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Abstract

For analyzingand interpreting resultsof flow simulations,particle tracing is a well establishedvisualization
methodIn addition, it is a preliminary stepfor more advancedecniquedike line integral convolution.

For interactive exploration of large data sets,a very efiicient and reliable particle tracing methodis needed.
For wind channelexperimentsor flight simulations large unstructued computationalgrids havebecomecom-
monpractice Traditional appoads, basedon numericalintegration methodsf ordinary differential equations
however fail to deliversuficientlyaccuiate path calculationat the speedequired for interactiveuse

In this paperweextendthelocal exactapproad of Nielsonand Jungin sud a waythatit canbe usedfor interac-
tive particletracingin large datasetsof steadyflow simulationexperimentsThiswill beachievedby sophisticated
preprocessingisingadditionalmemory For further visualenhancementf the streamlinewe constructan implic-
itly definedsmoothBéziercurvethatis usedfor ray tracing Thisallows usto visualizeadditional scalar values
of the simulationas attributesto the trajectory and enablesthe display of high-quality smoothcurveswithout
creatingany visualizationgeometryand providing a goodimpressionof the spatial situationat the sametime

Catagyoriesand SubjectDescriptors(accordingto ACM CCS) 1.3.3 [ComputerGraphics]:Line and cure gen-
eration;1.3.7 [ComputerGraphics]:Raytracing;G.1.2 [Numerical Analysis]: Spline and piecavise polynomial

approximation

1. Intr oduction

In mary scientific areasas well as in technical applica-
tions, ComputationalFluid Dynamics(CFD) is of central
importance.The resultof a fluid dynamicssimulationare
datasetswhich usuallydescribethe flow behaior in a 3D-

ernvironment.To understandhe characteristicef the simu-

latedprocessameaningfulisualizationof thedatais neces-
sary Theraw dataaredefinedon a discretestructureagrid,

which s build up out of mary cells.In thenodesor vertices
of the grid the velocity (a vectorfield) andothersimulation
data,e.g.pressuredensity enegy (scalarvalues)arestored.

One of the mostcommonmethodsof acquiringknowl-
edgeof flows is the useof particletracing® 117843, |t is
alsothe basisof mary othervisualizationtechniquessuch
as streak-lines,streak-ribbonstime-surficesor line inte-
gral convolution (LIC) 1. The particletracingvisualization
methodshaws thetrajectoryof onemass-lesgarticlein the
flow. Thetrajectoryis obtainedby theintegrationof theordi-
narydifferentialequationcorrespondingo the vectorfield.

Theintegrationis usuallydonenumerically In this paper
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we describeanotherapproactfor vectorfields definedon a
tetrahedramesh,i.e. anunstructuredyrid in which all cells
aretetrahedrondt is a modificationof the exactintegration
methodntroducedn 8. Thismethodtraversesverycellin a
singlestep.Our modificationcomprisesa sophisticategbre-
processingf thedata,whichresultsin aclassificatiorof the
cellsandprovidesfor eachcell sufiicientinformationto per
form the exactintegrationvery fast.We determinethe exact
exit pointsof the particlefor every cell thatis traversedby
the particle. The particle traceis the polyline of the com-
putedpointsor a interpolatingcurve. In contrastto all the
numericaintegrationschemeghisapproaclguaranteethat
thelocal errorswill notaccumulategxceptfor floatingpoint
precisionerrors.Henceit is globally veryaccurateompared
to methodsuilt on numericintegration.See? for acompari-
sonof achiezableaccurag for numericintegrationschemes.

As the starting point of the particletraceis selectedby
theuser the methodmustbe fastenoughto be usablein in-
teractve applications At the sametime it may not produce
incorrectresults.Oncea characteristicstreamlineis found,
the usermay wish to displayit mostfaithfully to the phys-
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ical ervironment.Here,more expensve renderingmethods
areacceptableThe streamlinehowever muststaythe same,
so switching numericmethodsis prohibitive asit may re-

sultin particletracesshapedifferently We presenta visu-

alizationstratey thatoffersinteractive renderingaswell as
high-quality ray tracing outputbasedon the sameparticle

pathbuilding routine.

