

1 1
/ f(z)dz = / % = 2|, = 2(1 - va).
Therefore,

1
lim/a f(z)dx = E&ﬁ(l —vVa) =2,

al0

and the improper integral fol f(z)dz exists and is given by
1 1
/ f(zx)dze = lim/ f(x)de = 2.
0 al0 Jq

5.4 Differential Equations

Differential equations are an alternative way to describe relationships between economic variables over
time. Whereas difference equations work in a discrete setting, time is treated as a continuous variable
in the analysis of differential equations. Therefore, the function y that describes the development of a
variable over time now has as its domain a non-degenerate interval rather than the set INyg. That is,
we consider functions y : A — IR where A C R is a non-degenerate interval. We assume that y is
continuously differentiable as many times as required to ensure that the differential equations introduced
below are well-defined.

Definition 5.4.1 Let A C IR be a non-degenerate interval, and let n € IN. A differential equation of
order n is an equation

Y (z) = G(z,y(x), ¢ (2),...,y" "V (2)) (5.36)

where G : R — IR is a function and y',y",y®, ... are the derivatives of y of order 1,2,3,.... A function
y: A IR is a solution of this differential equation if and only if (5.36) is satisfied for all x € A.

As in the case of difference equations, we restrict attention to certain types of differential equations.
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Definition 5.4.2 Let A C IR be a non-degenerate interval, and let n € IN. A linear differential equation
of order n is an equation

y ™ (2) = b(z) + ao()y(x) + ar(@)y (z) + ...+ an-1(2)y" ) (2) (5.37)

where b : A — IR and the a; : A — IR for all i € {0,...,n — 1} are continuous functions. If b(x) =0
for all x € A, the equation is a homogeneous linear differential equation of order n. If there exists x € A
such that b(x) # 0, the equation (5.37) is an inhomogeneous linear differential equation of order n.

The continuity assumption regarding the functions b and ay, . . ., a,—1 is not required for all of our results.
For convenience, however, we impose it thoughout.
The homogeneous equation associated with the linear equation (5.37) is given by

Y™ (@) = ag(z)y(x) + ar(@)y (@) + ...+ an1(2)y" (@), (5.38)

Analogously to the results obtained for linear difference equations, there are some convenient proper-
ties of the set of solutions of a linear differential equations that will be useful in developing methods to
solve these equations.

Theorem 5.4.3 (i) Suppose § is a solution of (5.37). For each solution y of (5.37), there exists a
solution z of the homogeneous equation (5.38) associated with (5.37) such thaty = z + g.

(ii) If § is a solution of (5.37) and z is a solution of the homogeneous equation (5.38) associated with
(5.37), then the function y defined by y = z + § is a solution of (5.37).

Proof. The proof of (i) is analogous to the proof of part (i) of Theorem 5.2.4.
To prove (ii), suppose y = z + § where § solves (5.37) and z solves (5.38). By definition,

y(z) = z(x) + y(x) Vz e A
This is an identity and, differentiating both sides n times, we obtain
y () =z (z) = g (z) Vze A (5.39)
Because § is a solution of (5.37), we have
§(z) = b(z) + a0(@)3(2) + a1 (@) @) + - + an1(2)F" D (z) Vo e A
and because z is a solution of (5.38), it follows that
2 (z) = ap(zx)2(z) + a1(2)2'(2) + ...+ an_1(x)z"V(z) Vze A

Substituting into (5.39), we obtain

y™M (@) = ao(@)z(z) + ar(@)2' () + ...+ an1(2)2" (@)
+ b(z) +ao(2)j(x) + (33)?9/( )+ F a1 (@)Y (@)
b(x) + ao(x)(2(x) + §(x)) + a1 (2) (2 (&) + 7 () + .. + an—1(2) (2" (z) + 5D (@)
b(z) + ao(z)y(z) + a1(z)y' (x) + ...+ an_l(m)y(”_l)(m) Vre A

and, thus, y satisfies (5.37). I

The next two results (the second of which we state without a proof) concern the structure of the set
of solutions to the homogeneous equation (5.38). They are analogous to the corresponding theorems for
linear difference equations.

Theorem 5.4.4 If z1,..., 2z, are n solutions of (5.38) and ¢ = (c1,...,c,) € IR™ is a vector of arbitrary
coefficients, then the function y defined by y = > | c;z; is a solution of (5.38).

Proof. Suppose z1,..., 2, are n solutions of (5.38) and ¢ = (c1,...,¢,) € R"™ is a vector of arbitrary
coefficients. Let y = Y"1 | ¢;z;. Using this definition and differentiating n times, we obtain

(n) Z ¢z, (n)
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= Y cilao(@)z(@) + ar(t)zf(x) + ...+ an1(2)2" " (2)
i=1

= z:czzz +ay(t zn:z .—l—an_l(m)zn:zi(n_l)(m)
=1

i=1
= GO(JC)y(m) +ai(@)y (z) + ..+ ana @)y (@)
for all x € A and, therefore, y is a solution of (5.38). |

Theorem 5.4.5 Suppose z1, ..., z, are n solutions of (5.38). The following two statements are equiva-
lent.
(i) For every solution y of (5.38), there ezists a vector of coefficients ¢ € IR" such thaty =Y 1, ¢;iz;.
(ii) There exists xg € A such that

zZ1 (.IIQ) z92 (.IIQ) e Zn (JIQ)
Alwo) Ao . )
: : : # 0.
z%n_l)(mo) zén_l)(mo) . zﬁ,n_l)(mo)

According to Theorem 5.4.5, it is sufficient to find a single point o € A such that the determinant
in statement (ii) of the theorem is non-zero in order to guarantee that the system of solutions z1, ..., 2,

satisfies the required independence property.
We now consider solution methods for specific differential equations of order one. In general, a

differential equation of order one can be expressed as
Y () = G(z,y(2)); (5.40)

this is the special case obtained by setting n = 1 in (5.36). We discuss two types of differential equations
of order one. The first type consists of separable equations, the second of linear equations.
Separable differential equations of order one are defined as follows.

Definition 5.4.6 Let A C IR be a non-degenerate interval. A separable differential equation of order

one is an equation
Y (z) = f(z)g(y(x)) (5.41)

where f : A IR and g : B — IR are Riemann integrable functions, B C y(A) is a nondegenerate interval
and g(y(z)) # 0 for all x € A such that y(x) € B.

Because the value of g is assumed to be different from zero for all points in the domain B of g,
separable equations can be solved by a method that involves separating the equation in a way such that
the function y to be obtained appears on one side of the equation only and the variable x appears on the
other side only. This is a consequence of the substitution rule introduced in the previous section.

Dividing (5.41) by g(y(x)) (which is non-zero by the above hypothesis) yields

y(x) _
= f(z).
9(y(z))

Integrating both sides with respect to x, we obtain
Y (z)dz /
= [ f(z)dx. 5.42
[ ey = [ 1@ (42

y'(zx)de [ dy(z)
/ g(y(x)) / 9(y(z)) (5.43)
Combining (5.42) and (5.43), we obtain

/ gc(lzgg) - / flw)d

Applying the substitution rule,

Thus, we have proven
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Theorem 5.4.7 Ify is a solution to the separable differential equation (5.41), then y satisfies
dy(x) /
= [ f(z)dz.
[y = 1@

To illustrate the solution method introduced in this theorem, consider the example given by the
following differential equation.

Y (x) = 2*(y(x)). (5.44)
This is a separable equation with f(z) = z? for all z € A and g(y(z)) = (y(x))? for all z € A such that

y(z) € B. Tt follows that
dy(e) [ dy@) 1
/g@@»‘/fmmv‘ @ T4

[1was= [2ar=2a 1

where c1, c2 € R are constants of integration. According to Theorem 5.4.7, we must have

and

1 1

———+a=-1"+c
y(x) 3
or, defining ¢ := ¢; — ¢ and simplifying,
1
y(m) - c— 333/3

for all z € A, where A and B must be chosen so that the denominator on the right side is non-zero.

If we impose an initial condition requiring the value of y at a specific point 2y € A to be equal to a
given value yy € B, we can determine a unique solution of a separable equation. To obtain this solution,
we use the definite integrals obtained by substituting the initial values into the equation of Theorem
5.4.7. We state the corresponding result without a proof.

Theorem 5.4.8 Let 9 € A and yo € B. If y is a solution to the separable differential equation (5.41)
and satisfies y(xo) = Yo, then y satisfies

[ = L e

Consider again the example given by (5.44), and suppose we require the initial condition y(1) = 1.

for all x € A such that y(z) € B.

We obtain o " .
W dpe) PO dgle) 1 PO 1
/1 9(y(x)) /1 (5(x))? (5(2)) |, (@) +1
and
PV Y o I 1 1
/1 f(m)dmz/l Tedx = —§m3 1 e 5

According to Theorem 5.4.8, a solution y must satisfy

1 1 1
T 4 1= I3
y(x) + 3 73
and, solving, we obtain
() = —>
= s

for all x € A such that y(x) € B. Again, the domains of f and g must be chosen so that the equation is
required for values of x such that the denominator of the right side of this equation is non-zero.
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Now we move on to linear differential equations of order one. We obtain these equations as the speical

cases of (5.37) where n = 1, that is,
y'(x) = b(z) + ao(z)y(z). (5.45)

In contrast to linear difference equations of order one, there exists a solution method for linear
differential equations of order one, including those equations where the coefficient ag is not constant.

Theorem 5.4.9 A function y : A — IR is a solution of the linear differential equation of order one
(5.45) if and only if there exists ¢ € IR such that

y(z) = o ao(@)da (/ b(m)e_fao(x)dxdx—l— c) : (5.46)

Proof. Clearly, (5.45) is equivalent to
y' (z) — ao(x)y(z) = b(x).
Multiplying both sides by ef —a0(@)dr o obtain
ef Z0@E (1(2) — ag(a)y(a)) = bla)e] ~ @i, (5.47)
As can be verified easily by differentiating, the left side of (5.47) is equal to

d (y(m)ef —ao(ac)dac)
dx

and, thus, (5.47) is equivalent to

d (y(m)ef —ao(ac)dac)
dz

Integrating both sides with respect to x, we obtain

y(l:)ef —ao(ac)dac — /b(m)ef —ao(w)dfﬁdx + c

= b(m)ef —ao(@)dz

where ¢ € R is the constant of integration. Solving for y(x), we obtain (5.46). I
As an example, consider the equation

Y (@) = 3 - y(o).

This is a linear differential equation of order one with b(xz) = 3 and ag(z) = —1 for all z € A. According
to Theorem 5.4.9, we obtain
y(r) = e Je (/ 3e) @ dz + c)

= e 7 (/36”(1334—0)

= e (3" +¢)=3+ce"

for all x € A, where ¢ € IR is a constant.

Again, an initial condition will determine the solution of the equation uniquely (by determining the
value of the constant c¢). For instance, if we add the requirement y(0) = 0 in the above example, it follows
that we must have

34+c =0

which implies ¢ = —3. Thus, the unique solution satisfying the initial condition y(0) = 0 is given by
y(z) =3—-3e™® Vze A
In the case of linear differential equations of order two, solution methods are known for equations with

constant coefficients but, unfortunately, these methods do not generalize to arbitrary linear equations.
We therefore restrict attention to the class of equations with constant coefficients.
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Definition 5.4.10 Let A C IR be a non-degenerate interval, and letn € IN. A linear differential equation
with constant coefficients of order n is an equation

y™ (z) = b(z) + aoy(z) + ary/ (x) + - ..+ an_1y" V(@) (5.48)

where b : INg — IR and ag,a,...,an—1 € R. If b(x) =0 for all x € A, the equation is a homogeneous
linear differential equation with constant coefficients of order n. If there exists © € A such that b(z) # 0,
the equation (5.48) is an inhomogeneous linear differential equation with constant coefficients of order n.

The homogeneous equation associated with (5.48) is
y () = agy(z) + a1y/ () + . ..+ an_1y™ V().

To solve linear differential equations with constant coefficients of order two, we proceed analogously
to the way we did in the case of difference equations. First, we determine the general solution of the
associated homogeneous equations, then we find a particular solution of the (inhomogeneous) equation
to be solved and, finally, we use Theorem 5.4.3 to obtain the general solution.

For n = 2, the above definitions of linear differential equations with constant coefficients and their
homogeneous counterparts become

y'(z) = b(z) + aoy(x) + ary/(z) (5.49)

and
y'(z) = aoy(z) + ary/(2). (5.50)
To solve (5.50), we set z(z) = e** for all x € A. Substituting back, we obtain

MM = ape?® + ag Aet”

and the characteristic equation is
)\2—(11)\—(10:0.

Analogously to linear difference equations with constant coefficients of order two, we have three possible
cases.
Case I: a?/4 + ag > 0. In this case, the characteristic polynomial has two distinct real roots given by
A =a1/2++/a?/4+ ag and Ay = a1/2 — /a2 /4 + ay, and we obtain the two solutions z; and 2> defined
by
21(x) =eM® Vre A

and
z(r) = eM® V€ A

We obtain
=X — A1 =2 a%/4+a0 750

21(0)  22(0) ‘:‘ 1 1
z1(0)  25(0) A1 Ao

Thus, the general solution of the homogeneous equation is given by

2(2) = cr21(t) + caza(t) = c1eM® + c2e™” Vx € A

where c1, co € IR are constants.
Case II: a3/4 + ap = 0. Now the characteristic polynomial has a double root at A = a1/2, and the
corresponding solutions are given by z;(x) = e**/? and 2z3(z) = ze®*/? for all z € A. We have

1 0
a1/2 1 ‘_17&0

Thus, a function z : A — IR is a solution of the homogeneous equation if and only if there exist constants
c1, ¢z € IR such that

2(z) = e121(t) + caza(t) = 1™/ 4 coze™®/? Yz € A.
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Case III: a%/4 + ap < 0. The characteristic polynomial has two complex roots, namely, A\; = a + ib
and A2 = a — ib, where a = a1/2 and b = \/—a?/4 — ap. Substituting back into the expression for a
possible solution, we obtain the two functions Z; and 25 defined by

% (JI) — e(a—i—ib)x — eaweibx Ve e A

and . .
Zo(x) = ela=ib)z — azo—ibt . o A

Using Euler’s theorem (Theorem 5.1.5), the two solutions can be written as
21(z) = e*(cos(bx) + isin(bx)) Vr € A

and
Zo(z) = e (cos(bx) —isin(bx)) Vz € A.

Because any linear combination of any two solutions is itself a solution, we obtain the solutions

z(e) = Z(2)/2+ 2(r)/2
= e (cos(bx) + isin(bx))/2 + e*(cos(bx) — isin(bx))/2

e cos(bx)
and

z(z) = Zi(z)/(20) + 22(x)/(—2i)
= e (cos(bx) + isin(bx))/(2i) — e**(cos(bx) — isin(bz))/(24)

e” sin(bx)

for all z € A. We obtain

71(0)  2(0)

and, therefore, z is a solution of (5.50) if and only if there exist ¢1,co € IR such that

2(z) = e121(2) + caza(z) = 1%/ % cos (\/ —a?/4 — a0m> + c2e™ /% sin (\/—a%/él - a0m> Vo € A.

We summarize our observations regarding the solution of homogeneous linear differential equations
with constant coefficients of order two in the following theorem.

21(0)  22(0) ‘:

1 0
u b‘zbz —a?/4—ag#0

Theorem 5.4.11 (i) Suppose ag € IR\ {0} and a1 € IR are such that a?/4 + ag > 0. A function
z: A IR is a solution of the homogeneous linear differential equation with constant coefficients of order
two (5.50) if and only if there exist c1,ca € IR such that

)\11’

z(z) = c1e™” + 2™ Yx e A

where A\1 = a1 /2 + +/a2/4+ ag and A2 = a1/2 — \/a2/4+ ag

(i) Suppose ag € IR\ {0} and a; € IR are such that a3 /4+ag = 0. A function z : A~ IR is a solution
of the homogeneous linear differential equation with constant coefficients of order two (5.50) if and only
if there exist c1,co € IR such that

z(x) = c16%/2 4 coxe™®/? Y € A.

(iii) Suppose ag € IR\ {0} and ay € IR are such that a?/4 + ag < 0. A function z : A — IR is a
solution of the homogeneous linear differential equation with constant coefficients of order two (5.50) if
and only if there exist c1,co € IR such that

2(z) = ¢;eM%/% cos (y/—a%/él — a0m> + c2e%/ 2 sin (y/—a%/él — a0m> V€ A.
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We consider two types of inhomogeneity. The first is the case where the function b is a polynomial of
degree two. In this case, our equation (5.49) becomes

Y (x) = by + by + bex® + apy(x) + a1/ (z).

where bg, b1 € IR and by € R\ {0} are parameters (the case where by = 0 leads to a polynomial of degree
one or less, and the solution method to be employed is analogous; working out the details is left as an
exercise).

To obtain a particular solution, we begin by checking whether a quadratic function will work. We set

§(z) =0 + mx + 1z’ Ve A
and, substituting into (5.49) and rearranging, we obtain
272 — agyo — a1 — (a1 + 2a172)T — agY2x” = b + b1z + boz?.

This has to be true for all values of & € A and, therefore, the coefficients of z°, z! and 22 have to be the
same on both sides. Comparing coefficients, we obtain the system of equations

—ag —ai 2 Yo bo
0 —Qg —2(11 Y1 = b1 . (551)
0 0 —ag Yo bo

This is a system of linear equations in -y, 1 and 2. There are two possible cases.
Case I: ap # 0. In this case, the matrix of coefficients in (5.51) is nonsingular and, consequently,
(5.51) has a unique solution (g, v1,72), and we obtain the particular solution

g(x) =y +mz + 72332 Vx € A.

Case II: ag = 0. Because by # 0, the system (5.51) has no solution and we have to find an alternative
approach. Setting §(z) = z(yo + M1z + 1222) for all x € A, substituting into (5.49) and comparing
coefficients, we obtain the system of equations

—ay 2 0 Yo bo
0 —2(11 6 Y1 = b1 . (552)
0 0 —3a1 Y2 bo

We have two subcases.
Subcase II.A: a1 # 0. In this case, the matrix of coefficients is nonsingular and, consequently, (5.52)
has a unique solution (g, y1,72), and we obtain the particular solution

§(z) = z(y0 + M7 + 722%) Vz € A.

Subcase II.B: a; = 0. Because by # 0, the system (5.51) has no solution and we have to try yet another
functional form for a particular solution. Setting §(z) = 2%(yo + 112 + y22?%) for all z € A, substituting
into (5.49) and comparing coefficients, we now obtain the system of equations

2 0 0 Yo b()
0 6 0 m |=1 b
0 0 12 Y2 b2

which has the unique solution y9 = bo/2, v1 = b1/6 and v2 = by/12. Substituting back, we obtain the
particular solution
§(x) = 22(bo/2 + by /6 + bpx?/12) Vr € A.

In all cases, the general solution is obtained as the sum of the particular solution and the general solution
of the associated homogeneous equation. Thus, we obtain

Theorem 5.4.12 (i) Let by, b1 € IR, by € IR\ {0}, ap € R\ {0} and a1 € IR. A functiony: A — IR is
a solution of the linear differential equation with constant coefficients of order two (5.49) if and only if

y(z) = 2(z) + Y0 + Mz + 122 Vre A
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where (Yo,71,72) 8 the unique solution of (5.51) and z is a solution of the corresponding homogeneous
equation (5.50).

(i) Let by, b1 € IR, by € R\ {0}, ap =0 and a1 € R\ {0}. A function y: A IR is a solution of the
linear differential equation with constant coefficients of order two (5.49) if and only if

y(z) = 2(z) + z(y0 + N7 + y22®) Vz €A

where (Yo,71,72) 8 the unique solution of (5.52) and z is a solution of the corresponding homogeneous
equation (5.50).

(iii) Let by, b1 € IR, by € R\ {0} and ap = a1 = 0. A functiony : A — IR is a solution of the linear
differential equation with constant coefficients of order two (5.49) if and only if

y(x) = 2(x) + 2%(bo/2 + by /6 + byx?/12) V€ A
where z is a solution of the corresponding homogeneous equation (5.50).
As an example, consider the equation
y'(z) =142z + 2> + ¢/ (2).

The associated homogeneous equation is

Setting z(x) = e’* for all z € A, we obtain the characteristic polynomial A2 — \ with the two distinct
real roots Ay = 1 and A9 = 0. The corresponding solutions of the homogeneous equation are given by
z1(z) = e” and zz(x) =1 for all x € A. We obtain

o o <[ o|= e

and, therefore, the general solution of the homogeneous equation is given by
z2(z) =cre®+c2 Yz e A
with constants c1,co € R. To obtain a particular solution of the inhomogeneous equation, we first set
9(x) = v + 11z + 22? Vz € A

Substituting back and comparing coefficients, we see that there exists no (yo,v1,72) € R? satisfying the
required system of equations (provide the details as an exercise). Thus, we use the alternative functional
form

9(z) = 2(y0 + mz + 122°) Vz €A,

and comparing coefficients yields v = —5, 91 = —2 and ~, = —1/3. Therefore, the general solution is
y(z) = cre® + ey —br — 222 —2%/3 Ve e A

where c1, co € IR are constants.
The second type of inhomogeneity is the case where b is an exponential function. Letting by, b; € IR
be constants, the resulting differential equation is

y'(x) = boe" ™ + agy(x) + a1y’ (x). (5.53)

Because we have already solved the associated homogeneous equation (5.50), all that is left to do is to
find a particular solution 7 of (5.53). We begin with the functional form g(z) = coe®'® for all x € A,
where ¢g € IR is a constant to be determined. Substituting into (5.53) and simplifying, we obtain

Co(b% —apg — albl) = b().

There are two cases to be considered.
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Case I: b2 — ag — a1b1 # 0. In this case, we can solve for ¢y to obtain ¢y = bg/(b? — ag — a1b1) and,
thus, §(z) = boe?*® /(b — ag — a1by) for all x € A. The general solution of (5.53) is thus

y(x) = 2(x) + bOeblx/(b% —ag —aiby) Vr e A

where z is a solution of the corresponding homogeneous equation.

Case II: b% — ag — a1b; = 0. In this case, we have to try another functional form for the desired
particular solution §. We now use () = core®? for all z € A with the value of the constant co € R to
be determined. Substituting § and the equation defining this case into (5.53) and simplifying, we obtain

CQ(2b1 — al) = b().

There are two subcases.
Subcase II.A: 2by — a1 # 0. In this case, we can solve for ¢y to obtain ¢ = bg/(2b; — a1) and, thus,
9(z) = bowe®®/(2by — ay) for all z € A. The general solution of (5.53) is

y(z) = z(z) + bomeblw/@bl —a1) Vze A

where, again, z is a solution of the corresponding homogeneous equation.