The paperis organizedasfollows: In the next sectionwe
review the existing methodsfor particletracingin unstruc-
tured grids. At first we briefly describethe methodsbased
on numericalintegration of ordinary differential equations
and thenin a more detailedway the local exact method.
In Section3 we outline our modificationsof the local ex-
act method,describethe preprocessingtepin detail and
give pseudocod#or thealgorithm.Thefollowing sectionde-
tails our approactof high-qualityrenderingof the obtained
streamlinein a physically motivated and visually pleasant
way.

2. Particle Tracing in Tetrahedral Grids

Particle tracingin a vectorfield V(X), consideredo be the
velocity field, amountsto solving the initial value problem
for anordinarydifferentialequation(ODE)

RO _vww) w0 =% @)

WhereX(t) representshe positionof the particleatthetime
t, startingattimetg at positionxg.

The vector field V is usually given at discretesample
points, usually at the verticesof a grid. In this paperwe
discusnly unstructuredetrahedragridsin Euclidean3D-
spaceTheflow datais the resultof a numericalsimulation
andthe meshis thefinite elementgrid of the simulation.

2.1. Numerical Integration Methods

The standardway to solve the ODE is numericalintegra-
tion. This topic is well investigatedandthe differentmeth-
0ds!02 arecharacterize@s:single-stepr multi-stepmeth-
ods,single-stag®r multi-stagemethodsgexplicit or implicit
methodswith constantor variable step-size We only out-
line the necessarypreparationso apply suchan integration
schemeThebasicalgorithmis:

cell = mesh.findCel | At(initialPosition);

while (particle.inGid()) {
/1 interpolation
v = cell.velocityAt(currentPosition);
/1l integration
newPosi tion = cal cul at eNewPosi tion(v, cell);
/'l point location
cell = mesh. findCel |l At (newPosition);

By this procedurewe get a sequenceof samplepoints

Xn = X(tn) of thepathline, approximatinghepositionof the
particleattimet,. Thepolyline connectinghesepointsis an
approximatiorof the pathline of theparticle.

The calculationof the new positionis performedby an
integrationstep.The simplestintegrationschemes Euler’s
method:

X1 = Xn+ (thy1 —tn) - V(Xn)

Runge-Kitta methods(RK p) are known to be more accu-
rate.Theorderp of aRunge-Kittamethoddenotegshe num-
berof internalinterpolationsandthereforealsothe orderof

the local approximationerror. Higher order meansgreater
exactnessbut also more processingtime. Another factor
which influencesthe correctnessand time behaior is the

stepsize.Theshorterthestepsizein aparticletrajectorycal-

culation,the higherthe numberof stepsto be executedand
thelongerthe durationof the processAt the sametime, the

errorwill besmaller An approacho overcomethisis theuse
of adaptve methodswhich influencetheir stepsizeaccord-
ing to ausergivenerrorthreshold Thesemethodsrent free

from problemdlik e measuringhe error, specifyingmeanig-
ful errorthresholdsandadequatestepsizes.

Another time consumingfactor in this approachis the
pointlocation,whichis necessargftereachintegrationstep.
This canbe doneeasilyin rectilineargrids, but in irregular
grids a probablynon-localcell searchis neededfor every
evaluation. The methoddescribedn the next sectiondoes
notsuffer from theseproblems.

2.2. Local Exact Integration

Thismethodhasbeenintroducedby NielsonandJungg. The
basicobserationis thefollowing: We know the vectorfield

only at the verticesof the tetrahedramesh.For the values
in-betweenwe have to interpolatethe valuesat the vertices.
The simplestand mostefficient way is linear interpolation.
Thatis we considetthevectorfield aspiecaviselinearmap-
ping. Sincefor linearmappings’ the ODE equation(1) can
besolvedanalyticallyfor eachtetrahedratell, we candeter

mine the exact path-linefor the linearly interpolatedvector
field within thetetrahedron.

In fact, we caninterpolatethe vectorfield usinga linear
system(see’)

V(X) = AX+-0
with a squarematrix A anda translationvectord. The ana-
Iytic solutionof equation(1) accordingto 8 is
R(t) = elt-0AR) 4 (elt=0A _ |d)A~15 )

wheretheexponentialof thematricesaregivenby theusual
seriesexpansion:

2 (t—tg)

(t—to)A _
e = E
k=0 K

Ak
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This canbecalculatednuchfasterf the normalform of the
matricesis known, e.g.if A hasthree(different)real eigen-
valuesAy, Ao, A3. With thetransformatiommatrix formedby
the eigervectorsby, by, bs, we have

1
1 I\ /A o o\ /I | |
A=|b, B B0 A 0] [B B Bs| (3)
[ [/ \0O 0 A/ \| | |
N———— N—————

S S1

In the caseof comple eigemvalues,this representatiois
alsovalid. However, sincecalculationswith realnumbersare
simplerwe ratherconsidera “real normalform” in this case.
Assumingthat the real matrix A hascomplex eigervalues,
thentheseappearasa conjugatepair:Ay = 0 +it, A, = 0 —
it, (T > 0) andareal eigetvalue Az. The transformatiorto
the“real normalform” of A is givenby

| ] o 1 0\ /- byxby -
A=|by by bs -t o O — byxby —|4)
| | | 0 0 As — bixbp -~
s s

In this caseb; andb, aretherealandtheimaginarypartof
theeigervectorcorrespondingo Ay, = o i1, andbs is the
eigervectorcorrespondingo As.

Using the normalforms of equation(3) andequation(4)
respectiely, the exponentialf A canbe determinedasfol-
lows:

) Mt 0 0
ef=s[ o et o |st
0 0 &M
and
) et cogtf) e"f sin(tf) 0
éA=s| —esini) efcogtf) 0 |s?
0 0 e

wheret standsfor t —tg. Then the analytic solution of
equation(2) isin therealcase

X(t) = A()S %+ A(1)S 18 (5)

with the diagonalmatrices\(t) andA(t) givenin thereal
caseby

Mt 0 0
Aty =10 €' o
0 0 e
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and in the complex caseby a slightly more complicated
form.

Sofar we have assumedhatall eigevaluesaredifferent
from eachotherand non-zero(otherwiseA~1 doesnot ex-
ist). Concerninghefirst restriction,we point out thatthis is
the genericcase Whenchoosingrandomlyary tetrahedron
andassigningandomlyvectorsto its vertices the probabil-
ity of obtainingidenticaleigervalueswill be zero.And our
examplescomingfrom a simulationalsoshaw, thatthis sit-
uationrarely occurs.Actually, the secondrestriction(non-
zeroeigervalues)wasonly neededo derive theresultmore
easily The final formulasmale senseand are also correct
for zeroeigervalues.In this casein A(t) the term %
hasto bereplacecbyt —to.

&

Figure 1: The Runge-Kutta methodof order 2 compaed to
thelocal exactmethodfor a circular flow field.

Nielsoncarefully analyzesseven othercaseszeroeigen-
values, identical eigemvalues, multiple eigervectors, and
identicaleigevaluesof asingleeigervector He displaysthe
pathby samplingthe exactsolutionwith suitablestepsize.

Comparison of integration methods Figure1 showvs a vi-

sualizationof the achieable accurag of the RK integra-
tion methodandthe exactintegration. The RK , integration
was run usingthe meanstepsize of the exact method.For
achieving the sameaccurag, the RK, methodwould need
muchmoreandsmallersteps Thedifferencesanbebriefly
summarized:

e Thelocal exactmethodgivesthe exactsolution,provided
thatthe numericalerrorsare neglected,andoneassumes
thatthe underlyinglinearinterpolationof the vectorfield
is avalid method.

e Forthelocal exactmethodno pointlocationis necessary
In fact, knowing the neighborsof a tetrahedronthe next
tetrahedroro beprocesseds givenby thelocationof the
exit point.
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e Usingthelocal exactmethodonedoesnothave to specify
the stepsize, nor doesone have to take care of (adap-
tively) modifying it. The adaptations built-in: For sim-
ulation, typically in numericallycritical areasor areasof

specialimportance pone hasa fine meshof tetrahedrons.

In theseareas the path segmentsproducedby the local
exactmethodarethensmallaswell.

e Thelocal exactmethoddoesneedsomeadditionalmem-
ory. Howeverthememoryrequirementanbescaledrom
storing all preprocessinglata,to computingthe prepro-
cessingdataon-the-flyfor eachtetrahedrorvisited. The
datamaybe cachedor reuseor discardedmmediately

3. Our Approach

Ourapproachs a modificationof themethodof Nielsonand
Jung.It differsin four ways:

o A differ ent classificationof thecellsis used.

e An eigervalue analysisis performedas preprocessing
andtheresultsarestored.

e TheNewtonmethodis emplg/edto find theexit point of
acell of thepathline.

e The curve tangentsarereusedto build a smoothspline
curve for therenderingprocess.