Subcase II.B: 2b; —a; = 0. Now the approach of subcase II.A does not yield a solution, and we try the
functional form () = cox2e®? for all z € A, where ¢y € IR is a constant to be determined. Substituting
and simplifying, we obtain ¢y = by/2. This gives us the particular solution §(x) = byz2e®1*/2 for all
x € A and, finally, the general solution

y(x) = 2(x) + box?e”®/2 Vzc A
where z is a solution of the corresponding homogeneous equation. In summary, we obtain

Theorem 5.4.13 (i) Let by, b1,a1 € IR and ag € R\ {b? —a1b1}. A function y: A~ IR is a solution of
the linear differential equation with constant coefficients of order two (5.58) if and only if

y(x) = 2(x) + bOeblw/(b% —ag—aiby) Ve e A

where z is a solution of the corresponding homogeneous equation (5.50).
(ii) Let bo, by € IR, a1 € IR\ {2b1} and ag = b2 — a1b1. A function y : A — IR is a solution of the
linear differential equation with constant coefficients of order two (5.53) if and only if

y(z) = z(z) + bomeblw/@bl —a1) Vze A

where z is a solution of the corresponding homogeneous equation (5.50).
(iii) Let bo,by € IR, ap = —b? and a1 = 2b;. A function y : A — IR is a solution of the linear
differential equation with constant coefficients of order two (5.53) if and only if

y(x) = 2(x) + box?e”®/2 Vzc A
where z is a solution of the corresponding homogeneous equation (5.50).

As an example, consider the equation

Y (@) = 26* — y(a) — 24/ (a). (5.54)

The corresponding homogeneous equation is
Y (@) = y(@) — 29/ (). (5.55)
Using the functional form z(z) = e*® for all z € A, we obtain the characteristic polynomial A% + 2\ + 1
which has the double real root A = —1. Thus, the two functions z; and 2z given by z;(z) = e® and

zo(x) = xe™ ™ are solutions of (5.55). We obtain

=240

2000 20 [_| 1 0
NI
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and, therefore, the general solution of (5.55) is given by
z2(z) =cre”® +coze™ Ve A

with constants ¢y, co € R.

To obtain a particular solution of (5.54), we begin with the functional form §j(z) = coe3® for all z € A.
Substituting into (5.54) and solving, we obtain ¢y = 1/8 and, thus, the particular solution given by
9(z) = e3*/8 for all x € A. Thus, the general solution is

y(z) = cre” " + come ™ +€*7/8 Vx € A

with constants ¢y, co € R.
Now consider the equation

Y (x) = 23" 4 3y(x) + 2¢/ (z). (5.56)

The corresponding homogeneous equation is
y'(z) = 3y(z) + 2y (). (5.57)
Using the functional form z(z) = e*® for all z € A, we obtain the characteristic polynomial A2 — 2\ — 3
which has the two distinct real roots Ay = 3 and A\s = —1. Thus, the two functions z; and z; given by

z1(x) = €3% and 23(x) = e are solutions of (5.55). We obtain

z1(0)  22(0) ‘
21(0)  25(0)

and, therefore, the general solution of (5.55) is given by

1 1
‘3 -1 “‘47&0

3zx

z(x) = c1e°™® + e Ve e A

with constants ¢y, co € R.

To obtain a particular solution of (5.56), we begin with the functional form §j(z) = coe3® for all z € A.
Substituting into (5.56) and simplifying, it follows that this approach does not yield a solution. Next,
we try the functional form §(z) = coxe3® for all z € A. Substituting into (5.56) and solving, we obtain
co = 1/2 and, thus, the particular solution given by §(z) = ze3*/2 for all x € A. Therefore, the general
solution is

y(x) = c1€3” + coe ™ + xe3%/2 V€ A

with constants cq,co € R.

The final topic discussed in this chapter is the question whether the solutions to given linear differential
equations with constant coefficients of order two possess a stability property. Stability deals with the
question how the long-run behavior of a solution is affected by changes in the initial conditions. For
reasons that will become apparent, we assume that the domain A is not bounded from above.

Definition 5.4.14 Let A C IR be an interval such that (a,00) C A for some a € IR. The equation (5.49)
is stable if and only if

mlggo z(z) =0

for all solutions z of the associated homogeneous equation.

According to this definition, every solution of the homogeneous equation corresponding to a linear differ-
ential equation of order two must converge to zero as x approaches infinity in order for the equation to
be stable. Recall that any solution y of (5.49) can be expressed as the sum z + § for a particular solution
7 of (5.49) and a suitably chosen solution z of the corresponding homogeneous equation. Thus, if the
equation is stable and ¢ has a limit as = approaches infinity, we obtain
Jlim y(z) = lim (2(2) +§(z)) = lim 2(z) + lim §(z) =0+ lim g(z) = lim §(z).

Recall that any solution z of the associated homogeneous equation can be written as z(z) = c121(z) +
cazo(x) for all x € A, where z; and zy are linearly independent solutions and cj, ca € R are parameters.
Intital conditions determine the values of the parameters ¢; and co but do not affect the particular solution
3. Therefore, if the equation is stable, its limiting behavior is independent of the intial conditions, which
is what stability is about. As a preliminary result, we obtain
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Theorem 5.4.15 Let A C IR be an interval such that (a,00) C A for some a € R, and let z, : A— IR
and z9 : A— IR. Then

[li_}rn (c1z1(z) + caz2()) =0 Vep, e € IR} & [lim z1(z) =0 and lim z(z) =0|.

T—r0o0 Tr—r0o0

Proof. Suppose first that lim, o (c121(2) 4+ c222(x)) = 0 for all ¢, co € R. This implies, in particular,
that this limit is equal to zero for ¢; = 1 and c; = 0. Substituting, we obtain lim,_, z1(z) = 0.
Analogously, for ¢; = 0 and ¢ = 1, we obtain lim,_, 22(z) = 0.

To prove the converse implication, suppose that lim, o z1(x) = 0 and lim, ,o 2z2(z) = 0. This
implies immediately that lim,_,(c121(z) + c2z2(x)) =0 for all ¢1, ¢c2 € RR. I

By Theorem 5.4.15, all that is required to check a linear differential equation of order two for stability
is to examine the limits of the two linearly independent solutions of the corresponding homogeneous
equation: if both limits exist and are equal to zero, the equation is stable, and if one of the limits does
not exist or is different from zero, it is not.

The characteristic polynomial of the homogeneous equation corresponding to (5.49) is

)\2 — al)\ — ap. (558)

If this polynomial has two distinct real roots A; and A2, we obtain the solutions z (z) = eM? and
zo(x) = e*2® for all x € A. If \; > 0, we obtain lim, ,,, 21(z) = co and if \; = 0, it follows that
lim,_, o0 z1(2) = 1. For Ay < 0, we obtain lim,_, 21(z) = 0. Analogously, lim,_, 22(x) = oo for Ay > 0,
limg o0 22(2) = 1 for Ay = 0 and lim,_,o 22(x) = 0 for A2 < 0. Therefore, in this case, the equation
is stable if and only if both real roots are negative. Because A\; and A2 are roots of the characteristic
polynomial, it follows that Ay + A = a1 and A\ A2 = —ag (verify this as an exercise). If A\; and Ay are
both negative, it follows that a; = A1 + A2 < 0 and ag = —A\1 A2 < 0. Conversely, if agp and a; are both
negative, we obtain A\; + A2 = a; < 0 which implies that at least one of the two numbers A\; and A2 must
be negative. Thus, because A\ Ay = —ag > 0, it follows that both A; and Ay must be negative. Therefore,
in the case of two distinct real roots of the characteristic polynomial, the equation (5.49) is stable if and
only if ag < 0 and a; < 0.

Now suppose that (5.58) has one double root A. In this case, substituting the corresponding solutions
z1(z) = €’ and za(z) = ze’® for all x € A, it follows again that the equation is stable if and only if
A < 0. Because XA = a1/2 and ag = —a?/4 in this case, this is again equivalent to ag < 0 and a; < 0.

Finally, for two complex roots A; and Ay, we again obtain A; + Ay = a1 and A\ Ay = —ap and the
equation (5.49) is stable if and only if ag < 0 and a; < 0.

Summarizing, we obtain

Theorem 5.4.16 Let A C IR be an interval such that (a,00) C A for some a € IR. The equation (5.49)
is stable if and only if ag < 0 and a; < 0.



Chapter 6

Exercises

6.1 Chapter 1

1.1.1 Find the negations of the following statements.

(1) All students registered in this course are female;

i)z >3 V x <2

(iii) For any real number z, there exists a real number y such that z + y = 0.
1.1.2 Which of the following statements is (are) true, which is (are) false?

i) 3 < 2 = Ontario is a province in Canada;

ii) 3 <2 = Ontario is not a province in Canada;
iii) 3 > 2 = Ontario is a province in Canada;

iv) 3> 2 = Ontario is not a province in Canada.

(

(

(

(
1.1.3 Find a statement which is equivalent to the statement a < b using negation and conjunction only.
1.1.4 Suppose = and y are natural numbers. Prove:

zy isodd < (zisodd) A (y is odd).

1.2.1 Let A and B be sets. Prove:
(i) An(ANB)=ANB;
(i) AU(ANB) = A.

1.2.2 Let X = IN be the universal set. Find the complements of the following sets.
(i) A={1,2}
(i) B=N;
(iii) C ={x e N | (x is odd) A z > 6}.

1.2.3 Let X be a universal set, and let A, B C X. Prove:
X\(AUB)=(X\A)N(X\B).

1.24 Let A:={z € N | ziseven} and B := {z € IN | z is odd}. Which of the following pairs are
elements of A x B, which are not?

1.3.1 Which of the following subsets of R is (are) open in IR?
(i) A={2};

141
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(li) B = [07 1);
(iii) C = (0, 1);
(iv) D = (0,1) U {2}.

1.3.2 Which of the sets in Problem 1.3.1 is (are) closed in IR?

1.3.3 (i) Prove that the intersection of two convex sets is convex.
(if) Give an example of two convex sets such that the union of these sets is not convex.

1.3.4 For each of the following subsets of IR, determine whether or not it has an infimum (a supremum,
a minimum, a maximum).

() 4=
(i) B

(iii) C (0 1);
(iv) D = (—00,0].

1.4.1 Consider the function f:IN+— IN, z +— 2z — 1. Find f(IN) and f({x € IN | z is odd}).
1.4.2 Use a diagram to illustrate the graph of the following function.

z ifz €]0,1]

7:00.2- R, xH{ 0 ifze (1,2

1.4.3 Which of the following functions is (are) surjective (injective, bijective)?

i) fR—R, x|z

(ii) f : R — Ry, = — |z|;

(iii) f: Ry —» R, 2+ |z

(iv) f: Ry = Ry, z— |z

1.4.4 Find all permutations of A = {1,2,3}.

1.5.1 For each of the following sequences, determine whether or not it converges. In case of convergence,
find the limit.

(i) an = (-1)"/n ¥n e N;

(ii) by, =n(=1)™ Vn € IN.
1.5.2 Show that the sequence defined by a,, = n? — n for all n € IN diverges to co.

1.5.3 Which of the following sequences is (are) monotone nondecreasing (monotone nonincreasing,
bounded, convergent)?

(i)an,=141/n VneN;
(i) b, =14 (-1)"/n ¥Yn € IN.

1.5.4 Find the sequences {a, + b, } and {a,b,}, where the sequences {a,} and {b,} are defined by
an, =2n*> VneNN, b,=1/n YneIN.