Whenthe pathline entersa cell, we determinethe inter-
sectionpoint of the exact solutionandthe exit faceof the
tetrahedronTheexit pointis theentrypointto thefollowing
cell, wherethe methodis repeatedThefinal particlepathis
the concatenatiomf theintersectiorpoints.

3.1. Classificationof Each Cell

In contrastto 8, we do not pay muchattentionto all possi-
ble specialcasesWe classifythetetrahedrasnormalcells,
parallelcellsor extraordinarycells.

e Parallel cellsarecellswhosevectorfield doesnotchange
its direction,i.e. all four velocity vectorspointin thesame
direction. Typically ten percentof all cells belongto this
group.

e Normal cells have threedifferenteigevaluesasthelin-
earpartof the (linearly interpolated)ectorfield. In addi-
tion thecritical point of the vectorfield is locatedoutside
thetetrahedron.

e Extraordinary cells areall theremainingonesTypically
lessthan0.5 % of all cellsareof this type. Table1 com-
pareshreerandomlyselectedCFD datasets.

When the path line entersa normal cell we determine
the exit point asthe intersectionof the exact solutiongiven
by equation(2) with the exit face.In contrastto Nielson
and Jungwho use an incrementalmethodfor finding the
exit point, we use Newton’s iteration method. It exhibits
quadraticcorvergencefor finding roots.We needonly 4 in-
terationson averageto achieve reasonableccurag. Addi-
tionally, we canavoid thecell searchpbecaus®urmeshhan-
dling subsystentanreturntheneighboringcell accordingo

# of cells Car Shuttle

total 457,874 1,058,785
extraord. 1,247 3,232
preproctime 5.4sec 112.8sec 219.2sec

Table 1: Numberof extraordinary cells.

the exit facein constantime. The exit pointis the next en-
trancepointfor the neighboringcell.

Whenenteringaparallelcell we computetheexit pointby
a classicray-planeintersectioncalculationwith all planes
of the tetrahedronlin the caseof an extraordinarycell we
switch to a Runge-Kitta integration schemeuntil the cell
searchroutine detectsa new cell. We like to point out that
this caseoccursvery seldomasmentionedabore.

Notethatwith ourapproachonly extraordinarycellsneed
totraversedusingmultiple steps Thereforehevastmajority
of cellsis traversedin a single stepusing highly accurate
integration.

3.2. Preprocessingor Normal Cells

In a first stepwe have to determinethe eigervaluesand
eigervectorsof the tetrahedronthat build its eigenspace.
For doingthe eigervalueanalysiswe have to determinethe
linear interpolationV(X) = AX+ 8 of the vector field. The
3 x 3 matrix A and the translationvector @ are uniquely
determinedby the four vectorequationsAV; +8 =¥, (i =
0,1,2,3), whereV; arethe verticesof the tetrahedrorandV;
aretheattachedrelocities.Theeigervaluesof A aredifferent
from eachother We asserthis conditionby classifyingthe
tetrahedrorby first checkingthe velocity vectorsvy, V1, ¥
andvs atthevertices.If they all pointin the samedirection
(with respecto somethreshold)the cell getslabeledparal-
lel andwe storethis direction.Parallelcellsthenaretreated
differentlywhenbuilding the particlepathline.

For the non-parallelcells, we performan eigervalueand
eigervectoranalysiof A. Firsttheeigervaluesarecomputed
usingCardanacs formula, which allows the analyticalcalcu-
lation of therootsof the polynomial,whichis of orderthree
in our case.Now we label the tetrahedrorasreal or com-
plex, accordingto whetherall its eigervaluesarereal or two
of themarecomplex conjugatedo bereal or comple cells.

Finally we checkwhetherthe eigevaluesare the same
(with respectto somethreshold)and we test whetherthe
critical pointX.it of thelinearly interpolatedrectorfield lies
within thetetrahedron:

ARyit+8=0 — Reit=—A"10

(© TheEurographic#\ssociationandBlackwell Publisher2003.
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If so,we labelthe cell to be extraordinary. Hereis a pseu-
docode:

/'l check velocity field
if (cell.getVelocities().conputeDeviation() <
EPSI LON)

cel I'. mar k( PARALLEL) ;

el se {
Matrix A = LinSol ve(cell.getVertices(),

cell.getVelocities());

Real |anbda[3] = A getEigenval ues();

/'l check for singularities
if (lanbda.sane)

cel | . mar k( EXTRAORDI NARY) ;
else if (lanbda.real)

cel | . mar k( REAL) ;
el se

cel | . mar k( COVPLEX) ;

cel | . set Ei genvectors(A. get Ei genvectors());

/'l check location of critical point
Vector crit = (-A).inverse() * o;
if (crit.islnside(cell))

cel I'. mar k( EXTRACRDI NARY) ;

If thetetrahedroris labeledreal we determinethe eigen-
vectorshy, b, andbs correspondingo thethreeeigevalues
A1, A2 andAz. By changingthe lengthof the eigevectors
we canachiee that det(by, by, b3) = 1. With the eigerval-
uesthetransformatiormatrix S= (by, by, b3) andits inverse
S = (y,by,b3) 1 is determinedFinally we storeS13.

If the tetrahedrons labeledcomplex we have eigerval-
uesAy = 0+it, A, = 0 —iT and Az, with A, > beingcon-
jugatecomplex numbers,g, 1, A3 beingreal numbersand
1> 0.5y will betherealpartandb, will bethecomplex part
of the complex eigervectorcorrespondingo Ay ». bg is the
eigervectorto As. Like in the previous casewe canachieve
that det(by, by, b3) = 1 by appropriatescaling. In this case
5~1 = (52 X 53,53 X 51,51 X Bz)t.

Note thatthe above calculationsareindependenof each
otherfor eachcell, offering easyparallelizationby simple
multi-threading.This is especiallyusefulwhen precomput-
ing all eigenspacesf all tetrahedrdor interactive particle
traceextractionasdescribedn section5. Givena memory
requiremenbf 8 pointers(4 neighboursand4 vertices)for
asimpletetrahedrorimplementationthe preprocessingtep
adds?9 floating point valuesfor the eigervectors,3 floating
point valuesfor the eigervalues,3 floating point valuesfor
thecritical pointandatypeinformationflag for the classifi-
cationof the tetrahedronThis represents memorygrowth
factor of 4.875, given a pointer size of 32 Bit and 64 Bit
floating point numbers Note thatthis is the worst factorin
caseof precomputingall eigenspacesn practice thetetra-
hedronstructurewill carry additionaldataandthe vertices
alsocontributeto the overall memoryrequirement.

(© TheEurographic#AssociationandBlackwell Publisher22003.

3.3. Calculation of the Exit Points

The creationof the particle path is startedby identifying
the tetrahedrorwhereinthe startpoint lies by performinga
full cell searchThisis anexpensve operationbut it is only
necessarynce.Comparethis with the pseudocodén sec-
tion 2.1, wherecell searche®ccurafter eachline sggment
thatis generated.

Whenwe have found the cell, we know the eigervalues
andthetransformatiommatrix S= (b1, by, b3) andS 1 that
we have built as shavn in previous section.Now we can
computetheinverseS~1. Thenthe pathlinex(t) is given by
equation(5). We determinethe intersectionof X(t) with the
four faceplanesof the tetrahedroranduseasexit pointthe
onewith the smallestpositive t-value.

Theintersectionpoint of X(t) with the planecorrespond-
ing to faceFy = A(Vi, V2, V3) is obtainedby solving

(X(1)|(V1—V3) x (V2 =V3)) = (V3|(V1 = V3) x (V2 —V3))

with (&) denotingthescalamproductof & andb. Solvingfor
t givesthe parametewralue of the intersectionpoint. Using
theequation(5) we canwrite