6.2 Chapter 2

2.1.1 For n € IN and z € R", let ||z|| denote the norm of z. Prove that, for all z € R",

(1) [z = 05
(ii) ||z]| =0 & = =0;
(iil) ||lz[| = [| — z[]-

2.1.2 For n € IN and z,y € R", let d(x,y) denote the Euclidean distance between x and y. Prove that,
for all z,y € R",

(i) d(z,y) = 0;
(ii) d(z,y) =0 & z=1y;
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(ili) d(z,y) = d(y, z).
2.1.3 Let z = (1,3,-5) and y = (2,0, 1). Find (i) the sum of z and y; (ii) the inner product of z and y.

2.1.4 Let ! = (1,0,2,-1), 22 = (0,0,1,2), 23 = (2,-4,1,9). Are the vectors z!, 2%, x® linearly
independent?

2.2.1 For each of the following matrices, determine whether it is (i) a square matrix; (ii) a symmetric
matrix.
1 21
A:OlO;B(}}},C 2—1
1 21 2
2.2.2 Find the matrix product AB, where
121 -3 ?’?_i
A= 0 1 0 8 ; B=
1 2 0 1 0 16
3 2 -5

2.2.3 For each of the following matrices, determine its rank.

A=(0); B=(1); C= ((2) }) D:(S . _11>

2.2.4 Find two 2 x 2 matrices A and B such that R(A) = R(B) =2 and R(A + B) = 0.

2.3.1 Use the elimination method to solve the system of equations Ax = b, where

1 2 0 4 2 0
0 2 2 -1 3 1
A=117 10 1 1[0
1 1 2 0 4 2

2.3.2 Use the elimination method to solve the system of equations Ax = b, where

2 1 4 0 2
0 0 1 1 1
A= 4 91030
2 2 5 2 2

2.3.3 Use the elimination method to solve the system of equations Ax = b, where

2 0 1 1
1 1 0 0
A= 0o 0 2 | b= -2
0 -2 2 0

2.3.4 Prove: If a € R and z* solves Az = b, then ax* solves Ax = ab.

2.4.1 Which of the following matrices is (are) nonsingular?

2 1

A=(0); B=(1); c:(_2 !

10 1
);D: 110
11 1

2.4.2 Find a 3 x 3 matrix A such that A # E and AA' = FE

2.4.3 Calculate the product AA’ A1, where



144 CHAPTER 6. EXERCISES

2.4.4 Suppose A is a nonsingular square matrix, and A~! is the inverse of A. Let o € R, a # 0. Show
that a4 is nonsingular, and find (aA4) 1.

2.5.1 Use the definition of a determinant to find |A|, where

21 0 3
31 11
A= 0 210
1.0 00

2.5.2 Find the determinant of the matrix in 2.5.1 by expansion along (i) the first column; (ii) the last
row.

2.5.3 Show that A is nonsingular, and use Cramer’s rule to solve the system Ax = b, where

3 1 0 2
A=(1 0 1];06=|2
2 -1 0 1

2.5.4 Find the adjoint and the inverse of the matrix in 2.5.3.

2.6.1 Determine the definiteness properties of the matrix
3 11

A= 1 2 0

1 0 1

2.6.2 Find all principal minors of the following matrix A. Is A (i) positive semidefinite? (ii) negative
semidefinite?

2 3 -1
A= 3 1 2
-1 2 0

2.6.3 Let A be a symmetric square matrix. Prove:
A is positive definite < (—1)A is negative definite.

2.6.4 Give an example of a symmetric 3 x 3 matrix which is positive semidefinite, but not positive definite
and not negative semidefinite.

6.3 Chapter 3

3.1.1 Counsider the function f defined by

0 ifz<0

f:RH]R’mH{ 1 ifz>0.

Use Theorem 3.1.2 to show that this function is not continuous at xg = 0.

3.1.2 Let
T ifx<1

2¢ —1 ifx>1.

Is f continuous at zg = 17 Justify your answer rigorously.

f:IRHIR,mH{

3.1.3 Let

T ifx<1
f']RH]R’mH{ z—1 ifz>1.

Is f continuous at zg = 17 Justify your answer rigorously.

3.1.4 Let
0 if 2 €[0,1
f:00,3]» R, z—4q z—1 ifzxell?2)
2 if 2 € [2,3].
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Is f (i) monotone nondecreasing? (ii) monotone increasing? (iii) monotone nonincreasing? (iv) monotone
decreasing? Justify your answers rigorously.

3.2.1 Let

T ifx<1
f']RH]R’mH{ 20 —1 ifz>1.

Is f differentiable at zg = 17 Justify your answer rigorously. If yes, find the derivative of f at zg = 1.
3.2.2 Find the derivative of the function f: R4y » R, z — (Vo + 1+ m2)4.

3.2.3 Find the derivative of the function f : R — R, & — €2 In(z2 + 1).
3.2.4 Find the derivative of the function f : R IR, z - e2(°*3(®)+1) 1 4(sin(x))?.

3.3.1 (i) Find all local maxima and minima of f: R — R, z +— 2 — 2 — 422,

(ii) Find all local and global maxima and minima of f:[0,4] = R, z — 2 — 2 — 422,

(iii) Find all local and global maxima and minima of f : (0,4] — R, x — x2.
3.3.2 Consider the function f: (0,1) — R, = — /z — z/2. Is this function (i) monotone nondecreasing?

(ii) monotone increasing? (iii) monotone nonincreasing? (iv) monotone decreasing? Use Theorem 3.3.11
to answer this question.

3.33Let f:(0,1)— R, z— 2In(z) and g: (0,1) = R, 2+ = — 1. Find

f(z)

11m
o1 g()

3.3.4 Let f: Ryt — R, z +— In(z). Find the second-order Taylor polynomial of f around xzy = 1, and
use this polynomial to approximate the value of f at x = 2.

3.4.1 Consider the function f : R — R, x + ax + b, where a,b € IR are constants and a # 0. Use
Definition 3.4.1 to show that f is concave and convex. Is f (i) strictly concave? (ii) strictly convex?

3.4.2Let f: Ry — R, x+— 2* with a € (0,1). Use Theorem 3.4.4 to show that f is strictly concave.

3.4.3 Let f:[0,4] » R, z — 1 — 2 — 2%, Show that f must have a unique global maximum, and find
this maximum.

3.4.4 The cost function of a perfectly competitive firm is given by C : R, — R, y — y + 232. Find the
supply function and the profit function of this firm.

6.4 Chapter 4

4.1.1 Consider the distance function
d(z,y) = max({|z; —yi| |1 € {1,...,n}}) Vz,y e R".

Prove that, for all z,y € R",

(i) d(z,y) = 0;
(ii) d(z,y) =0 & z =y;
(iii) d(z,y) = d(y, x).

4.1.2 For 2 € R" and ¢ € Ry, let U:(2°) be the e-neighborhood of z° as defined in (4.1), and let
UF (z°) be the e-neighborhood of 20 as defined in (4.2). Let z° = (0,0) € R? and ¢ = 1.

(i) Find a § € Ry such that Us(x°) C UEF (2).

(ii) Find a § € Ry such that UF (2°) C U (20).

4.1.3 Which of the following sets is (are) open in IR*?
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(i) A=(0,1) x (1,2);
()B={zcR*|0<z <1 A 1 =x2};
(iil) C = {z € R? | (21)? + (z2)? < 1}.

4.1.4 Consider the sequence {a”} in R? defined by

a™ = (1—!— <l> (-1)™,2— L) vm € IN.
m m+1

Show that this sequence converges, and find its limit.

4.2.1 Which of the following subsets of IR? is (are) convex?

(i) A=(0,1) x (1,2);
(i) B={rcR?’|0<z; <1 A 21 =x2)};
(i) C = {x € R? |z =0 V x5 = 0}.

4.2.2 Let f:R? = R, z — min({z1, z2}). Find the level set of f for y = 1, and illustrate this level set
in a diagram.

4.2.3 Let

2 x1+ 22 ifz#(0,0)
fR |—>IR,mn—>{1 i = (0.0).
Show that f is not continuous at z° = (0, 0).

4.2.4 Let f : R? —» R, = — x125. Illustrate the graph of the function f! : R +— R, z — f(z,2) in a
diagram.

4.3.1 Find all partial derivatives of the function
f:IRi+ — R, z— x1220 + €173,
4.3.2 Find the total differential of the function defined in 4.3.1 at the point 2° = (1,1, 1).
4.3.3 Find the Hessian matrix of the function defined in 4.3.1 at a point = € IR:_S|r 4
4.3.4 Use the implicit function theorem to show that the equation
Y™ +yxrixo —e¥ =0

defines an implicit function in a neighborhood of #° = (1,1), and find the partial derivatives of this
implicit function at (1,1).

4.4.1 Find all local maxima and minima of f : R* —» R, = — (1) + (22)? — z122.
4.4.2 Let f: IR?H — R, z — z1 + /z2 + In(z1). Use Theorem 4.4.5 to show that f is strictly concave.

4.4.3 Show that f : IR?}-+ — R, z+— (m1m2)1/4 — x1 — x2 has a unique global maximum, and find this
maximum.

4.4.4 The production function of a firm is given by
f:IR?H — R, z+— /x1 + /To2.
Find the factor demand functions, the supply function, and the profit function of this firm.

4.5.1 Let f: IR?}-+ — R, x+— /r1 + /T2, and g : IR?}-+ — IR, x — x1 + x2 — 4. Consider the problem
of maximizing f subject to the constraint g(z) = 0. Find the Lagrange function for this problem.

4.5.2 Find the stationary point of the Lagrange function defined in 4.5.1.

4.5.3 Use Theorem 4.5.3 to show that f has a constrained maximum at the stationary point found in
4.5.2.
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4.5.4 The production function of a firm is given by

f:IRi+b—>IR, T — X1T9.
Find the conditional factor demand functions and the cost function of this firm.
4.6.1 Consider the functions

f R’ R, z+— 2z120 + 421 — (71)? — 2(x2)?
g R’ R, x>z, +4x5 — 4
g2:1R2|—>IR, T T+ a9 — 2.

Show that f is strictly concave and g' and g2 are convex.

4.6.2 Consider the functions f, g*, and g2 defined in Exercise 4.6.1. Show that the matrix J(g'(x), g%(z))
has maximal rank for all z € IR%.

4.6.3 Consider the functions f, g*, and g defined in Exercise 4.6.1. Use the Kuhn-Tucker conditions to
maximize f subject to the constraints g*(z) <0, ¢%(z) <0, 1 > 0, x5 > 0.

4.6.4 Let n,m € IN, let A C R" be convex, andlet f : A— IR, ¢’ : A~ Rforallj =1,...,m.
Furthermore, let 2z be an interior point of A. Suppose f and g¢',...,¢™ are partially differentiable
with respect to all variables in a neighborhood of z°, and these partial derivatives are continuous at
20, Suppose J(g'(z?),..., g™ (z°)) has maximal rank. Formulate the Kuhn-Tucker conditions for a local
constrained minimum of f subject to the constraints ¢g7(z) > 0 for all j = 1,...,m and x; > 0 for all
i=1,...,nat 2%

6.5 Chapter 5

5.1.1 Consider the complex numbers z = 1 — 2¢ and 2’ = 3 + 4. Calculate
(a) [22 + /|
(b) z2'.

5.1.2 Prove that the following statements are true for all z, 2z eC.
(a) z+2' =7+ 2"

(b) 22/ =7z7.

5.1.3 Find the representations in terms of polar coordinates for the following complex numbers.
(a) z = 2.
(b) 2’ = —2i.

5.1.4 Find all solutions to the equation z* = 1.
5.2.1 A difference equation is given by
y(t +2) = (y(t))* Vte N.

(a) Of what order is this difference equation? Is it linear?
(b) Suppose we have the initial conditions y(0) = 1 and y(1) = 0. Find all solutions of this equation
satisfying these initial conditions.

5.2.2 Find all solutions of the difference equation

y(t+2)=34+y(t) —2y(t+1) Vte N,
5.2.3 Find all solutions of the difference equation

y(t+2) =34+3y(t) —2y(t +1) VteN,.

5.2.4 Consider the following macroeconomic model. For each period ¢ € INy, national income in ¢ is given
by Y (t), private consumption in ¢ is given by C(¢), investment in ¢ is I(¢) and government expenses are
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G(t), where Y, C, I and G are functions with domain INg and range IR. Suppose these functions are
given by

c) = iY(t) Vt € No,
I(t+2) = Y(E+1)—Y() Ve No,

An equilibrium in the economy is described by the condition
Y(t) = C(t) + I(t) + G(t) VteN,.

(a) Define a difference equation describing this model.
(b) Find all solutions of this equation.
(c) Suppose the initial conditions are Y(0) = 6 and Y (1) = 16/3. Find the unique solution satisfying

these conditions.
e+2 dw
/3 x—2

/me”dm.

/2 3z
————d=.
o (z3+1)2

5.3.4 Determine whether the following improper integral converges. If it converges, find its value.

5.4.1 Let y : Ry — IR be a function. A differential equation is given by

5.3.1 Find the definite integral

5.3.2 Find the indefinite integral

5.3.3 Find the definite integral

y’(m)zl—l—%—@.

(a) Find all solutions of this equation.
(b) Find the unique solution satisfying the initial condition y(1) = 3.

5.4.2 Let y : R — IR be a function. A differential equation is given by
y'(z) =4—a? - y(z).

(a) Find all solutions of this equation.
(b) Find the solution satisfying the conditions y(0) = 0 and y/(0) = 1.

5.4.3 Let y : Ryt — IR be a function. A differential equation is given by

W@

y'(x) =

Find all solutions of this equation.

5.4.4 Let y : Ry — IR be a function. A differential equation is given by

(a) Find all solutions of this equation.
(b) Find the solution such that y(1) =2 and y(e) = 6.
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6.6 Answers
1.1.1 (i) Not all students registered in this course are female;

(i) 2 <z < 3;

(iii) There exists a real number x such that x 4+ y # 0 for all y € R.
1.1.2 (i) True; (ii) True; (iii) True; (iv) False.
1.1.3 [=(a A =b)] A [=(b A —a)].
1.1.4 “="”: By way of contradiction, suppose

(xy isodd ) A ((z is even) V (y is even)).

Without loss of generality, suppose x is even. Then there exists n € IN such that x = 2n. Then
xy = 2ny = 2r with r := ny, which shows that zy is even. This is a contradiction.

“«": Suppose x is odd and y is odd. Then there exist n,m € IN such that xt =2n—1 and y = 2m —1.
Therefore,

zy = (2n—-1)2m—-1)=4nm—-2m —2n+1
= 2@2nm-m—-n)+1=22nm-m—-n+1)—1
= 2r—1

where 7 := 2nm — m — n + 1. Therefore, zy is odd.

1.2.1
i)AN(ANB) = {z|lzcArxe(ANB)}
= {z|z€eANx e ANz € B}
= {z|ze€ ANz e B}
= ANB. |
(i) AU(ANB) = {z|z€Avze(ANB)}
= {z|zecAV(ze ANz € B)}
= {z|zecA}
.
1.2.2 () A={z e N |z > 2};
(ii) B = 0;
(iii) C ={x e N |z is even} U {1, 3,5}.
1.2.3
X\(AUB) = {zreX|z¢(AUB)}
= {zeX|zg€d ANz & B}
= {zeX|zg€A}n{zxe X |z ¢ B}
= (X\4HnX\B). |
1.2.4 (i) (2,2) ¢ A x B, because 2 ¢ B;
(ii) (2,3) € A x B, because 2 € A N3 € B;
(iii) (3,2) € A x B, because 3 ¢ A, 2 & B;
(iv) (3,3) € A x B, because 3 ¢ A;
(v) (2,1) € A x B, because 2€ A A1 € B;
(vi) (1,2) ¢ A x B, because 1 ¢ A, 2 ¢ B.
1.3.1 (i) A is not open in R, because 2 € A is not an interior point of A;

(ii) B is not open in IR, because 0 € B is not an interior point of B;
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(iii) C' is open—all points in C' are interior poins of C' (see Section 1.3);
(iv) D is not open in IR, because 2 € D is not an interior point of D.

1.3.2 (i) A is closed in R, because A is open in RR;
(ii) B is not closed in IR, because B is not open in RR;
(iii) C is not closed in IR, because C is not open in IR;
(iv) D is not closed in IR, because D is not open in RR.

1.3.3 (i) Let A, B be convex. Let z,y € ANB and X € [0, 1]. We have to show that [Az+(1—-X\)y] € ANB.
Because A and B are convex, we have [Az + (1 — A)y] € A and [Ax + (1 — A)y] € B. Therefore,
A+ (1-XNy € AnB. |

(ii) A= {0}, B ={1}.

1.3.4 (i) inf(A) = min(A4) = 1, no supremum, no maximum;
(i) no infimum, no minimum, no supremum, no maximum;
(iii) inf(C) = 0, sup(C) = 1, no minimum, no maximum;
(iv) sup(D) = max(D) = 0, no infimum, no minimum.

141 fIN)={z € N |zisodd }; f({xr € N |z is odd}) = {1,5,9,13,.. .}.

1.4.2
f(z)

1

f { —
1 2

1.4.3 (i) f is not surjective, because —1 € R but Az € IR such that f(x) = —1. f is not injective,
because 1 # —1, but f(1) = f(—1) = 1. f is not bijective, because it is not surjective, not injective.

(ii) f is surjective. For any y € R, let x = y to obtain f(z) = y. f is not injective, because 1 # —1,
but f(1) = f(—1) = 1. f is not bijective, because it is not injective.

(iii) f is not surjective, because —1 € R but Az € IR such that f(z) = —1. f is injective, because
x # y implies f(x) = x #y = f(y) for all x,y € Ry. f is not bijective, because it is not surjective.

(iv) f is surjective. For any y € R4, let = y to obtain f(z) = y. f is injective, because = # y
implies f(z) =z #y = f(y) for all z,y € R,. f is bijective, because it is surjective and injective.

144
1 ifx=1
m:{1,2,3}—~{1,2,3}, z— ¢ 2 ifzx=2
3 ifx=3;
1 ifx=1
m:{1,2,3}—~{1,2,3}, z—<¢ 2 ifz=3
3 ifx=2;
1 ifx=2
m:{1,2,3}—~{1,2,3}, z—><¢ 2 ifz=1
3 ifx=3;
1 ifx=2
m:{1,2,3}—~{1,2,3}, z— ¢ 2 ifx=3
3 ifx=1;
1 ifx=3
m:{1,2,3}—~{1,2,3}, z—><¢ 2 ifz=1
3 ifx=2;
1 ifx=3
m:{1,2,3}—~{1,2,3}, z— ¢ 2 ifx=2
3 ifx=1.
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1.5.1 (i) The sequence {a,} converges to 0. Proof: For any ¢ € R4, choose ny € IN such that ng > 1/e.
For n > ng, we obtain n > 1/e, and therefore,

e> = |(-1)"/nl =|(~1)"/n — 0| = Jan — 0,

and therefore, lim,, . a, = 0. I
(ii) The sequence {b,} does not converge. Proof: Suppose, by way of contradiction, @ € R is the
limit of {b,}. Let € = 1. Then we have

[n(-1)" —al >1

for all n € IN such that n is even and n > |a| + 1. Therefore, there cannot exist ng € IN such that
|bn, — ] < 1 for all n > ng, which contradicts the assumption that {b,} converges to a. I

1.5.2 Let ¢ € IR. Choose ng € IN such that ng > 1+ ¢. Then, for all n > ng,
an=n*—n=nn-1)>0+c)c=c+c?>c
and therefore, {a,} diverges to co. ||
1.5.3 (i) {a,} is monotone nonincreasing, because
ant1=141/(n+1)<1+1/n=a,

for all n € IN. {a,} is bounded, because 1 < a, < 2 for all n € IN. Because {a,} is monotone and
bounded, {a,} must be convergent.
(ii) {b,} is neither monotone nondecreasing nor monotone nonincreasing, because

b1=0<3/2=b2>2/3=b3.

{bn} is bounded, because 0 < b,, < 3/2 for all n € IN. {a,} converges to 1—see Problem 1.5.1 (i) and
apply Theorem 1.5.12.

1.5.4 a5, +b, =2n?> +1/n Yn € N; a,b, =2n Vn € IN.

2.1.1 (i) [|lz]| = />, «2. Because z? > 0 for all z; € R, Y., 27 > 0, and therefore, [|z|| >0. ||

(iif) || — |

I
-
0
8
:J
(V)

=l |

2.1.2 (i) d(z,y)

=/ (z; —y;)?. Because (x; —y;)? >0 for all z;,y; € R, Z?zl(mi —y;)? >0, and
therefore, d(z,y) > 0.

i=1
I
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(iii) d(y,z) = Z(yi —x;)?

i=1
n
= Z(mz - %)2
i=1
= d(z,y). |
213 () z+y=(1+2,3+0,-5+1)=(3,3,—4);
(ii)zy=1-2+3-0+(-5)-1=-3.
2.1.4 We have
1 0 2 0
041231 + a2m2 + a3m3 =0 a; g + a9 (1) + as _14 = 8
-1 2 9 0

This implies ag = 0 (second equation), a; = 0 (first equation), and as = 0 (third equation). Therefore,
1.2

the vectors x!, 22, 2% are linearly independent.

2.2.1 A is a square matrix, A is not symmetric;
B is not a square matrix, and therefore not symmetric;
C' is a symmetric square matrix.

2.2.2
121 -3 _21?_42 -6 -3 21

AB=[0 1 0 8 0 1 6 |=| 26 17 —42

120 1 5 9 s 6 4 -5

2.2.4
1 0 -1 0
(o) e=(0 5
2.3.1
X1 xro I3 X4 $5| X1 o I3 X4 xIs |
1 2 0 4 210 1 2 0 4 2 0
0 2 2 -1 3|1 |~ 0 1 1 -1/2 3/2|1/2
1 -1 0 1 110 0 -3 0 -3 -1] 0
1 1 2 0 4|2 0o -1 2 —4 2 2



6.6. ANSWERS

(multiply Equation 2 by 1/2, add —1
Equation 4)

153

times Equation 1 to Equation 3, add —1 times Equation 1 to

r1 T2 I3 T4 $5| r1 T2 I3 T4 $5|

1 2 0 4 2 0 1 2 0 4 2 0
~l 0 1 1 -—1/2 3/2[1/2 |~] 0 1 1 -1/2 3/2|1/2

0 0 3 —9/2 7/2]3/2 0 0 3 —9/2 7/2]3/2

0 0 3 -9/2 7/2|5/2 o 0 0 0 011

(add 3 times Equation 2 to Equation

3, add Equation 2 to Equation 4; add —1 times Equation 3 to

Equation 4). Equation 4 in the last system requires 0 = 1, which is impossible. Therefore, the system

Az = b has no solution.