(N(1)S Ixg| STP (Vg — V) x (V2 —V3)))
+(A(1)S OISR (V1 — V3) x (V2= Va)))
= (Va|(V1—V3) x (V2 —V3))
We useNewton’s methodto solve this equation:

proc Newtonlter(Pin,cell)
{
A = cell.S.inverse() * Pin;
B = cell.S. transpose()*
((cell.V1 - cell.V3) *
(cell.V2 - cell.V3));
/I C=cell.Sinverse() * ois precalculated
a = cell.Vv3.dot( (cell.Vl-cell.V3) *
(cell.V2-cell.V3) );

t =0

f = sumi[0-2]{ Ali]*B[i] };

f' = sumi[0-2]{ cell.lanbda[i]*Ali]*B[i] } +
sumi[0-2]{ qi]*B[i] };

do {

t
f

t + (a-f)/f’

sumi[0-2]{ exp(cell.lambda[i]*t) *
ALTT*BlI] } +

sumi[0-2]{ ((exp(cell.lanbda[i]*t)
-1) / cell.lanbda[i]) *
qil*gli] };

f'=sumi[0-2]{ cell.lanbda[i] *

exp(cell.lanbda[i]*t) *

AT BT } o+
sumi[0-2]{ exp(cell.lambda[i]*t) *
Ail*Bli] };

} until(converged);

}
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Theformulasin the pseudocodabove arefor the caseof
real eigervalues.Whenthe cell in questionis marked com-
plex, f andf’ mustbereplacedy theappropriatdorm from
section2.2.

Hereis the pseudocodéor thewhole process:

switch (cell.type) {
case PARALLEL:
direction = cell.velocityAt(Pin);
Real t = INFINTY;
for (i=cell.allPlanes) {
Real tnp = cell.plane[i].distanceTo(Pin);
if (tnp <t) {
t = tnp;
Int id=1;
}
}
Pout = Pin +t * direction;
break;
case REAL:
case COVPLEX:
Pout = INFINITY;
for (i=cell.allPlanes) {
Vector tnp = Newtonlter(Pin,cell);
if (tnp < Pout) {
Pout = tnp;
Int id=1i;
}
}
break;
case EXTRACRDI NARY:
Pout = RungeKutta(Pin,cell);
whi | e(Pout . islnside(cell))
Pout = RungeKutta(Pout,cell);
Int id = nesh.findCell At (Pout);
break;

}
nextcell = cell.getNei ghbour(id);

4. Renderingthe Particle Trace

Thelocal exactintersectionpointsof the particle pathwith

thegrid cell facetsprovidesan exact sampling.For draving

theparticleline on screenthesimplestapproachs to draw a
straightline betweertwo intersectiorpoints.Becaus¢he3D

world coordinatesf the intersectionpointsare known, in-

teractize renderingbasedon OpenGLis possible For mary

visualizationtasks,especiallyin CFD simulation,this is a
viable approachbecausehe size of the grid cells typically
is very smallin regionsof interest.This canbe dueto adap-
tive grid refinementhathasbeeninitiatedby theflow solver
or simply by constructionlf the usermovesinto thegrid in

orderto closelyexaminesomedetailstructurethe piecavise
linearnatureof the streamlinedbecomewisible again.

4.1. Building a SmoothCurve

In orderto malke the streamlinedook more pleasantwe
representhe sggmentwithin one grid elementby a cubic

cune. From the Newton iteration step,we have the exact
exit point X(toy) of the tetrahedrorend the exit time to.
The entry point of the tetrahedrorX(tin) is the exit point of
thepreviously processedell. Sowe candefinethecell time
teel = tou — tin- The correspondingelocity vectorsvi, and
Vout areobtainedby linearinterpolation(seesection3). Then
the uniqueBéziercurve interpolatingpositionandvelocity
(= derivative) canbe calculatedasfollows.

Using the cell time, we constructa simple Bézierspline
with thefour points

Qo = (tin)

Q1 = X(tin) +tcel /3-Vin
QZ = X(tou)—tcell/?"vou
Q3 = X(tou)

The splinehasthefollowing four basisfunctions(with t be-
ing thetime elapsedsincet;,)

I

o teen —1)2
Bo(t) _ ( Cfll 5 )
cell
. teen —t)2t
teell
. tee) —t)t2
Bz(t) - 3. (cell 3)
teell
. t3
B3 =
tceII3

X

%o

Figure 2: Building a simpleBézierspline

We cannow expressthe Béziersplinet(t) thatrepresents
theparticletraceby thesimplet-dependedectorvaluedcu-
bic polynomial

3
gt)=3 Q-Bi(t)
2
In addition, pleasenotethe the Bézierspline (seefigure 2)

(© TheEurographic#ssociationandBlackwell Publisher2003.
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beingthe Hermiteinterpolant,hasthe betterlocal approxi-
mationerror O(h*) comparedo O(h?) for the linear inter-
polant.