2.3.2
Ty T2 T3 X4 | T2 T4 T1 T3 |
2 1 4 0] 2 1 0 2 4] 2
0 0 1 1 |-1 |~ 0o 1 0 1|-1
4 -1 1 0]-2 -1 0 4 1]|-2
-2 2 5 2|2 2 2 =2 5| 2
(interchange columns)
T2 Tg X1 T3 | Tz Tg4 X1 X3 |
1 0 2 4 | 2 1 0 2 4 2
~ 0 1 0 1 ]-1 |~ 0o 1 0 1 ]-1
0 0 6 5|0 0 0 6 5|0
0 2 -6 -3|-2 0 0 -6 —-5| 0

(add Equation 1 to Equation 3, add —

Equation 4)

2 times Equation 1 to Equation 4; add —2 times Equation 2 to

X2 T4 X1 T3 | To T4 X1 I3 |
1 0 2 4|2 1 0 0 7/3] 2
~1 0 1 0 1 |-1 |~
0 1 0 1 -1
0 0 1 5/6[0 0 0 1 5/6|0
0O 0 O 0 0

(multiply Equation 3 by 1/6; add 1/

6 times Equation 3 to Equation 4; add —2 times Equation 3 to

Equation 1). Let o := x3, which implies o = 2 — 7Ta/3, x4 = —1 — «, and 1 = —5a/6. Therefore, the

solution is

0 -5/6
. 2 -7/3
T o T
-1 -1
with a € R.
2.3.3
T1 Ty X3 1 T w3 |
2 0 1] 1 1 0 1/2[1/2
1 1 010 ~ 1 1 0 0
0o 0 2|2 0 o0 1 ] -1
0 -2 210 0o -2 2 0
(multiply Equation 1 by 1/2, multiply Equation 3 by 1/2)
1 T2 X3 1 T2 X3
1 0 1/2 | 12 1 0 12 | 12
~1 0 1 —12|-12 [~ 0 1 172 -172
0 0 1 -1 0 0 1 -1
0 -2 2 0 0 0 1 -1
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(add —1 times Equation 1 to Equation 2; add 2 times Equation 2 to Equation 4)

T T2 T3 | 1 T2 $3|

1 0 1/2 | 1/2 I 0 01
“lo 1 —12|-12 |7 0o 1 o0]-1

0 0 1 ~1 0 0 1]-1

(add —1 times Equation 3 to Equation 4; add 1/2 times Equation 3 to Equation 2, add —1/2 times
Equation 3 to Equation 1). Therefore, the unique solution vector is z* = (1, -1, —1).

2.3.4 Suppose x* solves Ax = b. Then we have Az* = b. Multiplying both sides by a € IR, we obtain
aAz* = ab, which is equivalent to A(az*) = ab. Therefore, ax* solves Az = ab. I

2.4.1 A is singular;
B is nonsingular with inverse B~ = (1);

C is nonsingular with inverse
o= (8 Y,

/2 1/2
D is nonsingular with inverse

11 -1
Dl'=| -1 0 1
0 -1 1
2.4.2
00 1
A=[0 10
100
243 1 -1 1/2 —1/2
/ - ~ -
A:<1 1)’ A1:<1/2 1/2 )
Therefore,
) A 11 1 -1 1/2 -1/2 1 -1
AAA1:<—1 1)(1 1)(1?2 1//2>:<1 1)'
2.4.4

AAT ' =E = adAA'=aFE
1
= (ad) (—A_1> =F
a

= (ad)™' = lA‘1
o

)

which shows that A is nonsingular. |

2.5.1
|A| = ( 1)0a11a22a33a44 + ( 1)16111&22(134(143 + ( 1)16111&23(132(144
+  (=1)%a11a23a34a42 + (—1)%a11a24a32a43 + (—1)a11a24a33042
+  (=1)'ai2a21a33a44 + (—1)%a12a21a34a43 + (—1)*a12a23a31a44
+  (=1)3a12a23a34a41 + (—1)3a12a04a31043 + (—1)*a12a24a3304;
+  (=1)%a13a21a32044 + (—1)%a13a21a31a42 + (—1)a13a20a31a44
+  (=1)*a13a22a34a41 + (—1)*a13a24a31042 + (—1)°a13a24a32a41
+  (=1)%a1sa21a32a43 + (—1)*arsa21a33a42 + (—1)*a14a20a31a43
+  (=1)°a14a22a33a41 + (—1)°a14az3az1a42 + (—1)%a14a23a32a41
= 2-1-1-0-2-1-0-0—-2-1-2-04+2-1-0-042-1-2-0—2-1-1-0
1-3-1-0+1-3-0-0+1-12-0-0-1-1-0-1—-1-1-0-0+1-1-1-1
+ 0-3-2-0-0-3-0-0-0-1-0-04+0-1-0-1+0-1-0-0-0-1-2-1
- 3-3-2-0+3-3-1-0+3-1-0-0-3-1-1-1—-3-1-0-0+3-1-2-1
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2.5.2
111 10 3 10 3
()4 = 2|2 1 0[=3-[2 1 0[40-]1 1 1
000 00 0 000
1 3 1 3
A GERIEEIRT)
= (-1)-(-6+2)=4
10 3
(i) JAj=(-1)-|1 1 1|=4
2 10
2.5.3

3 1

A=) 5 L= e =s

Therefore, A is nonsingular. By Cramer’s rule,

|

—
[N
=)
O = W

2 1 0
2 0 1 2 1
. 1 -1 0 (_1)‘1—1‘ 3
= 5 - 5 =5
320
1 2 1 3 2
*_210_(_1)‘2 1‘_
T2 5 - 5 =5
3.1 2
1 0 2 1 2 3 2
o2 -1 (_1)"2 1‘+1‘12 7
T3 = 5 = 5 =
2.5.4
0 1 11 1 0
|Cll|_‘ 1 0‘_17 |012|:‘2 0‘(—1)—2, |013|— 9 1 ‘:—1,
1 0 30 3 1
Cal=| 4y |- cv=0joml=| 5 G ]=0 teml=| 5 L |- n-
10 30 31
Therefore,
1 0 1 ) 1/5 0 1/5
adj(A)=| 2 0 -3 ,A‘lzjadj(A)z 2/5 0 —3/5
15 -1 |4 15 1 —1/5
2.6.1 We obtain
I3|=3>0, ‘i’ ;‘:5>0, |Al=3>0,

and therefore, all leading principal minors of A are positive. This implies that A is positive definite.

2.6.2 Principal minors of order one:
2|=2>0, |1]=1>0, |0|] =0;

principal minors of order two:

2 3
‘3 1 ‘_—7<0,

—4 < 0
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principal minor of order three:
|Al = —-21 < 0.

Therefore, A is indefinite, which implies that A is neither positive semidefinite nor negative semidefinite.

2.6.3

Az >0 Vz #£0

(-1)z'Az <0 Vz #0

' (-1)Az <0 Vz #0

(—1)A is negative definite. ||

A is positive definite

=
4
4
=

2.6.4

O O
o O O
o O O

3.1.1 Define the sequence {x,} by x, = 1/n for all n € IN. Then we have lim,, o, z, = 0, but

lim f(z,) = lim 1=1#0= f(0),

n—oo
and therefore, f is not continuous at zg = 0. I

3.1.2 We have

li =lim2z—1)=1, I =limz =1
lim f(z) = lim(2s —1) =1, limf(z) =lmz=1,

and therefore,
lim f(z) = 1 = f(1),
which implies that f is continuous at xg = 1.
3.1.3 We obtain
lim f(z) =lim(z —1) =0, lim f(x) =limz =1.

Therefore, lim,_,1 f(x) does not exist, which implies that f is not continuous at z¢ = 1.

3.1.4 (i) f is monotone nondecreasing. Suppose z,y € [0, 3] and = > y. We have six possible cases:

(a) z € [0,1) Ay €[0,1). In this case, we have f(x) =0> 0= f(y).
(b) x € [1,2) Ay € [0,1). Now we obtain f(z) =z —1>0= f(y).
(c) x €[2,3] Ay €[0,1). In this case, f(z) =2 > 0= f(y).
(d) z €[1,2) Ay €1,2). Weobtain f(z) =z—-1>y—1= f(y).
(e) x €[2,3] Ay €[1,2). Wehave f(x) =2>y—1= f(y).
(f) z € [2,3] Ay € [2,3]. In this case, f(z) =2>2= f(y).
(ii) f is not monotone increasing, because f(0) = f(1/2) = 0.
(iii) f is not monotone nonincreasing, because f(2) =2 > 0= f(0).
(iv) f is not monotone decreasing (see (iii)).
3.2.1 We have - ) o1l 11
g JETD = F@) 20 +h) —1-1
R0 h hi0 h
and
]imw = imw =1,
ht0 h ht0 h
which implies that f is not differentiable at x¢ = 1.
3.2.2 )
(2)=4(Vo+1+42?) (———=+22) VoecRy,.
fl(@)=4(Vz+1+2?) (2\/m+ m) r e R,y
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3.2.3

22> 2 1
f(z) =e** 2z <2ln(m +1)+ o

) Vz € R.

3.2.4
f'(z) = 2sin(x)[6 sin(z) cos(z) — 2@HV] vz € R.

3.3.1 (i) The first-order condition for an interior solution is
f(x)=—-1-8z =0,

which implies that we have a critical point at xo = —1/8. The second derivative of f at xg is f/(—1/8) =
—8 < 0, and therefore, we have a local maximum at o = —1/8. The domain of f is an open set, and
therefore, there are no boundary points to be checked. f has no local minimum.

(ii) The first-order condition for an interior maximum or minimum (see part (i)) is not satisfied for
any z € (0,4). We have f/(0) = —1 < 0 and f/(4) = —33 < 0. Therefore, we have a local maximum at
2o = 0 and a local minimum at yg = 4. There are no other critical points, and furthermore, the domain
of f is closed and bounded, and f is continuous. Therefore, f has a global maximum at xy and a global
minimum at yp. The maximal and minimal values of f are f(xo) = 2 and f(yo) = —66.

(iii) We have f'(z) = 2z and f”(x) =2 > 0 for all z € (0,4]. The first-order condition for an interior
maximum or minimum is 2z = 0, which cannot be satisfied for any x € (0,4). The only possibility for a
boundary solution is at * = 4. We have f'(4) = 8 > 0, and therefore, f has a local maximum at z¢ = 4.
Because f is increasing, this is a global maximum, and the maximal value of f is f(z¢) = 16. f has no
local and no global minimum.

3.3.2 We have

f’(m)z%—%>0 Va € (0,1).

Therefore, f is increasing, which implies that f is nondecreasing. f is not nonincreasing and not decreas-

ing.

3.3.3 We have limgqq f(z) = limgqy 21In(z) = 0 and limg4q g(x) = limg41(z — 1) = 0. Therefore, we can
apply 'Hopital’s rule. We obtain f'(z) = 2/z and ¢'(z) = 1 for all z € (0,1). Therefore,

!/
limM = lim (=) = limg
Tl (JI) zT1 g/(li) 11l T
3.3.4 We obtain f’(z) = 1/z and f"(z) = —1/2? for all z € Ry. Therefore, f(1) =0, f'(1) =1, and
f”(1) = —1. The second-order Taylor polynomial of f around z¢ =1 is

(o) (& — z0)®
2

=2.