4.2. Ray Tracing the Spline

ThecubicBéziersplinebetweerthelocal exactintersection
pointswithin onegrid cell now gives a very naturallook-
ing trajectorythatis alsophysicallyplausible It canalsobe
drawn directly using OpenGLNURBS. Becausehe cross
sectionof a line hasno extent, it can be hardfor the user
to getthe correctdepthcueif thereis no neighboringsur
facegeometry One solutionis to apply shadingor to de-
fine visualizationgeometrylik e streamribbonsthat provide
3D cues Additionally, otherdatavaluescanbemappednto
thegeometryby manipulatingshapgrotation)or appearance
(color-coding)of the basicparticletrace.

s

Figure 3: A ray-tracedparticle line througha unstructued
grid. Velocityis mappedo line thicknesqslow+ thick).

Our approactis to renderthe trajectorysegmentdirectly
usingray tracing.The geometryof the curve is atubethatis
obtainedby sweepinga spherealongthe path.For mapping
additionaldatavalueson the tube,we canvary the sphere
radiusandthe color of the surface.Note that this is equiv-
alentto creatinga streamtube visualizationgeometry Our
approachhasthe advantagethat the surface of the tubeis
never constructedxplicitly. This savesalot of computation
time andmemoryfor theverticesof thesampledsplinetube,
becausehe samplingmustotherwisebe quite fine to avoid
shadingerrors.The samplingmaybecoarsein areaf low
cunatureand/orlow variationin the mappeddata,but this
againwould introduceadditionalcomputatioroverhead.

The ray tracing approachautomaticallychooseghe cor-
rectsamplingrateandcanbeimplementedvery efficiently.
The crucial point of our approachis to computethe ray-
tubeintersectionsWe areusingamodificationof a Graphics
Gemintroducedby AndreasLeipelts. We canfind all inter-
sectionsof theray W = d+ 8d with the spherecenterecat
¢(t) with radiusr(t) of the sweepingprocess € [tin...tou]
by looking atthe equation

[e(t) —wl|* = r(t)?
Insertingthe ray equationandsubstitutingp(t) = &(t) - d

(© TheEurographic#AssociationandBlackwell Publisher2003.

andq(t) = ||&(t) — d||% — r(t)? we getthet-dependingsolu-
tionsof this equationby

B(t) = p(t) £/ p(t)>—q(t)

whichis in generala complex-valuedfunction. The positive
minimumof 8(t) canbefoundby solving

2P0 -0 _ g0
2¢/p(2 (1)

This equationcanbe slightly rewritten andby squaringit
we obtainthe generalizedorm

3(t) = o (1)*+4p' (1)(P' ()at) — pt)d (1)) = 0
which is an equationof degreen = 4m— 2 wherem is the
degreeof ¢(t). Soin thecaseof tracingcubicsplinesn= 10.

p(t)+

intersecéi’ons
foun

Figure 4: Intersectionof theray with thetube

For actuallycomputingthe ray-tubeintersectionye now
determineall roots of 3(t) andevaluate® at theserootsto
find the smallestpositive real number Figure 4 shaws the
intersectiongound by this processBecauseve deliver the
smallestpositive 6 backto theray tracer we areguaranteed
to displaythe correctsurfaceintersectiorpoint.

As thetubeis constructedy sweepinga spherethe nor
malatthecomputeday-tubeintersectiorpointis simply the
spherenormalwhich is calculatedstraightforvard. Thetube
primitive alsonicely integrateswith acceleratiorstructures
for ray tracing, becauseve can computethe axis-aligned
boundingbox by looking at the three componentscy(t),
ci(t) andcy(t) of the polynomial €. We build the polyno-
mials

m(t) =c(t)—r(t) Mi(t)=c(t)+r(t)

anddefinemin; to betheabsoluteminimumof m(t) treated
by componentNote that a uniquetmiy thereforeneednot
exist. We useananaloguepproacho obtainmax. Thevec-
tors (ming, ming, minp) and (maxp, max, max) then form
the best-fittingaxis-alignedooundingbox.

i=0..2

5. Results

Table2 shavstheoveralltime neededy distinctintegration
methodsto computethe streamlinesThe calculatedpaths
consistof an identical numberof segmentswith the same
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overall length, so the averagestep size is the same.The
pathscan be different, becausehe methodsoffer different
accuray. In orderto achieve the samenumericalaccurag
asthelocal exact method the Runge-Kitta methodswould
needsmallerstepsizesresultingin longerprocessingimes.
In the last two lines of the table, we compareour method
with andwithoutprecompute@igenspacesf thetetrahedra.
Note that we needadditionalmemoryin orderto storethe
intermediatevariablesasmentionedn section3.2whenthe
tetrahedrarepreprocessed.hecreationof thetetrahedra
eigenspacefr the Spheradatasefrom table1 took 5.4 sec-
onds.In the secondcase the calculationof the eigervalues
andeigervectorsis delayedand performedon-the-flywhen
the trajectoryentersa cell, demonstratinghe ability of our
algorithmto tradememoryfor speedAll timemeasurements
arewall-clocktime ona SGI Octane300MHz R12000.

Figure 5: The shuttlemodelin the wind tunnel computed
with thelocal exactmethod.

method time (sec)
Euler 1.75
Heun 231
Runge-Kitta3 3.11 ¢
Runge-Kitta4 3.33

Exactwith preprocessing
Exacton-the-fly

Table 2: Timingsfor differentintegration methodgor 1000
integration stepsonthe Sphee dataset.

Using OpenGLto draw line primitivesin interactive ap-
plicationsis fast. The userhowever often cannotclearly see
the spatialpositionandshapeof the streamlinedueto miss-
ing shadingeffects. In figure 6, we comparethe OpenGL
imageon theleft with a ray tracedoutput.In the latter, the

shapeof thestreamlings clearlyvisible. Our viewing appli-
cationoffersinteractive explorationof the dataseby letting
the userfreely positionand computestreamlinesvhich are
dravn aspolylinesimmediately In caseneededtheusercan
renderthe currentview usingray tracingby simply clicking
a button. If the camerais moved, the viewer automatically
falls backto OpenGL polyline draving. For the datasetn
figure 3, the ray tracingof oneframetook threesecondsat
800x 400 pixel resolution.

o

Figure 6: High-quality visualizationthrough ray tracing
givesbetterdepthcues.

The local exact particle path faithfully follows the true
vectorfield. Figure 7 shawvs on the left sidethe pathcom-
putedin a syntheticthree-tetrahedrodatasetlisplayedus-
ing OpenGLline primitives.The flow vectorsof the outer
mostverticesareperpendiculaandpointup, right anddown
whengoingfrom theleft tetrahedroro theright one.Tradi-
tional integrationmethodseeda small stepsizeto produce
anequialentline. Ouralgorithmcomputegheparticletrace
in just threesteps.In the ray tracedimageon theright, the
segmentsof the particle curve are emphasizedy different
colors.

Figure 7: The smoothcurve on theright is colored differ-
entlyin every sggmentcomputed.

6. Conclusion

This paperpresentedhe idea of creatinglocal exact par
ticle tracesfor tetrahedrabrids. The methodpresentede-

(© TheEurographic#ssociationandBlackwell Publisher2003.
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placesthe Euler or Runge-HKutta integration stepsthat are
performedraditionallywith anexactcomputatiorof theexit
pointsof the trajectoryin the traversedtetrahedraBecause
themethodis locally exact,numericalerrorsdo notaccumu-
late.

Theconcatenationf thecomputedturve pointsbuildsthe
particletrace.lt canbedisplayedn severalwaysaccording
to the capabilitiesand renderingspeedrequirement®f the
client. Thisrangedrom renderingthe particletraceaspoly-
line in interactve applicationsto ray tracinga smoothtube
thatis implicitly definedby the curve pointsandthe curve
tangentsatthesepoints.

From the point of view of integrating this visualization
methodin a larger system the ability to control the mem-
ory requirementaindthe opportunityfor parallelizationis in-
teresting.The computationof eigervaluesandeigervectors
of all tetrahedracanbe performedasa parallelpreprocess-
ing step,or it canbe executedon-the-flyduringthe creation
of the particletrajectoryonly for the traversedcells. If the
memoryis strictly limited, thealgorithmcanthereforeoper
atein aconstantmemoryfootprint.
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