(-1

f(zo) + f'(z0)(x — x0) + 5

=(x-1)—
Setting = = 2, we obtain
2-12 1
2—-1)— ==
2-1) 5 5

as a second-order Taylor approximation of f(2).
3.4.1 We have
fOz+(1-Ny) = aPz+1—-Ny)+b
Aaz + A0+ (1 — Nay + (1 —A\)b
= MNaz+0b)+ (1 —AN)(ay+ D)
= M) +1-Nf(y)

for all z,y € R, for all A € (0,1). Therefore, f is concave and convex, but not strictly concave and not
strictly convex.

3.4.2 Differentiating, we obtain f'(r) = az®~! and f”’(z) = a(a — 1)z*~2 for all x € R, ;. Because
€(0,1), f"(x) <0 for all z € R, . Therefore, f is strictly concave. |
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3.4.3 We have f'(z) = —1 — 2z and f"(xz) = —2 < 0 for all = € [0,4]. Therefore, f is strictly concave.
Because f is continuous and its domain is closed and bounded, f must have a global maximum. Because
f is strictly concave, this maximum is unique.

The first-order condition for an interior maximum is

—1—-2x=0,

which cannot be satisfied for any € (0,4). At the boundary point 0, we have f'(0) = —1 < 0, and
therefore, f has a local and global maximum at #° = 0. The maximal value of f is f(z°) = 1.

3.4.4 We have to solve
max{r(y)}

where m: Ry — IR, y — py — y — 2y%. Differentiating, we obtain
W/(y):p—l—‘ly; ﬂ-”(y) =-4<0 VyEIR+

Therefore, 7 is strictly concave, and the first-order conditions are sufficient for a unique global maximum.
The first-order condition for an interior maximum is

p—1—-4y=0,

which implies yo = (p — 1)/4. yo is positive if and only if p > 1. For a boundary solution yo = 0, we
obtain the first-order condition
p—1<0.

Therefore, we obtain the supply function

_ (p—1)/4 ifp>1

y.IR++|—>IR,pI—>{0 1fp§1
and the profit function

_ (p—1)?%/8 ifp>1

7T.IR++|—>IR,pI—>{0 1fp§1

4.1.1 (i) d(z,y) = max({|z;—y:| | i € {1,...,n}}). Because |x;—y;| > 0 for all z;,y; € R, max({|x; —v;| |
i€{1,...,n}}) >0, and therefore, d(z,y) > 0. |

(ii) d(z,y) =0 < max({|z; —vi| i€ {l,...,n}})=0

= |mi_yi|:0 Vi=1,...,n
&S oz —y; =0 Vi=1,...,n
& =y |
(iil) d(y,z) = max({[y; —zi| [i € {L,...,n}})
= max({|(-=1)(zi —w:)| i €{1,...,n}})

= max({|z; —w| | i€ {1,...,n}})
= d(z,y). |

4.1.2 (i) We have to find a 6 € R, such that

V@ — 02+ (22— 02 <1

for all z € R? such that max({|z; — 0|, |z2 — 0|}) < 6. Let § = 1/2. Then max({|z1|, |z2|}) < § implies
|z1| < 1/2 and |z2o| < 1/2. Therefore, (z1)? < 1/4 and (z2)? < 1/4, which implies

V(@)? + (32)2 < V/1/4+1/4=/1/2 < 1.
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(ii) Now we have to find a § € R4 such that

max({|z1 —0],]z2 —0|}) < 1

for all z € R? such that /(21 —0)2 + (z2 — 0)2 < 4. Again, let § = 1/2. Then /(z1)2 + (22)2 < §
implies (z1)% + (z2)? < 1/4. Therefore, (z1)? < 1/4 and (w3)? < 1/4. This implies |z1| < 1/2 and
|x2| < 1/2, and therefore, max({|z1], |z2|}) < 1/2 < 1.

4.1.3 (i) A is open;

(ii) B is not open—the point (1/2,1/2) € B is not an interior point of B;
(iii) C is open.

4.1.4
. . 1 . m
lim o™ = ( lim [1 + (—) (—l)m] , lim [2 — —]) =(1,1).
m—00 m—00 m m—00 m-+1

4.2.1 (i) Let z,y € A and A € [0,1]. Then Az1 + (1 — Ny1 € (0,1) and Az2 + (1 — N)y2 € (1,2), and
therefore, Az + (1 — Ay € (0,1) x (1,2) = A. Therefore, A is convex.

(ii) Let 2,y € B and A € [0,1]. Then z1,y1 € (0,1) and 21 = 22 and y; = y2. Therefore, Azy + (1 —
Ayr € (0,1) and Axzg + (1 — Ny2 = Az1 + (1 — A)y1, and hence, Az + (1 — N\)y € B. Therefore, B is

convex.

(iii) C is not convex. Let = (0,1), y = (1,0), and A = 1/2. Then we have z,y € C, but
Az 4+ (1-Ny=(1/2,1/2) ¢ C.

4.2.2 The level set of f for y =1 is {x € R? | min({zy, z2}) = 1}. Illustration:

T2

1 T

4.2.3 Let 2™ = (1/m, 1/m) for all m € IN. Then we have

lim 2™ = (0,0) = z°
m—o0

and f(z™) = 7 + 2" for all m € IN, but

Therefore, f is not continuous at z° = (0, 0). I

4.2.4 We have f!(z) = f(z,2) = 2z for all x € R. Illustration:
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fH(x)
2
1 T
e Of(x) 1 [ Of(@) 1 [z1 0f(x)
T 1 [zo s T T x s 3
— _ 4 1T J— - — 1T v ]R, .
8.131 2 X1 +$3€ ’ 8232 2 .1327 8233 rie re ++
e of(x°), | 0f@a°),  Of(=°)
0 f(z f(z x
= h hy = (1/2 h ha/2 hs.
df(z°, h) o1 hi + 92 2+ e 3= (1/24+e)h1 + ha/2 + ehs
4.3.3 For all x € ]Ri+7
_496\/1932961 +(m3)26x1x3 1 ;1@ (1+m1m3)eaﬁ1x3
H(f(z)) = — - 0
(1 + zy23)e*1s 0 (71)2e®1@3

4.3.4 Let y° = 0. We obtain
ev’at + %2929 —ev' =140-1=0
and
OF (z°,y°)
Ay

Therefore, there exists an implicit function in a neighborhood of z° = (1,1). Furthermore, we have

zm?ey%?—l-m(fmg—eyo=1—|—1—1:17é0.

OF mo, 0
(8m1y ) - yoey%? + yomg =0
and

8F(330:y0) 0,0 _
—_— 7 7 1=0.

= T
8232 4

Therefore, the partial derivatives of this implicit function at % are

0f(2%) _ 9f(a®)

=0.
8.131 8232
4.4.1 The partial derivatives of f are
—8f($) = 2231 — I, —8f(m) = 2232 — I
8.131 8232

for all z € IR?, and the Hessian matrix at z € R? is
2 -1
e - (4 )

H(f(x)) is positive definite for all 2 € IR?, and therefore, f is strictly convex. This implies that the
first-order conditions are sufficient for a unique minimum. The only stationary point is z° = (0, 0), and
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therefore, f has a global (and therefore, local) minimum at z° with f(z°) = 0. f has no local and no
global maximum.

4.4.2 The Hessian matrix of f at x € IR?H_ is

—1/(z1)? 0
Hq@»=( /¢ _u@@¢£>>

which is negative definite for all = € IR?|r 1, and therefore, f is strictly concave. I

4.4.3 The partial derivatives of f are

Lgif) = i(ml)_?’/‘l(m)l/‘l —1, 8gi:) = i(ml)l/‘l(m)_g/‘l —1

for all z € IR?|r 1, and the Hessian matrix of f at x € IR?|r L is

MNm=(_%wV“@w“ L (2125)-3/1 ).

m1m2)—3/4 _13_6(m1)1/4(m2)—7/4

—
N
—

The principal minors of order one are negative for all z € IRi +, and the determinant of H(f(x)) is

()| = g5 (m122) 2 > 0

forall z € IR?|r 1, which implies that f is strictly concave. Therefore, f has at most one global maximum.
Using the first-order conditions, we obtain the unique stationary point ° = (1/16,1/16), and therefore,
f has a unique global maximum at z°. The maximal value of f is f(z°) = 1/8.

4.4.4 We have to solve

mgx{p(«/ml + «/1?2) —wir1 — UJQJIQ}.

The first-order partial derivatives of the objective function are

or(z) p on(x) p

8.1?1 2\/'171 — YL 8.152 o 2\/122

for all z € IR?|r 1, and the Hessian matrix of 7 at x € IR?|r L is

— Wy

Ha@) = (T L)
4xo./T2

This matrix is negative definite for all = € IRi 1, and therefore, the first-order conditions are sufficient
for a unique global maximum. The first-order conditions for an interior solution are

P —w; =0 and

p
2«/'171 2\/122

Solving, we obtain z{ = (p/(2w1))? and 29 = (p/(2w3))?. Therefore, the factor demand functions are
given by

—w2=0.

z1: Ry, = R, (p,w) = (p/(2w1))?,
z2: Ry, = R, (p,w) = (p/(2w2))*.

The supply function is
7: R = R, (p,w) = p/(2w) +p/(2ws),

and the profit function is

7 IRir_|r =R, (p,w) —~ (p)?/(4w1) + (p)*/(4ws).
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451 L:RxRY, = R, (\z)— 21+ T2 — Na1 + 72 — 4).
4.5.2 The stationary points of the Lagrange function must satisfy

—x1—2x2+4 =
1/(2y/F) — A
1@yEm) - A =

Solving, we obtain z° = (2,2) and \° = 1/(2v/2).

4.5.3 The bordered Hessian at (A\°, z°) is

0 -1 -1
H(ILA,z%) = -1 —1/(8V2) 0
~1 0 —1/(8v/2)

Therefore, |H(L(\°, 2°))| = 1/(4v/2) > 0, which implies that f has a constrained maximum at z°.

4.5.4 We have to minimize w;x; + wox2 by choice of = subject to the constraint y = z1z2. The Lagrange
function for this problem is

LR x IR?}-+ — R, (A\x)— wiz1 + waze — A(z122 — Y).

The necessary first-order conditions for a constrained minimum are

—x1T2 + Y
wy, — )\232 =
wo — )\.131 =

Solving, we obtain 20 = (\/ng/wl, \/ywl/wg) and \° = /wyws/y. The bordered Hessian at (A, z0) is

0 —mg —m(l)
HLN,2%) = —2§ 0 -X°

—m(l) =)0 0

Therefore, |H(L(A\°, 2°))| = —2,/wiway < 0, which implies that the objective function has a constrained
minimum at z°. The conditional factor demand functions are

21 Ri+ — R, (w,y) — /yws /w1

o : Ri+ — R, (w,y) — yw/wa

and the cost function is
C: Ri+ — R, (w,y) — 2/ wiwsy.

4.6.1 The Hessian matrix of f at z € R? is given by

= (3 %)

Because this matrix is negative definite for all z € IR?, f is strictly concave. The Hessian matrix of g*
and g2 at = € IR? is given by

00
1(e'@) = He'@) = (o o)
This matrix is positive semidefinite for all z € R? and, therefore, ¢! and ¢ are convex.

4.6.2 The Jacobian matrix of ¢! and ¢ at = € IR? is given by

s @) =1 1)
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This matrix has rank 2, which is its maximal possible rank. If a row or a column is removed from this
matrix, the resulting matrix has its maximal possible rank 1. If two rows or two columns are removed,
the rank condition is trivially satisfied. Therefore, in all possible cases, J(g'(z), g?(z)) has maximal rank
for all z € R

4.6.3 The Lagrange function for this problem is given by
L: IR2 X IR2 — IR, ()\, JI) — 2x120 + 411 — (1?1)2 — 2(.152)2 — )\1(111 +4xo — 4) — )\2(111 + xo0 — 2)

The Kuhn-Tucker conditions are

) +425—-4 < 0 (6.1)

M@ +425-4) = 0 (6.2)

2 +xd -2 < 0 (6.3)
MNEd+25-2) = 0 (6.4)

209 +4—-220 -0 -2 < 0 (6.5)
2229 4+4 -2 -0 -2 = 0 (6.6)
229 — 429 -4\ -2\ < 0 (6.7)
29(22) — 4z —4X) - X)) = 0 (6.8)
ANo> 0 (6.9)

A)o> 0 (6.10)

N > 0 (6.11)

ry > 0. (6.12)

We have to consider all possible cases regarding whether or not the values of the choice variables and
multipliers are equal to zero. Because the objective function f is strictly concave and the constraint
functions are convex, we can stop as soon as we find a point (A\°, 2°) satisfying the Kuhn-Tucker conditions.
By Theorems 4.6.3 and 4.6.4, we know that, in this case, f has a unique global constrained maximum at
0
z’.
(a) 29 =0 A 29 = 0. In this case, (6.2) and (6.4) imply A} = AJ = 0. Substituting, we obtain a
contradiction to (6.5).
(b) 29 =0 A 2§ > 0. In this case, (6.8) requires
—4z) -4\ -2\ =0
which, because of (6.9), (6.10), and (6.12), implies A} = \J = 2§ = 0, contradicting our assumption that
0
Ty > 0.
() 29 >0 A ) = 0. (6.3) implies 29 < 2 and, by (6.2), A\ = 0. Therefore, (6.6) implies
4 — 229 — \J = 0, and we obtain
2 =2-)3/2 (6.13)
or, equivalently, \§ = 4 — 2z9. Substituting into (6.7), we find ¥ < 1 and, by (6.4), A3 = 0. Therefore,
by (6.13), 9 = 2, contradicting z§ < 1.
Therefore, the only remaining possibility is
(d) 29 >0 A 29 > 0. We now go through the possible cases regarding whether or not the multipliers

are equal to zero.
i) A0 =0 A A) =0. By (6.6) and (6.8), we obtain the system of equations
i 2

209 4+4—-220 = 0
229 — 429 = 0.
The unique solution to this system of equations is ) = 4, 2§ = 2. But this leads to a contradiction of
(6.1).
(i) A =0 A AJ > 0. By (6.4), (6.6), and (6.8), we obtain the system of equations
2 +x) -2 = 0
229 +4 -2 - Xy = 0
229 — 425 -2\ = 0.
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The unique solution is given by ¢ = 8/5, 3 = 2/5, \J = 8/5. Substituting 2° = (8/5,2/5) and
A0 = (0,8/5), we find that all Kuhn-Tucker conditions are satisfied. Therefore, f has a unique global
constrained maximum at z°. The maximal value of the objective function is f(z°) = 24/5.

4.6.4 There exists \° = (A\?,..., %) € R™ such that

7% > Vi=1,...,m

Ng/(z®) = 0 Vji=1,...,m

foi(z ZAO% > 0 Vi=1,...,n

o e ZAO% = 0 Vi=1,...,n
0 .

A =2 0 Vi=1,....m

z > 0 Vi=1,...,n

5.1.1 (a) V2.
(b) 5+ 5i.

5.1.2 (a) z+ 2’ = (a+a) — (b+b)i=(a—bi)+ (' = Vi) =Z+ 7. |
(b) 2z’ = (aa’ — bb') + (ab + a'b)i = (aa’ — bb') — (ab’' + a’b)i = (a — bi)(a’ — b'i) =z2'. ||

5.1.3 (a) |z| =2 and 6 = 0. Therefore, z = 2(cos(0) + ¢sin(0)).
(b) |2'| = 2 and 6 = 37/2. Therefore, z = 2(cos(3m/2) + isin(37/2)).

51427 =1,25 =—1, 25 =1, 25 = —1t.

5.2.1 (a) Order two, non-linear.
(b) y(t) =1 forall t € {0,2,4,...} and y(¢t) =0 for all t € {1,3,5,...}.

5.2.2 The associated homogeneous equation is
y(t+2) = y(t) —2y(t +1).

We obtain the characteristic equation A2 + 2\ — 1 = 0 with the two real roots \; = —1 + v/2 and
A2 = —1—+/2. Thus, we have the two solutions z; (t) = (—1++/2)* and z3(t) = (=1 —+/2)* for all t € IN,.
The two solutions are linearly independent because

z1(0)  22(0) | _ 1 1 -
z1(1)  2(1) ‘_‘ 1442 —1-42 = —2V2#0.

Thus, the general solution of the homogeneous equation is

2(t) = c1(—1+ v2)2 + c2(—1 — V2)! Vit e N,

where c1,co € IR are constants. To obtain a particular solution of the inhomogeneous equation, we set
§(t) = ¢ for all t € Ny where ¢g € R is a constant. Substituting into the equation yields ¢g = 3/2 and,
thus, the general solution is

y(t) = c1(—1+V2)' +ca(—1—V2)! +3/2 Vt € Ny.
5.2.3 The associated homogeneous equation is
y(t +2) = 3y(t) — 2y(t + 1).

We obtain the characteristic equation A% 4+ 2\ — 3 = 0 with the two real roots A = 1 and Ay = —3. Thus,
we have the two solutions z1(t) = 1 and 22(t) = (=3)* for all ¢ € INg. The two solutions are linearly
independent because

= —4#0.
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Thus, the general solution of the homogeneous equation is
Z(t) =c; + CQ(—S)t Vvt € INp

where c1,co € IR are constants. To obtain a particular solution of the inhomogeneous equation, we set
§(t) = ¢o for all t € INg where ¢g € R is a constant. Substituting into the equation yields ¢o = 3+3co—2c¢g
which cannot be satisfied for any ¢y € IR. Therefore, we try g(t) = cot for all t € INg. Now we obtain
¢p = 3/4 and, thus, the general solution is

y(t) = c1 + c2(—3)" +3/4t Vt € Ny.
5.2.4 (a) Substituting into the equilibrium condition yields
Y(t+2) = —AY()/3 + 4V (t +1)/3 + 4.
(b) The associated homogeneous equation is
Y(t+2)=-4Y(t)/3+4Y(t +1)/3.

The characteristic equation is A — 4\/3 4 4/3 = 0 with the complex solutions A\; = 2/3 + i2v/2/3 and
Ae=M\ =2/3— i2V/2 /3. Using polar coordinates, the general solution of the homogeneous equation is
2(t) = c1(2/v/3)t cos(t0) + c2(2/+/3) sin(tf) Yt € Ny

where 6 € [0, 27) is such that cos(f) = 1/4/3 (and sin(f) = 1/2/3) and ¢1, c; € R are constants. To obtain
a particular solution of the inhomogeneous equation, we set §(t) = ¢o with ¢y € IR constant. Substituting
into the equation yields ¢y = 4, and the general solution is given by

Y (t) = ¢1(2/V/3)t cos(th) + ca(2//3) sin(th) +4 Vt € No.

(c) Substituting Y (0) = 6 and Y (1) = 16/3 into the solution obtained in part (b) and solving for
the parameter values, we obtain ¢; = 2 and cs = 0. Therefore, the unique solution satisfying the initial
conditions is

Y (t) = 2(2/v3)t cos(th) + 4 Vit € Ny.
5.3.1 Let f(z) =x—2 and g(y) = 1/y, y > 0. Then we obtain f'(z) =1 and G(y) = In(y)+c. Therefore,

[ = [T e wa

G(f@)|s™ = In(z — 2)5™
In(e) —In(l)=1-0=1.

5.3.2 Let f(x) = €® and g(z) = . Then we have f/'(z) = ¢” and ¢'(z) = 1. Therefore,

/mexdx = /f’(m)g(m)dm

— f@)g(x) - / f(@)g (@)da

= me”—/exdxzme”—e”—l—c
= (x—1) +ec

5.3.3 Define f(z) = 23 + 1 and g(y) = y~2, y > 0. We obtain f/(z) = 32% and G(y) = —y~! + c. Hence,

2 3g2 2 , B 9
| oimmte = [ ati@ns @ - Gu)

=-1/9+1=8/9.
0

3 +1
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5.3.4 Let f(z) =4 —z and g(y) =y~ 2, y > 0. Then it follows that f/(z) = —1 and G(y) = —y~* + c.
Therefore, for a < 0, we obtain

L%ﬁ%y-= —L%qwnﬂmw

and

/0 de . (1 1 \_1
@ T \d T 1—a) T 1

5.4.1 (a) We obtain

y(z) = e~ [ dal (/(1+2/m2)efdw/xdx+c>

(/(1+2/m2)mdw+c> = i (/(1+2/m)dm+c>

(%mQ + 2In(z) + c) =z/242n(x)/z+c/x

K= 8|

for all z € Ry, where ¢ € R is a constant.
(b) Substituting y(1) = 3 into the solution found in part (a), we obtain ¢ = 5/2 and, thus, the solution

y(z) = z/2+ 2In(z)/z +5/(2x) Yz € Ryy.
5.4.2 (a) We obtain the associated homogeneous equation
y'(z) = —y(=).

Setting z(z) = e* for all z € R, we obtain the characteristic equation A2 + 1 = 0 with the complex
solutions A; = ¢ and A2 = A\; = —i. Therefore, the general solution of the homogeneous equation is

z(z) = ¢y cos(x) 4+ casin(z) Vo € R

where c1,c2 € R are constants. To find a particular solution of the inhomogenenous equation, we set
9(z) = 90 + 712 + Y22? for all z € R and, comparing coefficients, we obtain 79 = 6, y1 = 0 and 7o = —1.
Therefore, the general solution is

y(x) = ¢y cos(x) +epsin(z) +6 —2? Vz € R

where c1, co € IR are constants.
(b) Substituting y(0) = 0 and %' (0) = 1 into the solution found in part (a), we obtain ¢; = —6 and
c2 = 1 and, thus, the solution

2

y(x) = —6 cos(z) + sin(z) + 6 —x° Vo € Ry;.

5.4.3 Defining w(z) = ¢/ (z) for all z € R, the differential equation becomes
w'(z) = —2w(z)/z

which is a separable equation because w'(z) = f(z)g(w(x)) with f(z) = —2/x and g(w(x)) = w(z) for

all z € R4 4. Therefore, we must have
dw(z) /
= [ f(z)dz
[ty = /@

In(w(z)) = —21n(z) + ¢

which is equivalent to



6.6. ANSWERS

167

where ¢ is a constant of integration. Solving, we obtain w(z) = ¢/x? for all x € R, where ¢ := € €

R, ;. By definition of w, we obtain
y(x) = c/dal:/al:2

and, thus,
y(x) = —c/x+k VereRyy

where c € Ry and k € R are constants.

5.4.4 (a) Analogously to 5.4.4, we obtain

y(x) = c/dw/m

and, thus,
y(r) =cln(z) +k Vo e R4

where c € Ry and k € R are constants.

(b) Substituting y(1) = 2 and y(e) = 6 into the solution found in part (a), we obtain ¢ =4 and k = 2

and, thus,
y(z) =4Iln(z) +2 V€ Ryq.



